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MTH 404: VECTOR CALCULUS

Unit -1: Product of Vectors Marks-15
1.1 Scalar Product
1.2 Vector Product
1.3 Scalar Triple Product
1.4 Vector Product of Three Vectors
1.5 Reciprocal Vector
Unit-2: Vector functions Marks-15
2.1 Vector functions of a single variable.
2.2 Limits and continuity.
2.3 Differentiability, Algebra of differentiation.
2.4 Curves in space, Velocity and acceleration.
2.5 Vector function of two or three variables.
2.6 Limits, Continuity, Partial Differentiation
Unit-3: The Vector Operator Del Marks-15
3.1 The vector differentiation operator del.
3.2 Gradient.
3.3 Divergence and curl.
3.4 Formulae involving del. Invariance.
Unit-4: Vector Integration Marks-15
4.1 Ordinary integrals of vectors.
4.2 Line integrals.
4.3 Surface integrals.
Recommended Book:
1. Vector Analysis by Murray R Spiegel, Schaum’s Series, McGraw Hill Book Company.
Reference Book:
1. Vector Calculus by Shanti Narayan and P.K. Mittal, S. Chand &amp; Co., New Delhi
Learning Outcomes:
a) understand scalar and vector products
b) understand vector valued functions and their limits and continuity and use them to
estimate velocity and acceleration of partials.
c) Calculate the curl and divergence of a vector field.

d) Set up and evaluate line integrals of functions along curves.
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MTH: VECTOR CALCULUS

UNIT -1: PRODUCT OF YECTORS

Scalar Product or Dot Product: The scalar product or dot product of two vectors
A and B is denoted by A .B and defined as A .B = AB cos8,
Where |A| = A, |B| = B and 8 is angle between vectors A and B.
Remark:1) A.B=B.A i.e. scalar product is commutative.
2) A.(B+C) = A.B+A.C(Distributive law)
3) m(A .B) =(mA).B=A .(mB) = (A .B)m for any scalar m.
4)11=7.7=k.k=1land1j=7.k=k.T=0, whereT, J, k are unit vectors
along X, y, z axis respectively.
5) If A= AT +A, +Azk and B = BT +B,J +Bsk then
A .B = A;B;+A,B,+A;B;
6) If A= AT +A,] +Azk, then A A = (A)*+(A,)*+(As)* =|A)?
ie. |Al=/(A)? + (A)? + (A3)?
7) Non-zero vectors A and B are perpendicular iff A .B=0

Ex.Finda.bfora=1-27+k and b = 41- 4] +7k
Solution: Leta@ =1- 2]+ k and b = 41- 4] +7k
v a.b=(1-27+Kk).(41- 45 +7k) = (D)@)+(-2)(-H)+(1)(7) =4 + 8 + 7 =19

Ex.Finda.bfora=j7+2k andb=21+k
Solution: Leta =7+ 2k and b = 2T +k
~ a.b=(+2Kk).(21 +k) = (0)(2)+ (1)(0)+(2)(1)= 0+0+2 =2

Ex. Finda.bfora=7y-2k and b = 21 +3j - 2k
Solution: Leta =7 -2k and b = 21 +3j - 2k
~ a.b=(-2Kk).(21+37- 2k) = (0)(2)+ (1)()+(-2)(-2)=0+3+4=7

Ex. For what value of m the vectors a and b are perpendicular to each other
Da=mi+2j+k andb =41-97+ 2k, ii)a=51-9j+ 2k andb=mi+ 2J + k
Solution: i) Leta =mi+ 27+ kand b = 41 - 97 + 2k are perpendicular to each other
~a.b=0
= (mi+27+Kk).(41-97+2k) =0
= (m)(4) + (2)(-9)+(1)(2)=0
=4m-18+2=0

e ———
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MTH: VECTOR CALCULUS

= 4m= 16
->m=4
ii) Let @ = 51- 97+ 2k and b = mi + 2j + k are perpendicular to each other
a.b=0
= (51- 97+ 2k ).(mi+ 27+ k) =0
= (5)(m) + (-9)(2)+(2)(1)=0
=5m-18+2=0

Ex. Find the angle between the vectors @ and b where @ =1-7 and b
) -

Solution: Let 8 be the angle between the vectors @ =1-7 and b =

s cosg= 2P - _WOFCHWHOED 0710 _ -1
|d||5| \/12+(—1)2+02\/02+12+(_1)2 \/E\/E >

Ex. Find the angle between the vectors 31 - 2j - 6k and 41 - j + 8k
Solution: Let 8 be the angle between the vectors @ = 31- 2j - 6k and b = 41-7 + 8k

cosH = ab _ @)+ (-2)(-1)+(-6)(8) _12+2-48 _ -34
T lallbl /32 +(=2)2+(=6)2/4%+(-1)2+(8)2  VA9VBI 63
= cos (22
B = cos( = )

Ex.Ifaand b are two vectors such that |a| = 4, |b|=3anda.b = 6.
Find the angle between the vectors a and b
Solution: Let 8 be the angle between the vectors a and b
such that |a| = 4,|b|=3anda.b =6
ab _ _6 _1

Ex. For any vector 7, prove that ¥ = (7.7)T + (£))] + (f.k)k
Proof: Let# = X1 + yj + zk be any vector, then
FI=(XT+y]+2zKk).I=X
FJ=(XT+yj+2zk).j=y
k=xt+yj+zk).k=2
L (FO)T+ (E))]+ (FRk=xt+yj+zk =7 Hence proved.
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MTH: YECTOR CALCULUS
Ex. For any two vectors @ and b prove that [a + b|*+|a — b|* = 2(|al*+|b[")
Proof: Consider
LHS= |a + b|*+|a — b|’

Ex. Ifa+b+c =0, |al = 3,|b|=5and |c| = 7, Find the angle between a and b
Solution: Let a+b+c =0

s a+b=-¢

» (@+b).(a+b) = (-¢).(-¢)

. a.a+a.b+b.a+b.b=¢c.c

~ |al*+2a.b + |b|* = |¢|?

~ 9+2a.b + 25 =49 vla| = 3,|b|=5and |c| =7

~2a.b=15

« 2|al|b|cosd = 15where 6 is angle between vectors a and b

=~ 2(3)(5)cosB =15

. C0SO = % = 0= % be the angle between vectors 3 and b.

Vector Product or Cross Product: The vector product or cross product of two vectors
A and B is denoted by A x B and defined as A x B = AB sin8ii
Where |A| = A, |B| = B, 0 is angle between vectors A and B and {i is unit vector
indicating the direction of A x B.
Remark:1) A x B=-B x A i.e. vector product is not commutative.
2) AX(B+C) = AxB+A x C (Distributive law)
3) m(A x B) = (mA)x B =A x(mB) = (A x B)m for any scalar m.
HIxT=7xJ=kxk=0andixj=k, Jxk=1, kx1=7,
where T, 7, k are unit vectors along X, y, z axis resp.
5) If A =A.T +A,] +Ask and B =B4T +B,j +B3k then
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MTH: VECTOR CALCULUS

_ _|r oy Kk o
AxXB=|A; A, Ajland AXA=BxB=0
B; B; Bj

6) Non-zero vectors A and B are parallel iff A x B=0

7) Vectors A and B both are perpendicular to vector A x B because
A.(AxB)=0andB.(AxB)=0

8) Area of parallelogram with sides A and B =|A X B|

Ex. Finda x bfora =7-2k and b = 21 +3j - 2k
Solution: Let@ =7- 2k and b = 21 +3j - 2k

_ T 7 k _ _
axb=|o 1 —2|=(-2+6)i- (0+4)] +(0-2)k=41- 47- 2k
2 3 -2

Ex. If p=-31+4j-7k and g = 61+ 2j - 3k, then find p x g. Verify that p and p X q
are perpendicular to each other and also verify that g and p X q are perpendicular
to each other.

Proof: Letp =-31+4j- 7k and g =61+ 2 - 3k

T 7 Kk ) i
A DXG=|=3 4 —7|=(-12+14)1- (9+42)] + (-6-24)k = 21 - 51J - 30k
6 2 -3

Now p .(p X q) = (-31 + 4y - 7k).(21 - 51 - 30k) = -6 -204 +210 =0
Hence p and p X q are perpendicular to each other

Again g .(p x q) = (61+ 2J - 3k).(21- 517 - 30k) =12 - 102 +90 =0
Hence g and p X q are perpendicular to each other is proved.

Ex. If @ and b are two vectors, then prove that |a x b|*+(a. b)’ = |a|’|b|*
Proof: Let 8 is angle between any two vectors @ and b.

~ax b =|a||b|sin6d and a.b = |a||b|cos6

~|ax b|=al||b|sin6 and a. b = |a||b|cos6

~ |a x b|*+(@. b)? = |a|*|b|’sin’6 + |a|*|b|’cos’®

~|ax b|*+(@.b)’=1al’|b|>  Hence proved.

Ex. If || = 13,|b|=5 and a.b = 60 then find |a x b|.
Solution: Let |a| = 13, |b|=5and a.b = 60
As |a x b|*+(@.b)* = |al’|p|*
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MTH: VECTOR CALCULUS

« |a x b|*+(60)* = (13)*(5)°
» |a x b|* = 4225 -3600 = 625
~laxb|=25

Ex. If the position vectors of three points A, B and C are T +2j +3k, 47+ + 5k and
7(t + k) respectively, then find AB x AC
Solution: Let T +2j +3k, 47 + 7+ 5k and 7(7 + k) are the position vectors of three  points
A, B and C respectively.
~ AB = (4T +7+ 5k)-(T +27 +3k) = 31 -7 +2k
& AC = (71 + 7K)-(T +27 +3k) = 61 - 2] +4k

|t 7 k o
~ABXAC=|3 —1 2|=0r-0j+0k=0
6 —2 4

Scalar Triple Product or Box Product: The scalar triple product or box product of
three vectors A =A.T +A,] +Azk , B =BT +B,] +Bzk and C = C,1 +C,J +C;k is

A; Ay Az
denoted by [A B C] and definedas [ABC]=A.(BxC)=|B; B, Bj
C; G G

Properties of Scalar Triple Product:
1)A.(BxC)=B.(CxA)=C.(AxB)
2) A.(BxC)=(AxB).C
3)A.(AxC)=0
4) A,Band C are coplanar iff A.(Bx C) =0
5) Volume of parallelepiped with sides A,Band C=]A.(B x C)|

Ex. Find the scalar triple productof a =7-2j+k,b =21 + J+k andc=1+27—k
Solution: Leta=1-2j+kb=21+7J+k andc=1+27—k
) 1 -2 1
a.(bxo)=[2 1 = (-1-2)+2(-2-1)+(4-1)= -3-6+3 = -6
1 2 -1

Ex. If the edges @ = =37+ 7]+ 5k,b = =51 + 7 — 3k and ¢ = 7T - 5] —3k
meet at a vertex point, find the volume of the parallelepiped.
Solution: Leta = —37+ 77+ 5k,b = =57 + 77— 3k and ¢ = 71 - 5] —3k meet at a
vertex point.
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MTH: VECTOR CALCULUS

= The volume of the parallelepiped = |a. (b x ©)|

_ -3 7 5
Nowa.(bxc)=|-5 7 -3
7 -5 -3
=-3(-21- 15) - 7(15+21) + 5(25-49)
=108 — 252 - 120
=-264

=~ The volume of the parallelepiped = |—264| = 264 cu. units.

Vector Triple Product: Let A, B and C be any three vectors, then A x (B x C) is called
the vector triple product.

Ex. Showthat A x (B x C)=(A.C)B- (A.B)C
Proof: Let A :A]_T +A2]_ +A3E , B :B]_T +Bz]_ +Bgl_( and C = C]_T +C2]_ +C31_( , then

1 ] k
Ax(BxC=Ax|B; B, B;
C; C G
= (Aal +Ag] +AzK)X[(B2C3 — B3C)T-(B1C3 — B3Cy)J +(B1C; — B,Cy)K]
T I} k
= Aq A, Az

B,C; —B3C; B3C; —B;C3 B1C; —By(y
(A2B1C; — A;B,Cy — A3B3Cy + A3B1C3)T
—(A1B1C; — A1B,Cy — A3B,C3 + A3B3Cy))
+(A1B3C; — A;B;C3 — A;B,C3 + A;B3C,)k
=(A2B1C; — A;B,Cq — A3B3Cy + A3B,C3)t
+(A3B,C3 — A3B3C; — A1B,C; + A1B,Cy)
+(A;B3C; —A;B;C5 — A,B,C5 + A,B3C)k ... (1)
& (A.C)B- (A.B)C=(A;C; + A,C, + A3C3)(B4T + B,J + B3k)
— (A{B; + A;B, + A3B3)(CiT + Cyf + C3k)
=(A,B,C; +A,B,C, + A;B,C; — A;B;C; —A,B,C; — A3B3C)1
+(A1B;Cy + A3B,C; + A3B,C3 — AyB,C; — AyB,C; — A3B3Cy)J
+(A1B3C; + A,B3C, + A3B3C3 — A;B;C3 — A,B,C3 — A3B3C3)k
= (A;B1C; — A;B,Cy — A3B3Cq + A3B.C3)1
+(A3B,C3 — A3B3C; — A1B,C; + A1B,Cy)j
+(A;B5C; — A;B;C5 — A,B,C5 + A,B;C)k ... (2)
~ From equation (1) and (2), we have
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MTH: VECTOR CALCULUS
AX(BxC)=(A.C)B-(A.B)C  Hence proved.

Ex. Show that (A x B) x C=(A.C)B- (B.C)A
Proof: Consider (A x B) x C=-C x(A X B)
=-[(C.B)A- (C.A)B]

Ex. Provethat A X (BxC)+B x (CxA)+CXx (AXB)=0
Proof: Consider
LHS= A x(BxC)+B x (CxA)+Cx (AxB)
=(A.C)BB—(A.B)C+(A.B)C— (B.C)A+(B.C)A — (A.C)B

Hence proved.

Ex.ShowthatT x (@ax1)+] x(ax])+kx(axk)=2a
Proof: Consider
LHS= T x(@xD+j x(@axj)+kx(@xk)
=@.Da—-{.a)x+F.9a—(.aj+k.k)a — (k.a)k
=a—(t.a)t+a—(.ay+a —(k.a)k
=3a—[(T.a)i+ (.3)j+ (k.a)k]
=3a—a
=2a
= RHS.
Hence proved.

Ex. Find the valueofax (bxc)ifa=1-2Jj+kb=2T +7J
Solution: Leta=1-2j+kb=2t+j+k andc=1+27—k

_ T 7 k _
~bxc=]|2 1 1|=-31+3j+3k
1 2 -1
_ T J k _ _
~aX(bxo)=|1 =2 1|=-91-67-3k=-3(31 +27+Kk)
-3 3 3

Ex. Find the value of a X (b X ©) if
a=2r-10y+2k b =37 + 7+ 2k and ¢ =21 +7 +3k

e ———
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MTH: VECTOR CALCULUS

Solution: Leta =2r- 10y + 2k,b =37 + 7+ 2k and ¢ = 2t +7 +3k

_ T J k _
~bxc=(3 1 2|/=1-5+k
2 1 3
_ 1 7 k _
~aX(bx?c)=|2 —10 2|=01-0+0k=0
1 -5 1

Ex. Ifa=31+27-4k b =51 — 37+ 6k and ¢ = 51 -] +2k, find
i)a x (b xc)ii) (a x b) x ¢ and show that they are not equal.
Solution: Leta = 3t + 27-4k,b = 51 — 37+ 6k and ¢ =51-] +2k

_ T J Kk _
)bxc=|5 —3 ¢|=0r+207+ 10k
5 -1 2
_ T 7 k _ _
~aX(bxtc)=|3 2 —4|=100r-30j+60k=10(107 — 37+ 6Kk)
0 20 10
_ T 7k _
maxb=[3 2 —4|=01-38-19%
5 -3 6
_ T j  k _ _
~(@xb)yxc=|0 —38 —19|=-951-95+ 190k =-95(1 +7J - 2k)
5 -1 2

From (i) and (ii) 2 x (b x ©) #(a x b) x € is proved.

Ex. Verify thata x (b x ¢) = (a.¢)b - (a .b)¢ for
a=1+2y+3k, b =21-7+kand ¢ = 31 +2j - 5k
Proof: Leta =1+2j+3k, b = 21-J+kand ¢ = 3T +2j - 5k.

_ 1T 7 k _ _
~bxc=|2 —1 1 |=6-21-(-10-3)] +(4+3)k = 31 +13] +7k
3 2 =5
_ T J k _ _
~caxMxe)=|1 2 3|=(14-39)1-(7-9)] +(13-6)k = -25T +27 +7k ...(1)
3 13 7

Now a.¢ = (1+27+3k).(3T1+27-5k) =3+ 4 -15=-8
&a.b=(1+2743k).(21-7+k) =2-2+3=3
~(a.c)b-(a.b)é=(-8)(21-y+Kk) - 3(31 +2j - 5k)

= -1671 +8j - 8k -91 -6] +15k

= -251 +2] +7k
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MTH: VECTOR CALCULUS

~from(1)and (2)a x (b x ¢) = (a.c)b - (a.b)c is verified.

Scalar Product of Four Vectors: Let A, B, C and D are any four vectors, then
(A x B).(C x D) is called scalar product of four vectors.

Vector Product of Four Vectors: Let A, B, Cand D are any four vectors, then
(A x B)x(C x D) is called vector product of four vectors.

Lagrange’s Identity: Let A, B, C and D are any four vectors, then

(AxB)(CxD)—|§

is called Lagrange’s identity.

Ex. Prove that (B x C).(A x D)+(C x A).(B x D)+(A x B).(C x D) =0
Proof: Consider
LHS =(B x C).(A x D)+(C x A).(B X D)+(A x B) (C x D)
-[BA CA,CB LB AT B
B.D C.D C.D AD A.

+

22| by Lagrange’s identity

ow
)

Ex.IfA =71+2—k,B=21+7+3k C=1-7+kand D =31 +7+ 2k, evaluate

i) (A x B).(CxD)andii)(A x B) x (CxD)
Solution: LetA =7+ 2j—k,B=21+7+3k,C=1-7+kand D =31+7+ 2k

o _ T Tk _
~AXB=|1 2 —1|=7t-9-3k
2 1 3
|t 7 K _
&CxD=|1 —1 1|=-3t+7+4k
3 2
i) (Ax B).(Cx D) =(7r-57-3Kk).(-3r+7+4k)=-21-5-12=-38
T ST B _
i) (Ax B) x (Cx D)= -5 —3|=-17t-195-8k
-3 1 4

Ex.Ifa =2t1+jJ—k,b=-1+2j-4k andc=1+7+k, find (a X b).(a X ©)

Solution: Leta =2T+7—k,b=-1+27-4k andC=1+7+k

T k ~
1 —1|=-21+97+5k
-1 2 —4
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MTH: VECTOR CALCULUS

T J k _
&axc=1|2 1 —-1|=2t-3j+k
1 1 1

~(@xb).(@x7c)=(-2T+ 9y +5Kk).(21- 3y + k) = -4 -27+5=-26

Reciprocal System of Vector: If @, b and ¢ are any three non-coplanar vectors so that
[@ Db T] # 0, then the three vectors a’, b” and ¢’ defined by

—_ bxc 5 ¢xa - axb .
= — =——— an = ——— are called reciprocal m of vectors.
a= s b 53] and ¢ [C_lbé]aeca ed reciprocal system of vectors

Proof : Consider @.a'= a. =& = %09 _
[abc] a.(bxc)

Similarly b.b'=1and ¢.c'=1

~@.a'=b.b'=¢.c'=1is proved.

i) If @ b, ¢and a’, b', ¢’ are reciprocal system of vectors, then
axa+bxb'+éxc=0
Proof : Leta, b, ¢and a’, b", ¢’ are reciprocal system of vectors.

T T T =T — bxt T cxa ___ axb
--a><a+b><b+c><c—a><[dBE]- bx[aBé]+CX[dBE]
_ax(bxc)+bx(€xa)+ex(axb)
B [@abc]
0
" [abg]
=0
i) If @, b, cand a’, b, ¢’ are reciprocal system of vectors, then
a.a'+b.b'+¢.c'=3
Proof : Leta, b, ¢and a’, b", ¢’ are reciprocal system of vectors.
9L T 77, = T_ = bxt |  ¢xa _ axb
a.atbb+ic=a @b labg . C'labd
_ a.(bxc)+b.(¢xa)+c.(axb)
B [@abc]
_[abcl+[bcal+[cab]
B [@bc]
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MTH: VECTOR CALCULUS

Iv) The product of any vector of one system with a vector of reC|procaI system which
does not correspond to it is zero i.e. @a.b'= @.c'=b.a’ =b.c' = ¢.a' =¢.b' =0

T7_ — €xa _ a.(cxa) _ 0 _
Proof : Consider a.b’'= [aBa] = 2 26D =0
Similarly @.c’=0, b.a’ =0, b.c' =0,é.a’'=0,¢.b' =0
~ab'=ac=b.a' =b.c’ = ¢.a'=¢.b’ =0is proved.

v) The orthogonal triad of vectors 7, j, k is self reciprocal. i.e.i’=1,j'=J, k' = k.

Proof : Let,)’, k" be the reciprocal system to 7, J, k then
_ ]_XE

=1

— -
[[7k] 1
Similarly j’=Fand k' = k
- The orthogonal triad of vectors 7, j, k is self reciprocal is proved.

Ex. Find the set of vectors reciprocal to the set =T +7+k, 1+7+k, 7+J-k
Solution : Let a’, b’, ¢’ be the reciprocal system to
a=-T1+J+kb=1+7+k,c=1+7—-k

7 bxt 3 cxa axb
a:[aBE]’b:[dBE] and ¢’ = PITTIRRE (1)
-1 1 1
Now [@abcl=[1 1 1|=2+2+0=4
1 1 -1
_ Ty ok _
bxtc=|1 1 1|F—-2t+2j+0k==-21+2j
1 1 -1
T J k _ _
cXxa=|1 1 -—-1|F2t+0j+2k=21+2k
-1 1 1
_|T 7 k _ _
axb=[-1 1 1[=0r+2y-2k=2j-2k
1 1 1
From (1), we get set of vectors reciprocal as
E,_—21+2] _( l+_)
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MTH: VECTOR CALCULUS

b'= :E(l_-l_l_{)
and ¢’ =2 ZE-%(‘—R)

Solution : Let a’, b’, ¢ be the reciprocal system to

a=21+3]—kb=1—-7—-2k, e =—1+ 2] + 2k
—_ bxT 5_ ¢cxa — _ axb
—[dgé],b—[dgé] and c =ahg (1)
_ 2 3 -1
Now [ab¢c]=|1 -1 -2|=4-0-1=3
-1 _2 2
_ T J Kk _ _
bxc=l1 -1 =2(=2t1+0j+k=21+k
-1 2 2
T J Kk _
cxXxa=|-1 2 2|=-8+37-7k
2 3 -1
T 7k _
axb=|2 3 —1|=-71+3y-5k
1 -1 -2
From (1), we get set of vectors reciprocal as
2tk _ Ef+lk,
3 3 3
—,=—8l+3]_—7k__§l_+]__zl—{
3 _3 3
and ’=_7l+3]_5k=-zf+]_-EE
3 3 3

11) The scalar product is also called .......
A) dot product B) vector product C) box product D) None of these
2) If 8 is angle between the vectors A and B with |A| = A, |B| = B, then scalar product of
two vectors A and B is denoted by A .B and definedasA .B=......
A) AB cotb B) AB cos6 C) AB sin@ D) None of these
3) The scalar product of two vectorsisa ......
A) scalar B) vector  C) both scalar and vector D) None of these
4) If 1, 7, k are unit vectors along X, y, z axis respectively, thenT1.1=7.7=k k=......
A) 0 B)1 C)-1 D) None of these
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MTH: VECTOR CALCULUS

5) If 1, 7, k are unit vectors along X, y, z axis respectively, then1.j=7.k=k.T1=......

A0 B)1 C)-1 D) None of these
6) If A=A +A,] +Ask and B =BT +B,j +Bsk then A B=......
T ] k
A) 0 B)|A; A, Azl C)AiB;+A;B,+AsB; D) None of these
B, B, B,
7) Non-zero vectors A and B are perpendicular if and only if A .B=......
A0 B)1 C)-1 D) None of these
8) The scalar product of two vectors is commutative is...
A) true B) false
9)If a=1-27+k and b =41-47+7k, then a.b=......
A) 2 B) 7 C) 19 D)0
10) If @a=7+ 2k and b =21+k, then a.b=......
A) 2 B) 7 C) 19 D) 0
11) If a=7-2k and b =21+3)- 2k, then a.b=......
A) 2 B) 7 C) 19 D)0
12) The vectors a = mi+ 2J + kand b = 41 - 9] + 2k are perpendicular to each other
ifm=......
A) 2 B)0 C)4 D) 3
13) The angle between the vectors @ =1-J and b =J-kis ......
A= B)Z C)Z D)

14) If aand b are two vectors such that |a| = 4, |b|= 3 and @.b = 6, then the angle
between the vectors aandb is ......
21 T T
15) For any two vectors @ and b, |[a + b|*+|a — b|* = ......
A) 2(1al*[p[)  B) (1al*+[p|)  C) 2(lal*+|p[") D) [al*[b|’
16)The vector product is also called .......
A) dot product B) cross product C) box product D) None of these
17) If 8 is angle between the vectors A and B with |[A| = A, |B| = B and i is unit vector
indicating the direction of A x B, then vector product of two vectors A and B is

denoted by A x B and definedasA xB=......

A) AB sin6 B) AB cos6 C) ABsinf i D) None of these
18) The vector product of two vectorsisa ......
A) scalar B) vector C) both scalar and vector D) None of these

19) The vector product of two vectors is commutative is...
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A) true B) false
20) If A=A1+A,] +Ask and B =BT +B,j +Bskthen Ax B=......
T J k
A) 0 B)|A; A, A;| C)AB;+A;B,+AsB; D) None of these
B, B, B
21) Non-zero vectors A and B are parallel to each other ifand only if AX B=......
A0 B) 1 C)m D) —m

22) If 1, 7, k are unit vectors along X, y, z axis respectively, then
IXxT=JxJ=kxk=...

A)m B) 0 O)1 D) —m
23) Area of parallelogram with sides A and B =
A)A.B B)A xB C) |A x B] D) None of these

24)Ifa=7-2k and b =21 +3j- 2k ,thena x b= ......

A)T- 4y -2k B)41 - 47 - 2k C)41-7-2k D) None of these
25) If p=-31+47-7k and g =61+ 2y-3k,then pxqg=......

A) 21-517-30k B)2i-5/-30k  C)21-517-3k D) None of these
26) If @ and b are two vectors, then prove that |a x b|*+(a.b)’ = ......

A) [al*+|b|? B) 2|al*|b|* C) |al’|b|? D) None of these
27) If |a| = 13,|b|=5and a.b = 60 then find |a x b|
A) 10 B) 25 C) 18 D) None of these

28) The scalar triple product is also called .......
A) dot product B) vector product C) box product D) None of these
29) The scalar triple product of three vectorsisa ......
A) scalar B) vector  C) both scalar and vector D) None of these
30) If A =AT +A,] +Ask , B =BT +B,j +Bsk and C = C,1 +C5J +C3k, then
[ABC]=A.BXC)=......

Ay A; A T J k
A) AjB;+AB,+A;B; B)|B; B, Bi|l C)[A; A, Aj;| D) None of these
€ G G Bi By Bj
31)Ifa=1-2j+kb=2t + j+k andé=1+27-k,thena.(bx¢c)=......
A)O B) 1 C) -6 D) None of these
32) A,Band C are coplanar ifand only if A.(Bx C)=......
A) 0 B) 1 C)-1 D) None of these

33) Volume of parallelepiped with sidesA,BandC=......
A)A x(BxC) B)|JA.(BxC) C)A.(BxC) D) None of these
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34) Ifthe edges @ = =31+ 7]+ 5k,b = =51 + 77— 3k and ¢ = 77 - 5] —3k meet at
vertex point, then the volume of the parallelopiped is ......

A) 264 B) -264 C)0 D) None of these
3B)A.(AXC)=......

A0 B)C C)A D) None of these
36) Let A, B and C be any three vectors, then A x (B x C) is called the ......

A) vector product B) scalar triple product

C) vector triple product D) None of these

37) AX(BxC=......
A)A(B.C) B)(A.C)B-(A.B)C C) (A.B)C — (A.C)B D) None of these
38)Ifa=21-107+2k,b=37 + 7+ 2k andc=2r1+7+3k,thenax (bx ) =...
A0 B)0 C)T+7+k D) None of these
39) Let A, B, Cand D are any four vectors, then (A x B).(C x D) is called ...... of four
vectors.
A) vector product B) scalar product C) scalar triple product D) None of these
40) Let A, B, Cand D are any four vectors, then (A x B)x(C x D) is called ...... of four
vectors.
A) vector product B) scalar product C) scalar triple product D) None of these
41) Let A, B, Cand D are any four vectors, then (A x B).(C x D)= ......
is called Lagrange’s identity.

A |AB 0 )| C. D| 0) |é-9 _B-E| D) None of these
0 C D A.D B.D
42)Ifa =2t+7—-k,b= -L+2]-4kandc—1+ ,then(@x b).(@ax®)=......
A) 26 B) -26 C)0 D) None of these
43) (B x C).(A x D)+(C x A).(B x D)+(Ax B).(CxD)=......
A0 B)1 C)-1 D) None of these
44) If a, b and ¢ are any three non-coplanar vectors so  that [a b €] #0, then the three
vectors a’, b" and ¢’ defined by a'= [;’;EE], b'= [;i] and ¢’ = [;gb] are called ......
system of vectors.
A) homogeneous B) non-homogeneous  C) reciprocal D) None of these

45) If a, b, cand d’, b', ¢’ are reciprocal system of vectors, then @.a'= b.b'= ¢.c'=......
A)O B)1 C)-1 D) None of these
46) If @, b, cand a’, b’, ¢’ are reciprocal system of vectors, then
axa+bxb+cxc=.....
A)0 B) 1 C)3 D) None of these
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A) 0 B) 1 C)3 D) None of these
48) The reciprocal system of vectors to the vectors 7, J, kis ......
AT J k B)J, kT Okt D) None of these

49) If @, b, cand a’, b, ¢’ are reciprocal system of vectors, then

A)3 B)1 C)0 D) None of these
50) If @, b, cand @', b’, ¢’ are reciprocal system of vectors, thena’ = ......
axb bxc cxa
A)[aBE] ) e ) =54 D) None of these
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UNIT-2: VECTOR FUNCTIONS

Vector functions of a single variable: A function 7 : R—R® defined by
7 = vi (DT +Vao(t) T +vs(t) k is called a vector function of a single variable t.

Limit of Vector Function: Let 7(t) = vi(t)T +Vv,(t) J +Vvs(t) k be a vector function of a
scalar variable t. If for small € > 0, there exist § > 0 depends on & such that |#(t) — [
< e whenever 0 < |t —a| < &. Then [ is said to be limit of #(t)
as t — a. Denoted by lim#(t) = [.

t—a

Algebra of Limits:
If limv(t) = [ and llmu(t) m then

) ll_r)r"li[v(t) +u(t)]=1+m
i) liﬂﬁj(t)' u(t)]=Lm
iii)liin[@(t) X ﬁ(t)] =Ixm

Vil o) =

Continuity of Vector Function: A vector function v = (t) of a scalar variable t is
said to be continuous at t =ty if tlin? v(t) = v(ty).
=g

— prowded m # 0

Remark: A vector functionv = v(t) of a scalar variable t is said to be continuous in
an interval (a, b) if it is continuous at every point in (a, b).

Differentiability of Vector Function: Let #(t) = vi(t)T +v,(t) 7 +Vvs(t) k be a vector
function of a scalar variable t and &v be change in ¥ corresponding to small

change otint. If ltlmog Sltimow exist and finite, then ¥(t) is said to be

differentiable w.r.t.t and —t = 1t1m088—v is called derivative of 7 w.r.t.t.

. V(to+8)—v(to) _ .. V(E)-D(tp)
Remark: i) v'(t,) = ( )t 0= atmo S = th_)rg e

is called derivative of ¥(t) at point t = t,,.

2_

i) % = i(Q) is called second order derivative of v w.r.t.t.
3_

i) % = a( ) is called third order derivative of v w.r.t.t.
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MTH-404: VECTOR CALCULUS
Theorem: If ©(t) is differentiable at t = ¢, then ¥(t) is continuous at t = ¢,

Proof: Let ©(t) is differentiable at t = ¢,

= v'(t,) = lim PO o exists and finite ... (1)
tot, t=to
Consider
lim [5(t) — 5(t)] = lim 227280 (¢ —¢)
t—>t0 t—>t0 t_tO
v(6)-v(to)
= = X —_
t1_>t0 t—to tlert( t=to)
=v'(ty) X 0

t“l? () — v(ty) =0
tlll’l;l v(t) = v(ty)

I.e. (t) Is continuous at t=t.

Ex.: Show that ¥(t) = t1 +|t]| j is continuous but not differentiable at point t = 0.
Proof : Let v(t) = tr +|t|}

~ 9(0)=0T+|0|7=0

and llmv(t) =lim(tT +|¢t| J) = 0T +]|0]| 7= 0 = #(0)

t-0

~ v(t) = t1 +|t| J is continuous at point t = 0.

Now lim 2877 = jjpy, S0
t-0 t-0 t—0 t
% m (T +—| 7)
+lim 4 ]
t—-0 t

- im Zt=-1

But hm = lim -=1and lim e
t t-ott t-0- ¢t t-0- ¢t

t-ot

- lim w does not exist.

Hence v(t) = t1 +|t| J is continuous but not differentiable at point
t=0is proved.
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MTH-404: VECTOR CALCULUS
Theorem: If u and ¥ are differentiable vector functions of scalar variable t then

du dv
FTITS
Proof: Letw=u+7v

d a7 e
Fut0)=

Let Su, Sv and 8w are the changes in i, ¥ and w corresponding to small change &t
In t respectively.
"W+ 8W = (I + 87) + (¥ + 87)
AOW=SU+ ST ... (i)
Dividing (i) by &t and taking limit as 6t — 0, we get,
Sw . du &v

lim — = lim (—+ —
st—0 St St—o0 8t &t
. &u . oD
= lim — + lim —
5t—0 8t  &t—0 6t
. dw _ du , dp

KX = — 1 and v are differentiable vector functions.
dt ~ dt = dt

.od_ du = dv

e — (u+v)= g Hence proved.

Proof: Letw =u — v
Let Su, Sv and Sw are the changes in i, ¥ and w corresponding to small change &t
in t respectively.
"W+ 8w = (L + &%) — (¥ + 87)

~ow=6u—6v ... (1)

Dividing (i) by &t and taking limit as 6t — 0, we get,
. W _ .. 8u &

slt”foﬁ o slt”l‘o(& st

. su .. 6D
= lim —— lim —
§t—»0 6t  S§t—o0 Ot
dw  du  dp _ _ . . .
X2 ZY .7 and 7 are differentiable vector functions.

"dt T dt dt
. d,_ _, __du dv
e — (u—v) = P Hence proved.
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Theorem: If 7 and 7 are differentiable vector functions of scalar variable t then

— dv —du

d -~ e —
a(u.v)—u. dt+v. n

Proof: Letd = u. v
Let Su, Sv and 8 are the changes in i, ¥ and ¢ corresponding to small change &t

In t respectively.
&P+ 8P = (u+ du). (v+ 6v)
SUTV+HOP=uU.v+uU.Sv + ou. v + du. ov
Z8O=U.6V+ U.6U + SU.SV ...... (i)
Dividing (i) by &t and taking limit as &t — 0, we get,
Jm 5 = Am@ g n g
=@ lim =+ 7. lim =+ lim 8.2

5t -0 ot 8t—-0 8t  §t-0
As u and v are differentiable vector functions and 6t — 0 = éu — 0, we get,
d¢ _ p dv, 5 du
i Ya TtV
d,_ . __dv _du
e —(wv) =1u —’: + 7 —lt‘ Hence proved.

Corollary: If u is differentiable vector function of scalar variable t then

du? _ du _ du d _
~ = 24.== and u.—1f= u d—itl, where u = ||

dt dt d
Proof: As 12 = %. % = u® where u = | i
du? d ,_ _ _du  _ du_ ,_ du
. F—a(u.u)— u.a+u.a—2u.dt ...... (1)
du? du? du
& 4 dr —ZUE ...... (2)
From (1) and (2), we get,
_du _ 5 du
ZH.E =2U e
_du_ d
e .—= ud—u Hence proved.

Theorem: If u and ¥ are differentiable vector functions of scalar variable t then
d ,_ _ _ dv du _
—(UXP)=uX—+—X
dt (@xv)=u dt T a v

Proof: Letw =u X ¥
Let Su, Sv and 8w are the changes in iz, ¥ and w corresponding to small change

4

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND KAI. ANNASAHESB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER



MTH-404: VECTOR CALCULUS

St in t respectively.
S w4 6w = (u+ 6u) X (v + 6v)

SUXTHOW=UXTV+UXOU+0uXv+0uXov

SOW=UXSV+SUXTV+SUXST ... (i)
Dividing (i) by &t and taking limit as 6t — 0, we get,
. 8w U _ o b7
ésltlr_r)log = 8ltlr_r)lo(1,t><§+6—><v+6u><—)
=u X lim —+ llm—><v+ 11m8u><—
8t—-0 08t  8t—o0 6t 5t -0
As u and v are differentiable vector functions and 6t — 0 = &u — 0, we get,
dw _ _ _dp  dm _ _
Pl uXx a + a XV
e S(axt)=uxT+Ly i Hence proved
..dt(u v)=1u T XV p :

a _ — — du — — — av — — — _, aw

D= = — + — + —

Corollary: dtux(vxw) m X (VX W) ux(dtxw) uXx (vXx Olt)
Proof: Consider

d _ AT N - d - _
aux(vxw)=—ux(vxw)+ux—(vxw)
_am ___aw
d><(v><w) uX[tXW vxdt]

d—x(ﬁxW)+ax(—><sz)+ux(vxd—W)
dt dt
Hence proved.

Corollary: % [uvw]=[—
Proof: Consider

di—___d _
a[uvw]— tu.(vxw)

Q Q =
1S 2|8

|

S

+
dt
du — (- _ dw
= — + 4. (— + —
dt.(v><w) u( XW) u(vxdt)
Al _ 1, = db ., — _ dWw
= owl+ [u Wi+ [uv ]
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Theorem: If a vector function u and a scalar function ¢ are differentiable functions of

| <o) =y My
scalar variable t then " (du) = T U

Proof: Letw = ¢u
Let 61, 6¢ and w are the changes in &, ¢ and w corresponding to small change
St in t respectively.
w4 6w =(d+ 6d)(u+ du)
s ou +6w = du + ddu + ddu + Spdu
~ 6w = odu + 6du + dddu ... (1)
Dividing (i) by &t and taking limit as 6t — 0, we get,
Jim 5 = lim T+ 5 +5180)
. 8T, . 8b_ . 8D o

= im, 5+ Jim, 533 + lim 3060

As a vector function « and a scalar function ¢ are differentiable functions of

scalar variable t and 6t — 0 = 6u — 0, we get,

L dw_ adu do

T _(l)dt+dtu

e i(clni) = c1>E +—1u Hence proved
T dt — Fdt 0 dt P '

Corollary: If k is constant scalar then %(kﬂ) = k%
Proof: Consider
) =k 4 Fg =)y on = kI
a(ku)—kdt t 4 U kdt +0u = kdt
Hence proved.

Theorem: If i a differentiable vector function of a scalar s and s is the differentiable

scalar function of scalar variable t then % = %%
Proof: Let du and &s are the changes in & and s corresponding to change 6t in t, then
8a _ 8s 51
8t 8t s
By taking limit as 6t — 0, we get,

lim & = lim (§§)
§t—0 ot St -0 "6t 8s
. 8s 5. Su
= ]lim — lim —
8§t -0 6t §t -0 Os
As 6t = 0= &s - 0, we get,

. &u . &8s ,. &u
. lim — = lim — lim —
St -0 St 5t -0 St 8s -0 &8s

du ds du _ . . .
L 2o -+ 11 and s are differentiable functions.
dt _ dt ds
Hence proved.
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Theorem: If f(t) = f.(DT +1,(t) 7 +f5(t) k is a differentiable vector function of a scalar

_ dfl(t) -4 4O - 40O
variable t, then — f(t) m prranll Iden k

Proof: Let f= f11 +f,] +fsk.

Let &f;, 8f,, 6f; and &f are the changes in f, f,, f; and f corresponding to change &t
int.

o 4+ 8F = (fL+ STOT+(f, + 6f,) 7+ (fa+ 8f3) k

o Fo +65] 3k +8f = fi1 +f,] +f:k+8f.1 +8F,) +6f:k

. 8f = 6f,1 +8f,) +8f:k. ... (i)

Dividing equation (i) by &t and taking limit as 8§t — 0, we get,
. 8F 8t - 8f2 _ 8f3
Sltlr—r>10 6t altl—>0( 6t 8t k)

8f, . 8f . 8fy
= lim =T+ lim =27+ lim ==k
st—o0 ot st—0 6t st—0 6t

As f is differentiable =limit of LHS is exists =limit of RHS is also exists

. 4z _adn® -, dr® -, 450 ¢
C o f) == T T == K Hence proved.

Ex.: Show that ti(t) is constant vector function on [a, b] iff ? =0 on [a, b]

Proof: Suppose u(t) =c,Vte][a,b]
LTy BE89-E(0)

dt 5t -0 5t
= Jim <5
st—-0 &t
du _
il Vte](a b]
Conversely: Suppose % =0 Vte][a b]
Let t(t) = u ()T + uy(t) 7+ us(t)k
. E _dul — duz — du3 I
alraiai el R R k
.E:— du; —  du, — du3—:—
Tt 0= TS TIR A k=0
dur _ g QY2 _ d“3_
=»-—=0—= 0 and 0

= Uy, U, and uzare constants.
Let Ul(t)= Cy, Uz(t)= Co and Ug(t)z C3

i(t) = cii+ ¢, 7+ csk = ¢ a constant vector V' t € [a, b]
Hence proved.
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Ex.: Show that a differentiable vector function t(t) is of constant magnitude
iff 6.5 =0V tea b]
Proof: Let u is of constant magnitude V t € [a, b]
& |u|=uisconstant vV t € [a, b]
& u.a=u’isconstant vV t € [a, b]
N %(ﬁ.ﬁ) =0Vte[a b]

© 205 =0Vte[a b]

© 0.5=0Vtea b]
Hence proved.

Ex.: Show that a non-constant vector function u(t) is of constant direction
iffix T=0Vvteab]
Proof: Let U = uii, where i is unit vector along u.

__du_ , . d o
'UXE_(uu)thSiu) )
~ u ~ au

= —+ =
(utt) X [u L dt]

= (uil) X (uz—ltl) +(uil) X a&

dt
— 1205 AU au .

_—u (4l X CltA)+1,Ldt(u><u)
-.ax%:uz(ax‘;—’t‘) ...... () ~axa=0
Suppose 1 is of constant direction V' t € [a, b]
=~ 1 is of constant direction V t € [a, b]

=~ 4 is constant vector V t € [a, b] ~- magnitude of #i is constant

‘;—f: 0Vte[a b]

» From (1) Gx S =u’ (@ x0) =0V teE[a, b]

Conversely: Suppose u X % =0Vte/[a b]

» From (D) w(@ x 5) =0V t € [a, b]

U X Cs—? =0Vte[ab]...... (2) U # 0 as u is non-constant vector.
Also ﬁ.i—f =0Vte[ab]...... (3) -~ magnitude of i is constant.

~ From (2) and (3) - =0V t € [a, b]

=~ 1 IS constant vector vV t € [a, b]

=~ 1 and hence u is of constant direction V t € [a, b]
Hence proved.
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Ex.: Evaluate llm[(t2 + D1 +(

)] +(1 + Zt)t K]

Sol. Consider hm[(t2 + DI+

o 2 — 1 L N 1=
= %I_I)I(I)(t + 1)1 +l1_r)ré(—t )] +l1_r)ré(1 + 2t)t k

1 t_
= (0 + DT+ log3? J+lim([(1 + 2)z’k yné(“Tl): log a
1
=1+ 2log37 +e’k lirré(l +t)t=e
Ex.: Iff(¢) = mztf+cost] t= 0 and f(0) = xT +7 is continuous at t = 0, then find the
value of x.
Sol. Let f(t) = 222 tT+cost] t= 0 and f(0) = xT +Jis continuous at t = 0
. ltlir%) f(t) =f(0)

sin2t

X1+ = lirré( )1 + hmcost]

xT+]':£ir%
L xT+H)=2(D1 4]
LxT+H]=2T +7
xX=2

Ex.: If f(t) = cost + sint] + tantk, find f'(¢) and |f'(g)|

Solution: Let f(t) = costl+ sint]+ tantk
~ f'(t) = —sint1 + cost] +sec?tk

R L T L T 22—__i_ i_ —
..f(4)— sin_ 1+C0s J + sec 4k_ =T+ 2]+2k
rald 1 1
|- O e =
Ex.: If 7 = (C+1)T+ (4t-3) T+ (2¢? — 60k, find i) = ii)| 5 |||)@|v) |¥ att=2

Solution: Let 7 = (+1)T + (4t-3) 7+ (2t%2 — 6t) k
<= (20T + (4) T+ (4t — 6) kand
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MTH-404: VECTOR CALCULUS

dZ
——21+0]+4k

Att=2, we have,
i)% =41+ 47+2k=2(21+ 2]+ k)

=2V224+224+12=6

iii) T3 = 21 +4 k = 2(1+2K)
=2V12+22=245

— 2—
Ex.: If 7 = (t+1)T + (C+t+1) T+ (B+t2 + t + 1) k, find < and d—tr
Solution: Let 7 = (t+1)T + (t°+t+1) J + (P+t°+t + 1Dk

L =T+ (20+1) T+ (3+2¢ + 1k and

T 0T+ 27+ (6t+2) k
dtz— 1 ] ( )

ie. ST=2[7+Bt+ DK
e 5=2[T+@Bt+ DK
If 7 = €'+ log(t*+1) T — tantk, find i) <, if) LT = i[5 iv) |¥ att=0
Solution: Letr =¢ 1+ Iog(t +1) 7 — tantk
% =T+ ]—Sec 2tk
d’t _ t2+1-t(2t), — =
and d—t; —efT+ Z[W] ] —2sect. sect. tantk
=T 2[(1:2 1)2] ] —2sec?t. tantk
Att =0, we have,
o dar - T _ - T
I)E =-1+0y-k=-1-k
2% —
ii)ﬂ:r+ 27-0k =T+ 2]
=VED (D EV2
|v)| = /M2 + (2)2=+5
d’r
. If ¥ = sintT+ cost] + tk, find |) — ||)

dtZ’ Ml ™ [qal

Solution: Let ¥ = sintT + cost] + tk
. dr e
) < = Costl-sint] + k

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND KAI. ANNASAHESB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 10



MTH-404: VECTOR CALCULUS

2% —
i) 2T - sinti- cost] + Ok

de?
=—(sint1 + cost7j)
iii) |%| = \/(cost)? + (—sint)2 + 12 =42

iV)|Z:| J(—sint)? + (—cost)? =

Ex.: If 7 = ekt3 + e ¥th, where 3, b are constant vectors and k is constant scalar,
2_

then show that # =k°F , where ¥ = %

Proof: Let ¥ = ekta + e *tb, where 3, b are constant vectors and k is constant scalar.

ar — — Ikt
o E = kekta - ke ktb
de _ _ —
e kKPekt7 + kPe ~kth

= k*(e¥ta + e~*th)
o T =K

Hence proved.

X.: If ¥ = (sinht)a + (cosht)b, where 3, b are constant vectors,

d?r
then show that — =r
dt _ ~
Proof: Let 7 = (sinht)a + (cosht)b, where a, b are constant vectors.
E = (cosht)a + (sinht)b

" d— = (sinht)a + (cosht)b
a2

de?
Hence proved.

X.: If ¥ = cosnt1 + sinntj, where n is constant, then show that

.\ _df _ R ... d?T _ o
|)r.dt—0 ||)r><dt—nk |||)dt2—nr
Proof: Let ¥ = cosnti + sinntj, where n is constant.

dr S -
d—: = —nsinnt1 + ncosnt

) r _(COSTltl + sinnt j)(—nsinnt1 + ncosnt j)

= -ncosntSInnt+nS|nntcosnt
_dr _
o T.a - O
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MTH-404: VECTOR CALCULUS

T I} k
=| cosnt sinnt 0
—nsinnt ncosnt 0
= 01 +07 + (ncos?nt + nsin®nt)k
= nk
and iii) As % = —nsinntt + ncosnt j

i) 7 x o
dt

. d?t _ 2 _ 2 . —
+ 9z - “Ncosnti - n'sinnt]j
= -n’(cosntT + sinntJ)
a’r _  o_
Loz =T

Hence proved.

Ex.: If ¥ = a coswt + b sinwt, where 3, b are constant vectors and w is constant scalar,
w _ _ dr _ = ... dt _
then prove that i) 7 X d—z =w@xb) i) d—t; = -w’F
Proof: Let # = a coswt+ b sinwt, where 3, b are constant vectors and w is constant
scalar.

ar _ - =
d—: = -wasinwt+wb coswt

i) 7 X % = (a coswt+ b sinwt)x (-wasinwt+wb coswt)
= w[—(a x 3) coswtsinwt +(a x b)cos’wt-(b x 3)sin“wt
+ (b X b) sinwtcoswt]
= w[0 +(@ X b)cos’wt + (a x b)sin“wt +0]
waxa=bxb=0andbxa=-axb

=w(a x b)
.. ar — s i
i) As d—: = -wasinwt + wb coswt
dZ— _ - .
3 d—t; = —w’a coswt - w’b sinwt
= -w?(a coswt + b sinwt)
T = - Hence proved.

Ex.: If A =5t +14- t%k and B = sint1 - costj, then find < (A.B) and = (A.A)
Solution: Let A = 5t?T+tj- t3k and B = sinti - costj.

~ A.B = 5t?sint - tcost

% (A.B) = 10tsint + 5t%cost — cost + tsint
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MTH-404: VECTOR CALCULUS

» 4 (A.B) = 11tsint + 5t*cost — cost.
Now A.A = 25t*+ %+ t©
.A) =100t3 + 2t + 6t°

Ex.:Ifa =t?T+t+(2t+ kand b = (2t — 3)1 +j-tk,
then find i) <- (a.b), ii) < (a x b)
Solution: Let @ = t1+ 4 +(2t + 1)kand b = (2t — 3)T +J-tk.
~a.b =t%(2t-3) + t - t(2t+1) = 2> 3t* + t -2t -t = 2t°- 5t

~ 1 ] k
axb=| 2 ¢t 2t+1
2t—3 1 —t
= (-12-2t-1) T- (-3-4%-2t+6t+3) T +(t*-2t*+3)k
= (-12-2t-1) T+ (P+41%-4t-3) T +(-t?+30)k
i) = (a.b) = 61" - 10t
Att=1, we have
d &y _ _
»—(ab)=6-10=-4
ii) < (3 x b) = £ [(-£-2t-1) T+ (C+41>-4t-3) ] +(-{*+30)K]
= (-2t-2) T + (3t*+8t-4) T +(-2t+3)k
Att=1, we have,
S (axb)=-4T+77+k

dr _dr d3t
Ex.: Prove th —r—x—:r—x—
ove that (dt dt? dt  de3
Proof: ConS|der
_dar d3r
LHS——(I‘E @
_dr dr _ d’r fdzfxd2F+Fdf'xd31'*
dt "dt = dt2 gtz dt? “dt T de3
_dar a°r
—0+0+r—t><—
__dr _ d3r
T Utde T de3

= RHS Hence proved.

d = dr d°r d?r and _2 _ dr d?r
dt dt dt2 dt? dt dt2
Proof: Consider
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MTH-404: VECTOR CALCULUS

_drdr d ,_ dr d°t

1) — =—(r.— X
)dt dt dt2 dt dt  dt?

_dr dfxdzf _dzxdz Fdfxd3f
dt "dt = dt? <31t2 dt2 “dt  de3
_dr  d°r
=0+0+r.—XxX—
dt  dt3
_Fdrxd3
Y dt3
[_drdr
) dt dt3
d? ._ dr d*r d d _drdr _drdr
N—=Ir—-==l=={= —[r — —
)dtz[ dt dt? dt dt[ dt dtz]} dt des
dr dr d3t _drdr _ dr d*r
=[— — —|+I|r — —| +Ir — —
dt dt d§3 de2 de3 e de dt*
_d’r d _ dr d'r
=0+ [r —
[ de? dt3] [ dt dt4
. d? = dr dzf] [_drd3‘] [_ T d*T
Taez Y ode aez de? de3 dt de*

Curves in Space: Let r(t) = x(t)1 + y(t)j + z(t)k be a position vector of a point

P(t), then
.\ dr _ dx_ y_ dz — . .
)= T+0+ —k is the tangent to the curve in space at P.

ar

i)T = £ = dt |s called unit tangent vector to the curve in space at P.

d
WMmi—
dt
_ dT

..\ dT
i) = dt Is the normal vector to the curve in space at P.

dt
ﬂ

iii) N= g;| Is an unit normal vector to the curve in space at P.
ds

iv) k :|Z—:| Is the curvature of the curve in space at P.

L2 4 (22 + (£

V)p= % is the radius of curvature at P.
Velocity: Let r(t) = x(t)T + y(t)] + z(t)k be a position of a particle moving along a
curve at time t, then v = % = z’tci + ?t']‘+ Kk is called the velocity of a particle
at time t.
Acceleration: Let r(t) = x(t)1 + y(t)] + z(t)k be a position of a particle moving along
av _
acurve attimet, thena = e |s called an acceleration of a particle at

time t.
Speed: Let v = d—r = %‘ d—y]‘ —il? Is velocity of a particle at time t,
thenv = |77| is called speed of a particle at time t.
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MTH-404: VECTOR CALCULUS
Ex.: Find the tangential and normal components of acceleration of a particle.

Solution: Let 7(t) = x(t)T + y(t)] + z(t)k be a position vector of a particle at time t,
then v = % =&y d—y]‘+ —k Is the velocity of a particle at time t.

dt
_dr _dr ds _ ds
Now v =—=— —= E T =vT where v = || = — is speed of particle.

Which shows that velocity is always along the tangent to the curve.
I.e. Tangential component of velocity = v

and normal component of velocity = 0.

g=9_ 47
Now a = —dt(vT)

dt 3
dv dT

= — T + —_
U dt
av = dT ds
=—T+v——=—
e e B
av = — ar — ds
= — + 0 — = =
a T +v (kN)v "~ kN and <=V
=ZT + kveN
dt .
. - v
=~ Tangential component of acceleration = pre

and normal component of acceleration = kv?

Remark: i) As T is perpendicular to N - |a|? -( ) +(kv?)?

i.e.(Magnitude of acceleration)? = (Tangentlal component of acceleratlon)2

+(Normal component of acceleration)®
dr

iii) Tangential component of acceleration = 7.T
iv) Normal component of acceleration = \/|@|2 — (#.T)?

ii) Unit Tangent T =

Ex.: Find unit tangent vector to any point on the curve x = acost, y = asint, z = bt
Solution: The position vector of any point P(x, y, z) for the given curve

X =acost, y = asint, z = bt is

¥ = X1+ yJ + zk = acost T + asint J + btk

=~ The tangent vector to the curve at point P(x, y, z) is

g = -asint T+ acost J + bk
% = Z =,/ (—asint)? + (acost)? + b2 =vVa? + b2

=~ The unit tangent vector to the curve at point P(X, y, ) is
ar

T= &= m(-asmt T +acost ] + bk)
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MTH-404: VECTOR CALCULUS

Ex.: A curve is given by the equations x = t°+1, y = 4t-3, z = 2t°+ 6t.

Find the angle between tangentsatt=1and att=2
Solution: The position vector of a point P(x, y, z) for the given curve
X = t+1, y = 4t-3, z = 2t%+ 6t is
7= XT+y] +zk = (P+1) T+(4t — 3) T+ (2t + 6tk
= The tangent vector to the curve at point P(X, y, z) is
%:Ztr+4]‘+(4t+6)l_<
~ Tangentsatt = landatt = 2are
T, = [%]tzl =21+ 47+ 10k = 2(T + 2y + 5k) and
T, = [y = 41+ 47+ 14k = 2(21 + 27+ 7R)
~T1=|T| =2V12 + 22 + 52 = 2y/30 and
T,= Ty = 2v22 + 22 + 72 = 257
=~ The angle 8 between this tangents T; and T, is given by

oS 0 = T,.T, _ 4[2+4+35] _ 41 ie Q= COS'l( 41 )
T 7T,  4Y30V57  3v190 3v190

Ex.: If @, b, € are constant vectors, then 7 = t°a + tb + ¢ is the path of a particle

moving with constant acceleration.
Proof: Let 7 =t’a + tb + € be the path of a particle, where @, b, ¢ are constant

vectors.
~ Velocity and acceleration of particle are

_dF _ = _ oAb oA
p="=2ta+banda===23
dt dt

Here the acceleration of particle is constant.
Thus the particle with path 7 = t%a + tb + ¢ is moving with constant acceleration is

proved.

Ex.: For the curve x = e'cost, y = e'sint, z = e". Find the velocity and acceleration
of the particle moving along the curve att = 0.
Solution: Let a particle moves along the curve x = e'cost, y = e'sint, z = €'
=~ The position vector of a particle is
7 =XT+yj+zk = e'cost T+ e'sint] + e’k
=~ The velocity and acceleration of a particle at any time t are
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MTH-404: VECTOR CALCULUS

% = ¢'(cost-sint) T+ €' (sint + cost) 7+ e'’k and

dv . _ : oo T
Z = e'(cost-sint-sint-cost) T + e'(sint + cost + cost — sint) J + e'k

v
dt
= -2e'sint T+ 2e'cost 7 + e’k
=~ The velocity and acceleration of a particle at time t = 0 are
v=T+J+kanda =2j+k

a

Ex.: A particle moves along the curve x = 4cost, y = 4sint, z = 6t. Find the velocity
and acceleration attimet =0, t = g . Also find the magnitude of the velocity

and acceleration at any time t
Solution: Let a particle moves along the curve x = 4cost, y = 4sint, z = 6t

=~ The position vector of a particle is
7 = X1 +yj]+zk = 4cost 1 +4sint ] + 6tk

=~ The velocity and acceleration of a particle at any time t are
U= g = -4sint T +4cost ] + 6k and
a= % = -4cost1-4sint]

=~ The velocity and acceleration at time t = 0 are

7 =47+ 6kand
a=2L=41
dt

Again the velocity and acceleration at time t = gare

7 =-471+ 6k and
_2@: -4]_
dt

Now the magnitude of the velocity and acceleration at any time t
« |9] =/ (—4sint)? + (4cost)? + 62 =/52 =2v/13 and

|a| =/ (—4cost)? + (—4sint)? = 4.

Ex.: For the curve x = cost+tsint, y = sint - tcost. Find the tangential and normal

components of acceleration at any time t.
Solution: Let a particle moves along the curve x = cost+tsint, y = sint - tcost
=~ The position vector of a particle is
¥ = XT + yJ + zk = (cost+tsint)1 + (sint - tcost)
=~ The velocity and acceleration of a particle at any time t are
U= d—:_ = (-sint+sint+tcost) T + (cost — cost + tsint) J = tcostt +tsintj and
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a= % = (cost-tsint) T + (sint + tcost) 7

ﬁ - @ - 2 / 2 =
Now — |dt| J(tcost)? + (tsint)? =t

=~ The unit tangent vector is
ar

- 1 L o
T=4= ~(tcostT +tsinty)= CostT + sint]

dt _
=~ The tangential component of acceleration at any timet=a. T

= [(cost-tsint) T + (sint + tcost) j].( cOStT + sint))
= c0s’t — tsintcost + sin’t + tcostsint
=1
And the normal component of acceleration at any time t =,/|a|2 — (a.T)?
=,/ (cost — tsint)2+(sint + tcost)? — 1
=Vcos2t — 2tcostsint + t2sin?t+sin?t + tsintcost + t2cos?t — 1

=V14+t2-1

Ex.: For the curve x = t*+1, y = t%, z = t. Find the magnitude of tangential and normal
components of acceleration for a particle moving on the curve att = 1.
Solution: Let a particle moves along the curve x = t*+1,y = t?, z = t.
=~ The position vector of a particle at time t is
7= XT+y] + zk = (C+1)T + 5 + tk
=~ The velocity and acceleration of a particle at any time t are
p=""=30T+20+k and @ =" =6ti+2
=~ The velocity and acceleration of a particle at time t = 1 are
g=2=31+27+k and a =Z=61+2]
dt dt

=9+ 4+ 1=+14

=~ The unit tangent vector to the curve att=11is
ar
T = % —m(31+2]+k)

= The tangential component of acceleration = a. T
— 1 — o
= (61 + 2]_) ﬁ(Bl + 2] + k)

1
= —=(18+4)
-2z

Vi
And the normal component of acceleration at any time t =\/|a|2 — (a.T)2

ds ar
Now — = |—
dt dt
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— [g2492 _ (222
—\/6+2 (m)

484

Vector functions of two and three variables:
I)Let A and B be the non-empty subsets of set of real numbers R and W be a non-
empty subset of R?, then a function ¥ : AXB—W defined by
7=va(X, Y)T+Va(X, ¥) J+Va(X, y) k is called a vector function of two variables X, .
i)Let A, B and C be the non-empty subsets of set of real numbers R and W be a
non-empty subset of R®, then a function ¥ : AXBxC—W defined by
7 =Vva(X, Y, 2T +Va(X, Y, Z) T +Vs(X, Y, ) k is called a vector function of three
variables x, y and z.

Limit of Vector Function of Two Variables:
Let 7(x,y) = va(X, Y)T +Vao(X, Y) T +Vs(X, y) k be a vector function of two variables x,
y. If for small € > 0, there exist § > 0 depends on € such that |7(x,y) — [| <&

whenever 0 < /(x — a)2 + (y — b)2 < 4.
Then [ is said to be limit of ¥(x, y) as (x, y) — (a, b).

Denoted by  lim = #(x,y) =L
(xy) —(ab)
Continuity: A vector function v = v(x, y) of a scalar variables x, y is said to be

continuous at (a, b) if ¥(a, b) is defined, lim ©(x,y) is exists and
(xy) —(a,b)

lim ©(x,y)=v(a,b).
- ﬁ(a,b)( y) =v(a,b)

Remark: A vector function 7(x, y) = vi(X, Y)T +Va(X, ¥) T +Vvs(X, y) k is continuous
at (a, b) if vi(X, y), vo(X, y), Va(X, y) are continuous at (a, b).
Partial Derivatives: Let v = v(x,y) be a vector function of scalar variables x, y and

Sv be change in ¥ corresponding to small changes 8x in X.

A+ OxVITDEY) eyist and finite, then #(x, y) is said to be partially

If lim L lim

5x >0 8x  §x -0 8x
differentiable w.r.t.x and Z_—Z = lim 1_’(“8"';'3(_5(’6’3’ ) s called partial derivative of &
W.I.LX.
Remark: If 5(x,y) = vi(X, Y)T +Va(X, ¥) T +Vva(X, y) k, then % = % T+ ZXZ]_+ %1}
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ou , 0v
Results: |)—a(u+v)——%_i& o
N=pg & 45 2
ll)&a(u v)—uax+:_ .
. N _ =0V ou
lll)a—(uXU)—uX0X+aXXU

iv) = (p1) = p 2 + 2o @

Total D|fferent|al. If ¥ = v(x,y, z) be a vector function of scalar variables x, y
and z, then it’s total differential is dv = P dx + 22 dy + P dz.
0x dy 0z

Note: If ¥ = X1+ yj + zk and d7 = dx1 + dyj + dzk then 7. dF = xdx + ydy + zdz

F or a°t d°TF 9°tF
= + + ae™ — — —
Ex.: If ¥ = xcosy T+ xsiny ]+ ae™ k, find |) i) 5y i) e Iv) 377 V) 357y
Solution: Let ¥ = xcosy T+ xsinyj+ ag™’ k,
. oF S =
_ = +
) o cosy 1+ siny]
ii) —T = —xsiny T+ xcosy  + ame™ k
T_ 0,07 _ 0 L -
|||)—r: ( ") = —(cosy T+ siny]) =
dx 6X
pe A o _ =
iv) o= (—T = —y(—xsmy T+ xcosy 7 +ame™ k)
= —xcosy I-xsinyJ+am’™ k
iv) o a(ar = 2 (—xsiny T+ xcosy J + ame™ k)
0x 6y ax y J

—Slny 1+ COosy])

EX.: Iffz%(x+y)f+§(x—y)]_+% K,

findi) i) iii)ﬂ v) V) oo
Solution: Letr——(x+y)1+ (x y)]+—yk

||)—:%T+—]‘+Xl_<

ii)g—;=%r-§]‘+gﬁ

||i)%:%g—%(gr+§]‘+gﬁ):ﬁ

V) =) = (2 T- 27+ R)=0

) o0y = o) T3 T3 T+ =3 K

X.: Iff=%(x+y)f+§(x—y)]‘+xyﬁ,
. |« g OF OF 0T 1 ...p OT OF 0T
flndl)[&a—yﬁ ||) &a—yaxay]
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Solution: Let 7 =2 (x +y) T+2(x —y)J+xyk,
LA T I
"aa_x_zl 2b] y
T a _ — -
B_y _EI-E]-I-Xk
’t _ a ,07 d,a _ b _ = _ =
o " axad) " axlz 1 T3 TYR=0
o _0@n _at b ok
axay_ax(ay)_ax(zl 2]+Xk) k
a b y
WIZZ 220 5 |=0
0x dy 0x? > T3 x|
0O 0 O
a b
oF or 9°TF z 2 Y a, b b, a
N3k 3 axay 1= ¢ _g x|=565-0-5(5-0+y(0-0)
0O o0 1
_ ab ab
B
—_ab
T2

Ex.: Ifti=x%yzT1—2xz37+xz?kand ¥ = 2zT+yJ —x?k
: 2
find == (@ x 7) at (1, 0,2)

Solution: Let i = x%yzT1—2xz3 7+ xz? kand ¥ = 2zT+yJ —x? k

T i k
SUXD=x2yz —2xz3  xz?
2z y —x?

(2x32% — xyz?) 1- (—x*yz — 2x23) T+ (x%y?z + 4xzH) k
(2x323 —xyz?) T+ (x*yz + 2x23) 7+ (x?y?z + 4xzH) k
aiy (X D)=(0—xz)T+ (x*z+0) ]+ (2x%yz+ 0) k

a _ _ _ _ —_
"oy (U X V)=—xz?T+x*z7+ 2x%yzk

e (U X D) =—z2T+4x3z]+ 4xyz k

9, _ _ _ — _
[axay (U XV)]102=—41+87+0k=-4(1-2))

Ex:Iftu=2z31—x%k, ¥ =2xyz] andw = 5xy1+3z],

. 03 — - —
then find 573y 72 (u x v.w)

<

Solution: Letti = z31—x%k, ¥ = 2xyz] andw = 5xy1+3z]
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z3 0 —x?
suxvaw=|0 2xyz 0
5xy 3z 0
= 7z3(0 - 0) - 0 — x2(0 - 10x%y*2)
= 10x*y?z

e 4,2
.-az(uXv.W)—loxy

L0 s o 4
5y a2 (u x v.w)=20x"y
-2 _(uxv.w)=80x3
“ Sxayas @ X VW) =80x7y

03 —
" (¢m)at (2,-1,1)

Ex.: If =xy’zand & = xzT— xy? ]+ yz°k, then find
Solution: Let & = xy’z and it = xz1— xy?j + yz°k
» ot = (xy2)(xz T — xy?  + yz°k)
=x2y2z22 T — x%y*z7+ xy32% k
% (b)) = 2x%y?z1— x%y* 7+ 3xy32z%2 k
2 —
6)(262 (bl)=4xy?zT— 2xy* 7+ 3y3z% k
63
" 9x2 0z
.03 =\ = Av2, T 4
e (du) =4y“z1—2y*]
?® N _
[axz P (dW)]@ 1,1y =41—27=2(21—))

(o) = 4y?z1— 2y*7+ 0k

1) A function 7 : R—R® defined by 7 = v ()T +v,(t) T +vs(t) k is called a ...... function
of a single variable t.
A) scalar B) vector C) analytic D) None of these
2) If for small € > 0, there exist § > 0 depends on € such that |17(t) — l_| < ¢ whenever
0<|t—al <4d,then li_rgﬁ(t) = s

AL B)O C)a D) None of these
3) If limai(t) = L and lim(t) = 7, then lim[(t) + 5(8)] = ...
—a —a —a

A) % B) I.m C)l+m D) None of these
4) If lim@(t) = [and limo(t) = m, then lim[a(6). B(E)] = ......
—a —a —a

A) L B) l.m C)l+m D) None of these
m
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u(t) ]

5) If ilira}lu(t) :_l and ll_rgv(t)_z n_z then ll_rg[%] = %_prowded N

Am #0 B)l+0 C)m=0 D)l=0
6) A vector function v = v(t) of a scalar variable t is said to be continuous att =t

if tll_{g v(t)=......

A) v(t) B) v(t,) Ot D) None of these

7) A vector functionv = v(t) of a scalar variable t is said to be continuous in
an interval (a, b) if it is continuous at ...... point in (a, b)

A) every B) some C)aand bonly D) None of these
8) Vector v(t) is said to be differentiable w.r.t.t, if Sltimow IS ......

A) exist and finite B) exist and infinite C) not exist D) None of these
9) If lim O s exists and finite then it is denoted by ...

-ty —lg

A) V' (t) B) v'(t,) C) 7(t,) D) None of these

d?v _ d ,dv, . .. _

10) == a(a) is called ...... order derivative of ¥ w.r.L.t.

A) first B) second C) third D) None of these

a3v _ d ,d%*v, . .. _

11) == E(F) is called ...... order derivative of ¥ w.r.t.t.

A) first B) second C) third D) None of these
12) Statement ‘Every differentiable vector function is continuous’ is...

A) true B) false C) both true and false D) None of these
13) Statement ‘Every continuous vector function is differentiable’ is...

A) true B) false C) both true and false D) None of these

14) At pointt =0, v(t) = t1 +|t|Jis .......
A) both continuous and differentiable B) differentiable
C) continuous but not differentiable D) None of these
15) If w and ¥ are differentiable vector functions of scalar variable t,

d bt >y J—
then o (w.v)=......

A)

du dv _ dv —du _ dv —du
e B) u—+v. — C) U— =V — D) None of these

772
16) If u is differentiable vector function of scalar variable t, then ddit = ...

A) Zﬁ.% B) 2u % % C)2u+ % D) None of these
17) If u is differentiable vector function of scalar variable t with u = ||,
_du
then 1ir. PR
du du du
A) u— B)u = C) ux e D) None of these
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18) If w and ¥ are differentiable vector functions of scalar variable t,
a ,_ —
then o uxv)y=......
du av — av — du — av du |
dA)EXE B)uxa+vxEC)uxa+EXUD)Noneofthese
19)aﬁx(ﬁ><vT/): ......
A) X (B X W)+ T X (52X W)+ X (7 X D)
du dv dw du  dv aw
) B)E+E+E) C)EXEXE D) None of these
20) " [uvw]=......

du . dv . dw o 4 —
A) ?}j‘dg; ol B) [, 7 W] + [ao W]+ [av—]
uav w
C) [EE E] D) None of these

21) If a vector function u and a scalar function ¢ are differentiable functions of scalar

variable t, then % (du)=......

du . do _ du  do _ _ du  do _
AM"E-"E'“ B)¢XE+EX"C)¢E+E“ D) None of these
22) If k is constant scalar, then % (ku)=......
du du dk _
A) kE B) kE t U C)0 D) None of these
23) If u a differentiable vector function of a scalar s and s is the differentiable
scalar function of scalar variable t, then au _ dsdu
dt = dtds
das du dsdu ds du
A) T B) TN C) i D) None of these

24) If f(t) = f, ()T +1,(t) 7 +5(t) k is a differentiable vector function of a scalar
variable t, then %f_(t) =

A) fL ()T +5(t) T +5(t) k B)T+j+k
af(t) -, dfa(t) -, dfs(t)
C) prranit el R k D) None of these
25) If u(t) is constant vector on [a, b], then ...... on [a, b].
du _ = du | = du _ -
A) — -0 B) =70 C) s D) None of these
26) If = =0V t € [a, b], then () isa...... on [a, b].
A) of constant magnitude B) of constant direction
C) constant vector D) None of these
27) If a differentiable vector u(t) is of constant magnitude, then ...... Vte]a b]

_ du _ du _ _ du _
A) u.aio B) u.a_o C)u. n =1 D) None of these
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_du

28) Ifu.—=0Vte]a b],thentu(t)is...... on [a, b]
A) of constant magnitude B) of constant direction
C) constant vector D) None of these
29) If a non-constant vector u(t) is of constant direction, then ...... VteE]a, b]
A)ﬁx%iﬁ B) U ><—=6 C)ﬁ@—o D) None of these
30) If u x % =0Vt € [a, b], then a non — constant vector u(t) is ...... on [a, b]
A) of constant magnitude B) of constant direction
C) constant vector D) None of these
31) lim (% + DT+ T+(1 + 26)i K| =......
A) T+ 2log37+ e’k B) T+ log37+ e’k
C)1+ 2log3 7+ ek D) None of these
32) If f(¢t) = sttT+COSt] t# 0 and f(0) = xT +7 is continuous att=0, then x = ...
A0 B) 1 C)?2 D) None of these
33) If f(t) = costT+sint]+ tantk, find f'(t) =......
A) costT + sint] + tant k B) —sintl + cost] + sec’tk
C) costt + sintj D) None of these

34) If 7 = (C+1)T + (4-3) T + (22 — 60k, then Statt=2is ...
A)4T+47+2k B)4i+j+2k C) 4T+ 47+k D) None of these
35) If 7 = (P+1)T + (4t-3) T+ (2t% — 6)k, then — at t=21s......

A)T+47+2k  B)21+4k C) 41+] + 2k D) None of these
36) If 7 = ()T + (P+t+1) T+ (E+ ¢2 + t+ DK, then T = ...
AT+ 27+ (6t + 2)k B)T+ 2]

C)T+ (2t+1) 7+ (3t + 2t + 1)k D) None of these
37) If 7 = (t+1)T+ (P+t+1) T+ (B+t2 + t+ 1) k, then —= ...

A) 27+ (6t + 2)k B) 2 + (6t +2)k

C) 2j + 6tk D) None of these
38) If ¥ = sintl+ cost] + tk, then g =

A) costt-sint]7+ k B) —sintt + cost}

C) costr +sint] + k D) None of these
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— 2%
39) If 7 = sint1+ cost] + tk, then % = eee
A) sintt- cost] B)sinti+cost] C) —sinti-cost]j D) None of these
40) If 7 = e'T+ log(f*+1) ] — tantk, find ST att=0.

A) 1T—k B)T+]7—k C)-T+7+k D) None of these
41) If 7 = €'+ log(f+1) ] — tantk, find || att=0,
A) V5 B) V3 C)V2 D) None of these
)L E I En
. d_t dr dtzdzf _dr _ d°t _dr _ d*r
A) L—X— B) L. X—3 C) L. X— D) None of these
43) If ¥ = (sinht)a + (cosht)b, where 3, b are constant vectors, then 372: = ...
A) -t B)r C) 2r D) None of these
44) If ¥ = cosntl + sinntj, where n is constant, then f.g =......
A0 B) 1 C)-1 D) None of these
45) Let r(t) = x(t)1 + y(t)] + z(t)k be a position vector of a point P(t), then
%z%ﬂ%ﬁ %l_(is the ...... to the curve in space at P.
A) unittangent  B) normal C) tangent D) None of these
46) Let r(t) = x(t)1 + y(t)] + z(t)k be a position vector of a point P(t), then
% isthe ...... to the curve in space at P.
A) unittangent  B) normal C) tangent D) None of these
47) Let r(t) = x()T + y(t)] + z(t)k be a position vector of a point P(t) and T is unit
tangent vector to the curve at point P(t), then Z—i isthe ...... to the curve in
space at P.
A) unit normal B) normal C) tangent D) None of these
48) If g is normal to the curve at point P(t), then |‘;—i| isthe ...... of the curve.

A) unit normal B) radius of curvature C) curvature D) None of these
49) If k = |z—§| IS the curvature of the curve, then % isthe...... of the curve.

A) unit normal B) radius of curvature C) curvature D) None of these
50) If r(t) = x(t)T + y(t)] + z()k is the position of a particle at time t, then g

isthe ...... of a particle at time t.
A) velocity B) acceleration  C) speed D) None of these
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51) If v = % is the velocity of a particle at time t, then v = |§| isthe ...... ofa
particle at time t.
A) velocity B) acceleration  C) speed D) None of these
52) If r(t) = x()T + y(£)] + z(t)k is the position of a particle at time t, then
z—: isthe ...... of a particle at time t.
A) velocity B) acceleration  C) speed D) None of these
53) Tangential and normal component of velocity are ...... and ...... respectively.
A)vand0 B) 0 and v C) % and kv? D) None of these
54) Velocity of a particle is always along the ...... to the curve.
A) normal B) tangent C) both normal and tangent D) None of these
55) Tangential and normal component of acceleration are ...... and ...... respectively.
A) k and v B)Oandv C) % and kv? D) None of these

56) Velocity of a particle moving along the curve x = e'cost, y = e'sint, z = &'
attimet=01s......
A)T+7+k B)T+7-k C)1-7+k D) None of these
57) Acceleration of a particle moving along the curve x = e'cost, y = e'sint, z = €'
attimet=01s ......
A)T+7+k B)T+7-k C)2j+k D) None of these
58) Velocity of a particle moving along the curve x = 4cost, y = 4sint, z = 6t
attimet=01s ......
A)T+7+k B) 47+ 6k C)1-7+k D) None of these
59) Acceleration of a particle moving along the curve x = 4cost, y = 4sint, z = 6t
attimet=01s ......
A) —41 B) 27 +k C)T+J+k D) None of these
60) If T is unit tangent vector to the curve and a = 7 is acceleration of a particle, then
tangential component of acceleration = ......

A) 0 B)l|a|2 — (+.T)2 C) #.T D) None of these
61) If T is unit tangent vector to the curve and a = 7 is acceleration of a particle, then
normal component of acceleration = ......

A) 0 B)Jlal2 — (7.T)2 C) +.T D) None of these
0 ,— -
62) — (u.v)=......
ox
ou v _ 0v  _ 0u _0v _ 0u
A) % ox B) u.& + V. = C) u.& — V. Ix D) None of these
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— av ou - — ov — ou u  0ov
aA)ux&+&va)ux&+vx&C)&x& D) None of these
64)&((1)11) =
0 0T ou 0w | 0d _
)&& B) (1)& C)c1>&+5u D) None of these

65)Iff=%(x+y)f+§(x—y)]_+xyl_{,thenz—:= .......
A)%T+§]‘+xl_< B)§T+§]‘+yE C)ET-§T+xl_< D) None of these

__a -, b — T T
66) Ifr—E(x+y)1+5(x—y)]+xyk,thena—y— .......

A)% T+§ J+xk B)% r+§ 7+yk C)% T-§T+xE D) None of these
67) If r = %(x+y)f+§(x — )T+ xyk, theng—;z: .......
A0 B)§T+§]‘ C)%T-SJ‘ D) None of these
— 2%
68) If 7 = %(x+y)T+§(x—y)]‘+ xy K, theng—yz= .......
A) D B)%T+§]‘ C)%T-SJ‘ D) None of these
69) IFF =2 (x+y)T+2(x—y)J+xyk then—=_ ..
A) 0 B) k C)% T-g ] D) None of these
70) If ¥ = xcosy T+ xsiny J + ae™ k, then % =
A) cosy T+ sinyJ B) —xsiny T+ xcosy J + ame™ k
C)0 D) None of these
71) If ¥ = xcosy T+ xsiny J + ae™ k, then Z—: = ..
A) cosyT+siny] B) —xsiny 1+ xcosy J + ame™ k
C)0 D) None of these
72) If ¥ = xcosy T+ xsiny J + ae™ k, then g =i
A) cosy 1+sinyJ B) —xsiny T+ xcosy  + ame™ k
C)0 D) None of these
73) If ¥ = xcosy 1+ xsiny 7 + ae™ k, then g = e
A) —siny T+ Cosy ] B) —xcosy I - xsinyj + am’e™ k
C) —xcosy1-xsinyy D) None of these
_ _ A my T 0°TF _
74) If ¥ = xcosy 1+ xsiny J+ ae™” k, then Gy i
A) —siny 1+ CosyJ B) —xcosy 1- xsiny 7+ am%™ k
C) —xcosy1-xsinyy D) None of these
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UNIT-3: THE YECTOR OPERATOR DEL

Scalar Point Function: A scalar valued function ¢ defined on a region R of a space
is called scalar point function.

Remark: A scalar point function together with region R is called scalar field.

e.g. The temperature at a point in a room is a scalar point function.

Surface: If @ = ¢(X, Y, z) is a scalar point function ¢ defined on a region R, then
©(X, Y, z) = ¢, where c is parameter, defines family of surfaces in R, such
surfaces are called level surfaces in R w.r.t. .

e.g. If (X, y, z) denotes the temperature at a point P(X, y, z) in a room, then
@(x, Y, z) = 25° is a level surfaces in a room at any point on this surface, the
temperature will be 25°.

Vector Point Function: A vector valued function v(P) defined on a region R of a
space is called vector point function.

Remark: A vector point function together with region R is called vector field.

e.g. The velocity of particle at a time t is a vector point function.
Gradient of a Scalar Point Function: Let ¢(X, Yy, z) be scalar point function defined

and differentiable in a region R of a space, then gradient of ¢ is denoted by V¢

or grad ¢ and defined as V¢ = —1 + a‘p]‘+ Z‘ZR

Remark: i) Vo = —‘p T+20 ] +—= (p k Is a vector point function with components along

X, Y, Z axis are

cp 6cp d¢
ox’ 3y’ 92 respectively.

I1) The gradient of a scalar point function is a vector point function.

i) V(p——1+a—(p]_+—zk (1—+]—+k—)cp V—1—X+]—+k—

iv) If Vo = 22 +Z—$]‘+—k then

: d¢ : .09 .
= — dx+ -
o(X,Y, 2) fy 2 constant gy dx fZ constancl 1 €YMS in 3y not containing x]dy

.0 . :
+ [[Terms 1na—(§ containing neither x nor y]dz + c
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Theorem-1: If ¢ and v are scalar point functions and if V¢ and Vs exist in a given

region R, then V(¢ + {) =V £+ Vs i.e. grad(¢ + ) = grad ¢ + grad ¢
Proof: Consider

grad(@ = ) = V(e £ V)
= (T%+ 1‘% +l—<%)(q) + )
ST (@£ W) T3 (0 £ W) + Ko (@ 2 0)

S p[2 g 2] e 4 20y 2oy 20
-1 axiax +][6yi6y]+k[aziaz

709, 100, £ 00 | p 00 100 [ Ov
_[16X+]6y+kaz]i[lax+ 6y+kaz]

=V £ VY
= grad ¢ + grad Y

Theorem-2: A necessary and sufficient condition for a scalar point function ¢ to be
constant is that V¢ = 0.

Proof: Necessary Condition:
Let ¢ be a constant function.

.00 _ 00 O(p:
"(')X_’ay_o’az 0
Ve =227+227 1+ 2°F = 07+ 07+ 0k =0
B (P_axl 6y] 9z = ! J B

Sufficient Condition:

Let Ve =0

L9, 0900 09F L 05t 074 OR
o 6X1+ay]+azk 0r+07+0k
L0900 _ 2

Toax ’ay_o’az 0

~ @ IS independent of x, y, z.

=~ (p IS constant.

Theorem-3: If ¢ and v are scalar point functions and if V¢ and Vs exist in a given
region R, then V(o) = @V{ + YV i.e. grad(@y) = ¢ grad Y + P grad @
Proof: Consider
grad(ey) = V(o)

= (5475 k) (W)

X
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0

a—(cptb)ﬂ—(cpd!) +k-~ 5, (@U)
=T[og + Wi+ leg + U gl ko3, + 3]

OU L O 00 D
= Q[i5 +75, tko, IFUTo 5+ a‘;+ka

=eVY + Vo
=@grad Y+ grad ¢

Z

Corrolary: If ¢ is scalar point function and k is constant, then V(ke) = kVe
I.e. grad(ke) =k grad ¢
Proof: Consider
grad(ke) = V(ke)
= @Vk + kVo
=@(0) +kVo

Theorem-3: If ¢ and v are scalar point functions and if V¢ and Vs exist in a given

region R, then V( ) L|JV(p¢—2(pllJ ie. grad( ) = yerad (plp;p gr2d¥ provided § # 0

Proof: Consider
O - pr®
grad(}) = V()

= 0 Z+72 +k 1)@
= (5475 kDD
—15(5)"’16},(—) az¢
dp oy do 0dy 0p a¢
— Vo Pax 1, Yoy oy Vo~
- X+ k Z
l[l,,z]][w ] +R[22 0 |
_ _O(p _aq; _a¢
3 WASE+TEE+k Y — (3l +75) +k3D)]
_lIJV<P vy
_—L|J2
_VYgradg—¢@grady
= 7
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Ex.: If = xT+yj+ zk, |f| =, then prove that

i) Vo(r) = ¢'(r) Vr i) Vr is the unit vector ¢ iii) Vlogr :—
Proof: Consider
. _0d0 _0 +~ 0
) Vo(r) =( &-‘-]@ +k£)(p(r)
_-20 _ad =0
=150+ T em+k o)
— [T ! 61' - ar "N / ar
=[5 +19'() 55 +ke'(n) 7]
_O0r _Or

=o' T +728 4500

= V(r) =o'(r) Vr
Hence proved.

i) As r = |F| = /x2 + y2 + 22

Ee L (20=1

T ox 2 /x+y?+z? r
.. or _y or _ z

Similarly 5 and ol

=r
I.e. Vr is the unit vector t is proved.
iii) Let @(r) = logr
. 1
~ () =-
~ Vo(r) = @'(r) Vr gives
Vlogr = %(g) wVr=tr=

=1l

r
~ Vlogr=- Hence proved.

Ex.: Prove that Vr™ = nr™2r, where r = x T+ yj + zk
Proof: Let @(r) =r"
~@'(r)=nr"~!
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=~ V(r) = @'(r) Vr gives

vrh = nr“‘l(z) w Vr=

-
1

~ Vr" = nr"%F Hence proved.

Ex.: If = xT+yj+ zk, and a, b are constant vectors, then show that
V(r.a) =2 ii)V[Fab]=axb
Proof: Leta = a T+ a,] + ask
~T.a=(xT+Yyj+2zKk). (a1 + a,] + azk)
= xa,+ya, + zas

= = -0, _0 0
“V(E) = (50 Tk ) (xay+ yag + 7as)

= (Ta; +Ja, +kaj)
Za;ltay+ a3l_<
~V(f.3) =13
ii) As a, b are constant vectors.
-~ 2 x b is constant vector.
~V[f.(axb)]=axb by (i)
i.e.V[F a bj=axb  Hence proved.

Ex.: If u=3x% and v = xz* — 2y, then find grad[(gradu).(gradv)]
Solution: Let u = 3x%y and v = xz° — 2y
_9._0 =0
~gradu= Vu=( gl 3y +k£)(3xzy)
= 6xyT + 3x% + Ok
_9._0 -0
&gradv = Vv = (T +]- +k£)(xz2 —2y)
= 777- 27 + 2xzk
~ grad u. grad v = (6xyT + 3x% + 0K).(z°T - 2] + 2xzK)
= 6xyz> - 6x° + 0
= 6xyz” - 6x°
- grad[(gradu).(gradv)] = (i %+ ]‘aa—y +k %) (6xyz” - 6x°)
= (6yz°—12x)T + 6xz7] +12xyzk
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MTH-403: VECTOR CALCULUS

Ex.: Find f(x, y, z) if f(0, 0, 0) = 1 and
Vf = (Y*-2xyz°) T+ (3+2xy-x2°)] + (82°-3x°yz7)k

Solution: Let Vf = (y*-2xyz’) T+ (3+2xy-x’2°)] + (82°-3x%yz*)k

ing it with vf = 21+ 2- 4 2§
Comparing it with Vf = Pl 2y +- k, we get,

of 2 3 of 2_3 of 3 A2, 52
— - — + - — -
==Y 2XyZ", P 3+2xy-x“z° and . 8z°-3x°yz

% dx+ [
,Z constant 6X Z constant

Now f(X, y, z) = fy Terms ing—}f’ not containing x|dy

. of . : :
+ [[Terms in—~containing neither x nor y]dz + c, gives

f(X, Y Z) :f3;,z constant(yz - ZXyZS) dX+fz. constant(?’)dy + f(8Z3)dZ tc
ie. f(X,y, z2) = y?x — x%yz3+ 3y + 2z*+c ...... (1)
Butf(0,0,0)=11e.c=1

Putting c = 1 in (i), we get,

f(x,y, z) = y?x — x%yz3+ 3y + 2z%+ 1

Geometric Meaning of the gradient Ve:
1) Normal to the surface @(X, y, z) = c at point P(X, y, z) = (V@)p

1) Unit normal to the surface (X, y, z) = ¢ at point P(X, y, z) = %
P
..., 0 0 J0@ —
i) % 3y %z are the d.r.s. of normal to the surface (X, Y, z) = c.
Iv) If a, b, c are the d.r.s. of normal, then equation of normal passing through

. X—X Y—-V1 7Z—7Z4
P(x Zy) i L= =
( 1 y11 1) S a b c

v) Equation of tangent plane to the surface @(X, Y, z) = ¢ at P(Xy, Y1, Z1) IS
a(x —x) +b(y—y) +c(z—2z) =0

Ex.: Find the unit vector normal to the surface x° + y®+3xyz =3 at the point P(1, 2, -1)

Solution: Let @(x, y, z) = x>+ y* + 3xyz = 3 be the given surface.
- V= Z—$T+ 2—(}‘:]‘+Z—(5E
= (3x°+ 3yz) T+ (3y* + 3xz) 7 + 3xyk
At the point P(1, 2, -1), we have
(V@) = (3-6) T+ (12- 3) 7+ 6k =-31+ 9] + 6k = 3(-T + 37 + 2k)
=~ the unit vector normal to the surface ¢ = 3 at point P is
N = (Ve)p _ 3(-T+37+ 2k) _ (-T+37+ 2k)
[(V@)pl  3(-1)2+32+22 NG
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MTH-403: VECTOR CALCULUS

Ex.: Find the equation of tangent plane and equation of normal to the surface
xz*+ X%y - z + 1 = 0 at the point P(1, -3, 2)
Solution: Let @(x, Y, z) = xz°+ X°y - z = -1 be the given surface.

0 2 0 2 09
n—=Z7"+2Xy, — =X, —=2xz-1
ox Y dy ' 9z

At the point P(1, -3, 2), we have

2= (GDp=-2,b=GHp=1c=(Dp=3

.e-2,1,3i.e. 2, -1, -3 are the d.r.s. of normal at point P.

=~ Equation of tangent plane to the surface ¢(x, y, z) =-1 at P(1, -3, 2) is
2x—1)-(y+3)-3(z—2)=0

l.e.2x-y-3z+1=0

The equation of normal at P(1, -3, 2) is X; ==

Divergence of a Vector Point Function: Let v = v(X, y, z) be a differentiable vector
point function defined in a region R, then the divergence of v is defined as

. _ 0V, _0Yv - 0V

v=1.—1.— +k. —

div.v Lot gy kaz
N _ OV, _0V T OV _ 0, _0 =0 - _
: vV=l.—F)].—t+tK—=(Q—*+t]—+K—).v=V.
Note: i) div.v Lt 1a kaz (1aX e kaz)v V.v

I1) The divergence of vector point function is a scalar point function.
i) 1 7= vyT + v,] +v5k, then div.v = V.9 = (T--+ ]‘% +k =), (viT+ V5] + v3K)
v Ova OV

ax dy 0z
Solenoidal: A vector point function v is called solenoidal if div.v = 0.

Ex.: Find divergence of ¥ = (x*+yz)T +(y*+zx)] +(z*+xy)k

Solution: Let ¥ = (x*+yz)T +(y*+zx)j +(z°+xy)k be the given surface.
L divy=V.v=(1 %+ ]_aiy +T<%).[ (C+HYZ)T +H(y?+2X)] +H(Z*+xy)K]
_ 0,2 0 , 2 0,2
= 55 XHYZ) + o (y+2X) + (2°+xy)

=2X+2y+ 22
=2(x+y+2)
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MTH-403: VECTOR CALCULUS

Ex.: Show that v = X°zT + y°z J - (xz°+yz*)k is solenoidal.
Proof: Let ¥ = X°z1 + y*z J - (xz*+yz°)k be the given surface.
o __ _9._0 <20 _ _ -
FAiVI =V = (T4 + ka).[xzm + Y%z 7 - (x2*+yzHK]

=2 (62) + = (v°2) - (x2+y2)
= 2XZ +2yz7 — 2X2 - 2yz
=0

=~ v is solenoidal is proved.

Ex.: Determine the constant a so that the vector function
v = (X+3y)1 + (y-22) 7 + (x+az)k is solenoidal.
Solution: Let v = (x+3y)T + (y-22) 7 + (x+az)k is solenoidal.
~divv=0ie. V.v=0

2T T D) (ke By )T+ (y-22) T+ (xra2)E] =

(Tt T g, H R Lx+3y)T+ (y-22) j + (x+az)k] = 0
9 2 o

" ox XF3Y) + - (y-22) + H{x+az) = 0

~1+1+a=0

Laplacian of a Scalar Point Function:
Let ¢ be scalar point function, then divergence of V¢

i o2 _0%¢@  0%¢@ 0% . . . .
L.e. V.V =V°p = =t 752 s called Laplacian of scalar point function ¢

Laplacian Equation: V2¢ = 0 is called Laplacian equation of scalar point function .
Harmonic Function: A scalar point function ¢ is said to be Harmonic function if it
satisfies Laplacian equation V¢ = 0.

Curl of a Vector Point Function: Let v = v(X, y, z) be a differentiable vector point
function defined in a region R, then the curl (or rotation) of v is defined as
GoTx T T T 4k x &
curl.v=1x St X 5y +k X p
D eurlT=Tx T T T 4k x T (1247 k) x T =V X
Note: i) curl.v=1x HTX 5 +k X P (1 poald ™ +kaz) XV=VXV

i) Curl of vector point function is again a vector point function.
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MTH-403: VECTOR CALCULUS

I 7 k
iii) If v=v T+ v,J+vsk thencurlxv=vxv=|2 92 92
ox 0 0z
Vi V2 V3
iv) If v = ch— +a(p]‘+—k then
acp . . 0 ..
Q(X,y,2)= fy’z constant gx dx+ fz constantl L ETMS inZ> not containing x|dy

.0 - .
+ [[Terms 1na—f containing neither x nor y|dz + ¢

Irrotational: A vector point function ¥ is called irrotational if curl.v =10

Ex.: Find curl of ¥ = x2°1 - 2x°yzj +2yz'k
Solution: Let v = xz° - 2x%yzj +2yz*k

1 ] k

2ourlv = | — 2 2

B V=19 oy 0z
xz3 —2x%yz 2yz*

=1(2z*+2x%y) — 7 (0—3xz2)+k(—4xyz — 0)
= 2(z*+x%y) T + 3xz?] —4xyzk

Ex.: Show that v = X1 + y’] + z°k i irrotational.
Proof: Let v = X7+ y* + 2°k

=1 (0-0)- J (0-0)+k(0-0)
= 01+ 0y +0k
=0
v is irrotational is proved.

Ex.: Show that v = (siny + )T + (xcosy — z)j + (X — Y)k is irrotational.
Proof: Let ¥ = (siny + z)T + (xcosy — z)] + (X — y)k

1 ) k
. v = i i i
scurlv= 9% dy 0z
siny +z Xcosy-z X-Y
=1 (-1+1)- J (1-1)+k(cosy-cosy)
= 01 + 0] +0k
=0
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MTH-403: VECTOR CALCULUS
v is irrotational is proved.

- If f= (y+sinz)1 + Xj + xcoszk, then show that f is irrotational and
find ¢ such that Ve = f.

Proof: Let f = (y+sinz)T + xj + xcoszk

T 7k
~curl f= 9 9 0
0

X 0z

y +sinz X XCOSZ
=1 (0-0)- j (cosz-cosz)+k(1-1)
= 0T + 0y +0k
=0
- fis irrotational is proved.
As Vo =fi.e. a_l + Z—‘p]‘+ 2k = (y+sinz)T + xj + xcoszk
d

. do
S — = V+ — : =
ox Yy smz, dy X, 92 XC0Sz

d¢

. [ 0@ .
~ (XY, 2) —fy’z constant 3« 9XT o not containing x|dy

0x X fZ constant[Terms n
. 0 .. .
+ [[Terms 1na—(p containing neither x nor y|dz + ¢

(X y’ Z) f ,Z constant y + San) dX +fZ constant 0dy+ f Odz + ¢
©(X,Y,2) = (y +sinz)x +¢C

Ex.: Verify that the vector point function a = (6xy + z°)I + (3x° — 2)] + (3xZ° — y)k
Is irrotational. Find a scalar point function ¢ such thata = Vg
Proof: Leta = (6xy + z9)I + (3x* — 2)] + (3xz* — y)k

T I} k
carlzz=| 2 2 2
- curfa= ] dy 0z
6xy + z3 3x*—z 3xz’-—y
=1(-1+ 1) -7(3z%- 322) + k(6x — 6X)
= 0T + 07 +0k
=0

~ als irrotational is proved.
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MTH-403: VECTOR CALCULUS

5 = Vo ie 207+290 4 990 N+ (3% — 27 + (3XZ° — VIR
Asa = Vo I.e. 6x1+0y]+azk (6xy + Z)01 + (3x“— )7 + (3xz° - y)k
:6xy+z3,g—‘;

. 09

9¢ _
T oax

_ a2 2
=3X" -z, o 3XZ° -y
. (0] . . 0@ .
= = dx+ 79
o(X, Y, 2) fy,z constant 79X, constanc TETMS in 5, Dot containing x]dy

. O0p
+ [[Terms in—

“ QX Y, 2) =f};,z constant(6Xy + Zs) dx +fz constant(_z)dy+ f Odz +c
L @(X, Y, 2) =3y +x2P—yz+ ¢

containing neither x nor y]dz + ¢

Ex.: Find the constants a, b, ¢ so that the vector function
V = (x+2y+az)i + (bx-3y-z) J + (4x+cy+22)k is irrotational.
Solution: Let ¥ = (x+2y+az)T + (bx-3y-z) J + (4x+cy+22)k is irrotational
~curlv=0
k
]

Q =~
Q \_‘|
1
il

ax ay oz
Xx+2y+az bx—3y—z 4x+cy+ 2z
~ 1(c+1)-7 (4-a)+k(b-2) = 0T + 0y +0k
~Cc+1=0,a-4=0andb-2=0
~a=4,b=2andc=-1 be the required values.

Ex.: If f=x% T—2xz ]+ 2yz k, then find div f and curl
Solution: Let f=x*y1—2xzj+2yz k
cdivizv e (124790 29 ey T o7 T K
..dlvf—V.f—(10X+]ay+kaz).[xy1 2XZ 7 + 2yz K]

o 2 o
=—(Xy) - 3y (&X2) +5.(2y7)

=2xy-0+2y
=2y(x +1)
T I} k
2 I
&curl f= ™ oy pe

x%’y —2xz 2yz
=1(22+2x)-7(0-0) + k(-2z - x?)
=2(x +2)T— (x% + 22)k

DEPARTMENT OF MATHEMATICS, KARM. A. M. PATIL ARTS, COMMERCE AND KAl ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 11



MTH-403: VECTOR CALCULUS
Ex.: If f = (Y+22-XO)T + (Z2+x2-y?) J + (xX*+y*-z°)k, then find div £ and curl f
Solution: Let f = (Y*+22-XA)T + (Z2+x%y?) T + (6C+y*-2O)k
amvf=er(ﬂ%ﬁﬂi+%301wﬂf%&r+c%%v6f+u%¢i6ﬂ

——(y+2 X)+ S (@) + 5 (X+y )

=-2X-2y-22
=-20x+y +2)
3 J k
= ] 5] d
&curl f = pw % py
y2+Zz—x2 Zz+x2—y2 x2+y2—22

=1(2y-22)- J (2x-22)+k(2x-2y)
=2[(y —2)T+ (z— )]+ (x —y)k

Ex.: If @ is constant vector, then find div (¥ X @) and curl (7 X a).
Solution: Let @ = a,T + a,J + azk be a constant vector and 7 = xT + yj + zk
Tk
srxa=|x y z
a, a a;
=T (asy — a2) - J (asx — a;2)+k(ax — a,y)
~div(rxa)="V. (fxa)
=( _"'] _+ k_) [T (azy — az2) - J (asx — a;2)+k(ax — a;y)]

= a (asy —ayz) - 5 (azx —a,z) + E(azx —a,y)
=0-0-0
=0

U J k
&eurl (Fxa)=Vx (Fxa)= ai ai ai
A3y — AyZ QiZ — A3X QX — Q1)
= (—a; — a)T—(a, + ay)j +(—az — az)k
= =2(q4T+ ay)j + azk)

Theorem-1: If u and ¥ are vector point functions, then
div.(u+v)=div.i +div.v i.eV.(u+v)=V.u+V.v
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MTH-403: VECTOR CALCULUS

Proof: Consider
div.(uxv)=V.(ut7v)

-0, _0 —6 — —
=5t thay) Wt )
=T% (u iv)+]— (u+v)+k— (u+v)
L, (0E0m, -0u 0v o oow o
-t [xiax] J [ayiay] [az_az]
([0, S 0u pom 00 00 pov
= [z x+J' y+k 62]_[l'ax+]'6y k'az]
=V.uxV.v
=div.u+div.v

Theorem-2: If u and ¥ are vector point functions, then
curl.(uxv)=curl.u+ curl.v eV X (utv)=xutVxv
Proof: Consider
curl.(uxv)=V x(utv)
LI I AN
=(1 ax+Jay +kaz) X (U £ D)

:faix(aiﬁ)+jix(aiﬁ)+kix(aiﬁ)

ou ov au ov
LX E+ax]+]x[ ]+k [az az]
ou ou ov ov = ov
[x—+]><—y+k>< Z]+[ x—x+]x—y+k><az]
=Vxut+tVxv

=curlutcurlv

Theorem-3: If ¢ is a scalar point function and  is vector point function, then
div. (pu) = (grad @).u + @div.u
LeV.(pu)=Vep).u+ o(V.u)
Proof: Consider
div. (pu) =V.(pu)
‘Oqﬁr—+k—)wm)

=12 (pu)+ 2. () R 2. (pT)

0

— — dp _
e A

N
T+ S +R (520 + 0 3
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MTH-403: VECTOR CALCULUS

dp _ 6(,0_ —oJu
ol Pyl ]+—k]u+g0[l—+ —y+k ]

= (Vgo).u +o(V.u)
= (grad @).u + pdiv.u

Corollary: If k is constant and  is vector point function, then
div. (ku) = kdiv.ui.eV.(ku) = k(V.u)
Proof: Consider
div. (ku) = V. (ku)
=(Vk).u+ k(V.u)
=(0).u+ k((V.u)
=k(V.u)

Theorem-4: If ¢ is a scalar point function and  is vector point function, then
curl(pu) = (grad @) X u+ @curlu
eV X (pu)=WVe)xu+ oV xu)
Proof: Consider
curl (pu) =V X (pu)
=@ —+J— +k—) X (¢u)

= fa— X (pu)+ ji X (pu) +l€i X (pu)

—l><[a u+<p—]+]><[ u+<p ]+k><[—u+<p—]

6<p_ 8<p_
_[ax +6y]
=(Vp)xu+ @V xu)

= (grad @) X u + @curl u

k]><u+<p[z><—+]><—+k><az

Corollary: If k is constant and  is vector point function, then
curl(ku) = kdcurluieV X (ki) = k(V X u)
Proof: Consider
curl (ku) =V X (ku)
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= (Vk) X & + k(V X )
=(0) X U + k(V x @)
= k(V X )

=kcurlu

Theorem-5: If u and ¥ are vector point functions, then
div.(u X v) =v.curlu — u.curlv
leV.(uxv)=v.(Wxu)—u.(Vxv)

Proof: Consider

div.(uxv)=V.(uXxXv)

9, -0 ;O ,— _ -
=(la+]—+ka—z).(uxv)

oy
=1L (@ X D)+ J=. (U X D) +k—. (L X )
Cax” Joy oz
U _ , _ _0b,, _0u_ -, — 0P, ; OU_ _ , _ _ 0D
=1.[— —+ 7. [— — +k. [— —
L.[axXU+u><ax] ].[ayXU+u><ay] k.[aZXU uxaz]

:T.(Z—Zxﬁ)+i.(ﬂxg)+j.(g—zxﬁ)+]‘.(ﬂxg—j)
+h (S x D)+ (@xD)
:[(ix%).ﬁ+(jxg—z).ﬁ)+(l_cx%).ﬁ)]

- [(Txg).ﬁ+(]'xg—j).ﬁ+(l_cxg).ﬂ]

om
P

_ U __ 0u i . _ 0D __ 0D i+ _ O
= — + — + — — + — + =
v.[zxax ]Xay kx—]xv u.[zxax ]xay kxaz]
=v.(Vxu)—u(Vx)

=v.curlu — u.curlv

Theorem-6: If ¢ is a scalar point function, then curl (grad ¢) =0i.e. V X (V) =0

] . . . _0p_ O0p_ 0@
Proof: Let ¢ is a scalar point function, then Vo = it 5 + gk
T ]k
a 9 0
~curl (grad ) =V x (Vo) = |ax 3y oz
dp d¢ 0d¢
ax oy oz
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_ (52(p _ azw)-_(azq) 0% -0 +(62<p . azrp)—
dydz  0zdy 0x0z  0zdx’” 3y dxdy  0yodx
_ _ = 02 02 02 02 02 02
:0l+0]+0k S0P <P’ Y _ @ Y _ @
0yoz 0z0y ' 0x0z 0z0x dxdy dyox

Theorem-7: If u is a vector point functions, then div (curl ) =0i.e. V.(VXu) =0
Proof: Let i = u 1+ u,j + ugk is a vector point function, then

T
saurla=vxa=|2 2 2
x 0 0z
Uy U Ug
oy _ Oy (OOt 2y _ Oty
= G2 -T2 - T+ (G2 -5
=~ div (curl u)—|7.(|7><u)
_d 6u2 aul _6 6u2 6u1
= ([ —+ — — 1
(F3o+ To5 k) IG2 = ST - (52 = T +(52 — THK]
—i(%_aﬁ)_i %_%)ﬁ s o
T ox dy 0z dy ~ d0x 0z dz * 0x dy

_ 0%us i 0%u, i 0%us + 0%uq + 0%u, i 0%u,
0x0y 0x0z O0ydx 0ydz 0z0x 0zdy
=0
Hence proved.

Ex.:Ifr=xT+yJj+zk, then find
i) div 7 ii)curl#  iii) div (r"F)  iv)curl (f"7) V) Laplacian of r"
Solution: Let7F=xT+yj+zk
~i)divi=V.7r= (L—x+]—+k—).(xf+yj+zE)

_—x(X)"‘@(Y)"’g(Z)
=1+1+1
=3

ceurl¥r="Vxr=

R | =
=S|~
N Q| =

(0-0)-7(0-0)+k(0-0)

7
0
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i) div (r"7) = 7.(r"7) = (Vi").7 + r"(V.7)
= (nr"%7). 7 + r'(3)
nrA(F. ) + 3r
=nr"?(r%) + 3r"
=nr"+ 3r"
=(n+3)r"
i) curl (r'"r) = 7 x(r"7) = (Vr") x 7 + 1"(V X 7)
= (nr"%7) x 7 + 1"(0)
=nr"(F x 7) + 0
=nr"30) + 0
=0
iii) Laplacian of r" = V2(r") = 7. (Vr")
= 7.(nr"?7)
=nr"4 (V. 7) + nv (™). 7
=nr"%(3) + n(n-2) 7.7
= 3nr"% + n(n-2) r"*r?
= 3nr"? + n(n-2) r"?
= nr'?(3+n-2)

Ex.: If f =Xy T+ xz J + 2yz k, then verify that div (curl f)=0
Proof: Let f=x’yT+xzj+2yzk

Tk
= = d d d
~ourl f =V x f= % 3y 9

x%y xz 2yz
=1(22-X)-7(0-0) + k(z - x?)
=2z — )T -0] +(z — xk

- di N Y ) N 07 4 (r — X2\
.-dIV(CurIf)—V.r—(Lax+]ay+kaz).[(22 X))t -0] +(z — x9)k]
-9 N O, _ .2
=2 (22 - 1)-2(0)+ =z — x?)
=-1-0+1
=0
Hence verified.

EX.: Prove that the vector function f(r)7 is irrotational
Proof: Consider
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~eurl f(nNr =V x [f(r)r]
=Vf(r) X7 +f(r)Vxr
=f'(Vrxr+fr)(VXT)
=) X7+ f()(O)

=W 7
T

=0
Hence f(r)r is irrotational is proved.

1) A scalar point function together with region R is called ......

A) vector field B) scalar field C) region D) None of these
2) A vector point function together with region R is called ......

A) vector field B) scalar field C) region D) None of these

3) Del operator Taa—x+ j:—y +k % is denoted by ...
A) 0 B)V C)A D) None of these
4) The gradient of a scalar point function (X, v, z) is denoted by V¢ or grad ¢ and
definedas Vo =......

dp —  0p _ 6_6_6—
N +£1+—k B) ~.T+=".j+=".k

C)—><l+a ><]+—><k D) None of these

5) The gradient of a scalar point functionisa......
A) scalar point function B) vector point function
C) neither scalar nor vector D) None of these
6) A necessary and sufficient condition for a scalar point function ¢(X, vy, z) is to be
constantisthat Ve = ......
A) 0 B)0 C)1 D) None of these
7) If ¢ and vy are scalar point functions and if grad ¢ and grad { exist in a given
region R, then grad (oy) = ......
A) grad ¢ + grad B) ¢ grad ¢ — Y grad ¢
C)o grad ¢ + Y grad ¢ D) None of these
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8) If ¢ and vy are scalar point functions and if V¢ and Vs exist in a given region R,
then V() = ......
A Vp+ Ty B) VY — Ve C) eVl + Yl D) None of these
9) If ¢ is scalar point functions and k is constant, then grad(ke) = ......

A) k grad ¢ B) p grad k — k grad ¢
C)o grad k + k grad ¢ D) None of these
10) If ¢ is scalar point functions and k is constant, then V(ke) = ......
A) kVo B) oVk —kVp C) oVk + kVp D) None of these

11) If ¢ and v are scalar point functions and if grad ¢ and grad  exist in a given
region R with y # 0, then grad(%) = .

A) Yy grad <p(p—2<p grad y B) Yy grad <p¢—2<p grad y

C) yorad w\;"’ grady D) None of these
12) If ¢ and v are scalar point functions and if V¢ and Vs exist in a given region R

: ¢

with v # 0, then 7 (E) =

A) W(p(p;chvw B) W C) th);r_;pr D) None of these
13) IfF=xT+ yj+ zk, |F| =rthen Vo (r) =......

A0 B) Vo'(r) C)Ve'(r)Vr D) None of these
14) If ¥ = xT+ yj+ zk, |F| =rthenVr=......

At B) r C)0 D) None of these
15) Viegr=......

A) 7 B) C) rLz D) None of these
16) If ¥ = xT + yJ + zk, a, b are constant vectors, then V(7.a ) =......

AT B)a C)0 D) None of these
17) If ¥ = xT + yJ + zk, a, b are constant vectors, then V[ @ b]=......

A) 7 B) a C)b D)a X b
18) If Fr =xT+ yj + zk, |F| =rthen Vr" = ......

A) nr"'7 B) nr"*r C) n(n — 1)r"*F D) None of these

19) Components along X, y, z axis of a vector point function Ve are ......

respectively.
dp O0p d¢ dp dp ¢ dp dp ¢ dp O0p d¢

ox’ dy’' oz 0z’ ox' dy dy’ 9z’ ax dy’ 9z’ 9x
20) Normal to the surface @(x, y, z) = ¢ at point P(x, y, z) is ......
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A) (Vo) ) ele C)0 D) None of these
(Vo) pl
21) Unit normal to the surface @(x, y, z) = ¢ at point P(x, y, z) is

A) (Ve B) 22

|(Ve)pl C)0 D) None of these

22) The equation of normal with d.r.s. a, b, ¢ and passing through the point
P(Xl, Y1, Zl) 1S

A) a(x - xl) + b(y — yl) + C(Z — Zl) =0 B) X—X1 + Y=Y + Z=71 _ 0

a b c
X—X y—y Z—Z
( ) 1 = 1 = 1

D) None of these
a b c

23) If a, b, c are the d.r.s. of normal, then the equation of plane passing through the
point P(Xy, Y1, Z1) is

Aa(x—x)+by —y) +c(z—2)=0 B)=—=+>24 ==
=== 4 D) None of these

a b c
24) The divergence of a vector point function v is denoted by V. or div v and
definedas V. v =

=0

Cc

ov_ Ov_ 0vy
A)—1+
)Bx

_0v, _0v + 0V
— ] +— —t ] —t+k.—
6x] Bxk B)l dx J y kaz
O)ixZiix L xZ D) None of these
0x dy 0z
25) If 7 = v T+ v,] +v3k, thendiv.o=V. 5= ......
vy 0v,  0vs _0v _0v 0V vy Ov,  0vs
L4+ 24+3= —+ T—+k— + =
A) dx dy 0z B lax J k

ay oz ) ox oy
26) If f = x?y T—2xz J + 2yz k, then find div f =
A) 0

D) None of these
0z

B) 2y(x+1) C) 2x(y+1) D) 2z(x+y)
27) If f = (xX*+yz) T+ (y* +2X) J + (z° +xy) k, then find div f = ......
A) 0 B) 1 C) 2xyz

D) 2(x+y+2z)
28) The divergence of a vector point function is a
A) scalar point function
C) neither scalar nor vector
29) If ¥ = xT + yj +zk, then div.i = V.7 = ......
A) 0 B) 0

C)3 D) None of these
30) If divergence of a vector point function ¥ is 0, then v is called

A) irrotational B) solenoidal C) rotational
31) If a vector point function v is solenoidal, then

B) vector point function
D) None of these

......

D) None of these
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A)divi=0 B)curl =0 C)gradv=0 D) None of these
32) A vector point function 7 = x?z7 + y2zj — (xz? + yz¥)kiis ......

A) irrotational B) solenoidal C) rotational D) None of these
33) If a vector point function 7 = (x + 3y)T + (v — 22)J +(x + az)k is solenoidal,

thena=......

A0 B) -1 C)-2 D) -3
34) Vg is called ...... of scalar point function ¢.

A) gradient B) divergence C) curl D) Laplacian
35) If 7%p = 0, then a scalar point function ¢ is called ...... function

A) Homogeneous B) Harmonic C) Regular D) None of these

36) The curl of a vector point function v is denoted by V x v or curl ¥ and
definedasVxv=......

ov_  Ov_ O0vy - 0v, _0v 7 OV
A)al*‘a]"'ak B la'l']@'l‘k—z
__ 9%, __ 9V v _ 0D
C)zxaﬂ x5+k><£ D) None of these
37) The curl of a vector point functionisa ......
A) scalar point function B) vector point function

C) neither scalar nor vector D) None of these
38) If v = v T+ v,] +vsk, thencurl =V x o= ......

t ]k t ] k I 7k
A) aa_x % % B) 1;1 ’;2 ’;3 C)|v, v, wvs| D) None of these
Vi Uy V3 ax 0y 0z V1 V2 V3
39) A vector point function v, is said to be irrotational if ......
A)gradv =0 B)divy =0 C)eurlv=0 D) None of these
40) A vector point function v, is said to be ....... if curl 7 = 0.
A) irrotational B) solenoidal C) rotational D) None of these
M) If7=xT+yj+zk, thencurl 7=V x7=......
A) 0 B)0 C)3 D) None of these
42) A vector point function v = x?7T+ y?j +z%k is ......
A) irrotational B) solenoidal C) rotational D) None of these

43) A vector point function 7 = (siny + 2)T + (xcosy - z)] + (x - y)kis ......
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A) irrotational B) solenoidal C) rotational D) None of these
44) A vector point function v = (y + sinz)t + xj + xcoszkis ......

A) irrotational B) solenoidal C) rotational D) None of these
45) If ¢ is a scalar point function and  is vector point function, then div(pu)= ...

A) (grad @) X u + @div.u B) (grad ¢).u + @div.u

C) (grad ¢).u + @curlu D) None of these

46) If k is constant and i is vector point function, then V. (k)= ...
A) k(V.u) B) u(V.k) C) k(V xu) D) None of these

47) If ¢ is a scalar point function and u is vector point function, then curl(pt)= ...

A) (grad @) X u + @curlu B) (grad ¢).u + @curlu
C) (grad @).u + @curlt D) None of these
48) If u and v are vector point functions, then div (U x v) =......
A) u.curl v — vcurl u B) V.curlu —u.curl v
C)v.curlu+ t.curl v D) None of these
49) If @ is a scalar point function, then curl(grad @) = ......
A) grad ¢ B)0 C)0 D) None of these
50) If u is a vector point function, then div (curla) = ......
A) grad @ B) 0 C)0 D) None of these

A) B) C) D)
51) If r = xi + yj +zk and a is constant then div(F x a)=......

A0 B)a O)r D) None of these
52) If f = x1+ yj+zk and a is constant then curl (f x 3)=......

AT B)a C) —2a D) None of these
53) div (Ve X V) =......

A)0 B) Vo C) Vy D) None of these
54) f(ris......

A) scalar B) solenoidal C) irrotational D) None of these
55) curl is also called ......

A) scalar B) rotation C) divergence D) None of these
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UNIT-4: VECTOR INTEGRATION

An infinite Integral of Vector: Let f(t) be a vector valued function of a single scalar
variable t. If there exists a vector function F(t) such that % [F(t)] = f(t), then F(t) is
called an infinite integral or antiderivative of f(t). Denoted by | f(t)dt = F(t) + ¢, where ¢
Is constant of integration.

Finite Integral of VVector: Let f(t) be a vector valued function of a single scalar

variable t. If there exists a vector function F(t) such that % [F(t)] = f(t), then fabf(t)dt =
F(b) - F(a) is called a finite integral.
Remark: i) If f(t) = fy(t) T+ f,(t) 7+ f3(t) k, then [ f(t)dt = Tf,(t) dt+ ] f(t)dt+k/ f5(t)dt
ii) ] [f(t) + g(©]dt = [f(Ddt + [ g(D)]dt
iii) | cf(t)dt = cf [f(t)dt
iv) [ [gg + f.%]dt =fg+c
v) | [fxg]dt = fxi—_]; +c

vi) [ [axT]dt=axf+c

Ex. If f(t) = sint T+ costj + 3k, then evaluate [ f (t)dt
Solution: Let f(t) = sintT+ cost]+ 3k

T

« [Zf()dt= [2[sintT+ cost]+ 3k]dt

T

= [—costT+ sint] + 3tk]]
= [0T+7+ K] — [~ T+ 07 + 0K]
=T+7+ 2k

Ex. If f(t) = (t — t2)1 + 2t3] — 3k, then evaluate flz f(t)dt
Solution: Let f(t) = (t — t*)1+ 2t37— 3k
~ [FE(dt= [2[(t— tT+ 2637 — 3K]dt
tZ t3 _ t4-_ —
=[(5-5)T+ 57— 3k
_ 8\- e T 1 1\_  1_ &
- [(2 —§)l+8] —6k] — [(E_E)I-I_E] —3k]
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[(=2)7+ 87— 6k] — [(5) T+ 57— 3K]

=(=2-2)T+(8-3)7+ (—6+3)k]
==1+27-3k

Ex. Evaluate fol(et T+ e 25+ tk)dt
Solution: Consider
fol(et T+ e 29+ tk)dt

—Zt 2

1+tk]

[e1+
[e1——]+ ~K] — [T— 57 + OK]
=(e—1)1—5(e 2—1)]_+El_(

Ex. If f=t1— t?7+ (t — 1)k and g = 2t?T + 6tk, then find [ f.g dt
Solution: Let f=11—t?]+ (t — 1)k and g = 2t?T + 6tk

~ £ g =t(2t%) + (-t)(0)+(t — 1)(6t) = 2t> + 6t% — 6t

« [ Egdt=[ (2t + 6t> - 6t)dt

_ 2ttt et® 6ty
=5t

Ex. If i =tT— t?]+ (t — 1)k and ¥ = 2t?1 + 6tk, then find foz 0.V dt
Solution: Let i = tT — t?]+ (t — 1)k and ¥ = 2t?1 + 6tk
A WLV = t(21%) + (-£)(0)+(t — 1)(6t) = 2t° + 6t2 — 6t
[T vdt=[7 (26 + 6t2 - 6t)dt
4 g3 g2
e MR [
=[8+ 16 — 12] — [0]

Ex. Iff=t1— t?7+ (t — 1)k and g = 2t?T + 6tk, then find [, fxg dt
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Solution: Let f=1tT— t?J+ (t — 1)k and g = 2t?1 + 6tk

_ vt J k _
Sfxg=| ¢ —¢2 ¢—1]|= 1(—6t3—0) —j(6t* — 2t3 + 2t%) + k(0 + 2t*H)
2t2 0 6t

= (—6t3)1+ (23 — 8t)) + 2t*k
. (s dr =1 3\+ 3 2\7 T
« fy Ixgdt=[ [ (=6t3)T+ (2t° — 8t?)] + 2t*k]dt

2t*  gt3 . _  2t5

= [(=)1+ =S+ R

Ex. If i = tT— t?]+ (t — 1)k and ¥ = 2t?T + 6tk, then find [ tixv dt
Solution: Let u =t — t?+ (t — 1)k and v = 2t?1 + 6tk

T g k _
SUXV=| ¢ 2 p—1]= 1(—6t3 = 0) —j(6t% — 2t3 + 2t%) + k(0 + 2t*)
2t2 0 6t

= (—6t3)1+ (23 — 8tH)) + 2t*k
o [ uxvdt=[] (-6t + (2t3 — 8t2)] + 2t*K]dt

6t4 _ 2t*  8t3 _  2t5—
[(—%)7+( T+ 2 K3

4 4 3

= [—24T+ (8 — )]+ = K] — [0T+ 07 + OK]

— g7 — 2054 8¢
-241 3]+5k

Ex. Prove thatf?(asintT+ bcost])dt=aT+b7J
Proof: Consider

JZ(asintT+ bcost J)dt

= [—acost1 + bsint]_]g
= [01+ bj] — [—a1 + 07]
= al+bj

Ex. The acceleration of a particle at time t is given by 2 =12cos2tT— 8sin2t] + 16t k.
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If velocity v and displacement r are zeroatt=0, find v and r at time t.

Solution: We have a = % =12cos2tT— 8sin2t] + 16tk

~ ¥ =[[12cos2tT— 8sin2t] + 16t k] dt
= 6sin2t 1+ 4cos2t] + 8tk + C

Whent=0,v=0
~01T+47+0k+c=0
aE:—4T

. V= 6sin2t T+ (4cos2t — 4) 7+ 8t%k
As ¥ = % = 6sin2t T+ (4cos2t — 4) J + 8t%k
« F = [[6sin2t T+ (4cos2t — 4) ]+ 8t2k] dt

= —3c0s2tT+ (2sin2t — 4t) 7+ §t3l_< +c
Whent=0,F=0
~—=31+07+0k+c=0
~C=31

5 F=3(1 — cos2t) T+ 2(sin2t — 26) T+ - K

Ex. The acceleration of a particle at time t is given by a=e™*T— 6(t + 1) J + 3sint k.
If velocity v and displacement r are zeroatt =0, find v and r at time t.

Solution: We have a = % =e 'T—6(t+1)7+ 3sintk
~v=][e ' T—6(t+ 1) 7+ 3sint k] dt

2 —
=—e t1— 6(%+t)]‘— 3costk+C

Whent=0,v=0
#—1—07—3k+c=0
c=1+3k

_ _ t2 _ — _ —
.'.v:—e‘t1—6(;+t)]—3costk+1+3k
=(1—eHT— (3t? + 6t)]+ 3(1 — cost) k
Asv=2=(1-e T (3t2 + 60)]+ 3(1 — cost) k

dt
A F=][(1 = e HT— (3t + 66)] + 3(1 — cost) k] dt
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=(t+e OH1—(t3+3t2)j+3(t—sint)k+¢C

Whent=0,7=0
I—07+0k+c=0
SC=—1

A= (t+e )T— (3 +3t3)]+3(t—sint) k— 1
=(et+t—1D1— (t3+3t?)j+ 3(t—sint) k

Line Integral : The line integral of f along any curve C lies in a region in which fis
defined, is the integral of tangential component of f along C
i.e. Lineintegral = [ f.Tds = [ f. %ds = [.f.dr
Remark: i) If f = f;1 + f,7 + f5k, then line integral of falong C is
Jofdr= [L(fiT+ £,7 + £3K).(dxT + dyj + dzk) = [. fdx + f,dy + fydz
ii) If f represents the force on a particle moving along C, then the line integral
represents the work done by the force.

iii) If C is simple closed curve, then the line integral of f along C is denoted by ¢, f. dr

Iv) Line integral may or may not depend upon the path of integration.

v) If C is any arc APB in a given region, then [ f.dr=— [ f.dr

Ex. Evaluate [.f.dr, where f = x*T + y®] and curve C is the arc of the parabola y = x°

in the xy plane from (0, 0) to (1, 1).
Solution: Along the curve C, which is the arc of the parabola y = x? in the xy plane
from (0, 0) to (1, 1), we have y = x? i.e. dy = 2xdx, where x varies from 0 to 1.

Jofdr= [L(x*T+y?7).(dxi + dyj + dzk)
= J (Pdx + y3dy)
- fxlzo. [x2dx + x6(2x)dx]

-t 2 7
=)o X%+ 2x7)dx]

x3  2x8

= [T +=10
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Ex. Evaluate [ [(x* + y*)T+ (x* — y?*)7].dr, where C is the straight line joining the
points (0, 0) to (1, 1)
Solution: Along the straight C, line joining the points (0, 0) to (1, 1)
we have y = x i.e. dy = dx, where x varies from 0 to 1.
Jofodr= [ [ (x* +y*)T+ (x* — y*)7].(dxT + dy] + dzk)
= [ x* +yHdx + (x* —y?)dy
= [._,- [2x%dx + (0)dx]

Ex. Evaluate [[(x* + y*)T+ (x* — y®)J].dr, where C is the parabola y* = x
from (0, 0) to (1, 1)
Solution: Along the straight C, the parabola y? = x from (0, 0) to (1, 1)
we have x = y* i.e. dx = 2ydy, where y varies from 0 to 1.
fC'F.E = [ 2 +y)T+ (x* =y ].(dxT + dy] + dzk)
= [ (&* +y?)dx + (x* —y?)dy
= [ * +yH) QRydy) + (y* — y»)dy
= [, (2y° +2y3 +y* —yDdy
2 6 2 4 5 3
- BTy

—(l,1 1 1y
_(3+2+5 3) 0

26) If F=,/yT+2x] +3yk andcurve Cisgivenby F=t1+t?7 +t3k

fromt=0tot=1,then [ F.dr=......

A) ik B) — B C)o0 D) None of these
30 30
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27) J(xdy — ydx) around the circle x* + y*=11is ......

A) -2n B) 2n C)-n D)n
28) If f = 2xy T+ x?J and curve C is the straight line joining the points (0, 0) to (1, 1),
then [ f.dr=......
Al B) -1 C)o0 D) None of these
29) If f = 2xy T+ x4 and curve C is the arc of the parabola y* = x from (0, 0) to (1, 1),
then [ f.dr=......
Al B) -1 C)o D) None of these

30) The total work done by a particle moving in a force field F =3xyT— 527 + 10xk
along the curve C: x =t?+ 1, y=2t>, z=t* fromt=0tot=2is ......
A) 101 B) 202 C) 303 D) None of these
31) If the line integral of a vector field f is independent of path of integration in a given
region, then fis said to be ......
A) non conservative B) conservative C) solenoidal D) None of these
32) If a vector field f conservative, then the circulation of f about any closed curve in
the
regionis ......
A) zero B) not zero C)1 D) None of these
33) If the circulation of f about any closed curve in the region is zero, then
a vector field fis ......
A) non conservative B) conservative C) solenoidal D) None of these
34) If a continuously differentiable vector field f is the gradient of some scalar point

function @ i.e. f= Ve, thenfis ...... in the given region R.

A) conservative  B) not conservative C) solenoidal D) None of these
35) If f= Ve, then @ is called ...... of f.
A) normal B) scalar potential C) vector potential D) None of these

36) If a continuously differentiable vector field f is conservative, then fis ......
A) solenoidal B) rotational C) irrotational D) None of these
37) If a continuously differentiable vector field f is irrotational i.e. curl f=0,
then fis ......

A) non conservative B) conservative C) solenoidal D) None of these
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38) f = (y?cosx + z3)1 + (2ysinx-4)] + (3xz? + 2)kisa...... force field.
A) conservative  B) non conservative C) solenoidal D) None of these
39) A vector field f= (2xz3 + 6y)T + (6x-2yz)] + (3x?z% —y?)kis ......
A) non conservative B) conservative C) solenoidal D) None of these

40) If 1 is the unit normal vector to an element ds, then the surface integral of a vector

point function F over the surface S'is ......
A) ffs'(F. n)ds B) ffs"(l_? x fi)ds C) ffé Fds D) ffé fids
41) If F represents the velocity of a liquid, then the surface integral of F over the surface
Sie. [[;(F.f)ds is called......

A) velocity B) acceleration  C) flux D) None of these
42) If f[;(F.f)ds =0, then F is said to be ...... vector point function.

A) rotational B) solenoidal C) irrotational D) None of these

43) If (X, y), w(x, y) — and — are continuous functions over a region R bounded by

simple closed curve C in xy plane, then ¢ @dx + ydy = [f; (— — a_ )d dy

is the statement of .......
A) Lagrange’s theorem B) Euler’s theorem

C) Green’s theorem D) Stokes theorem
44) By Green’s theorem, if @(X, y), (X, y) and — are continuous functions over a

region R bounded by simple closed curve C in Xy plane, then gﬁ @dx + Ydy = ......
A) [, Gy = 5 )dxdy B) [o Gy — 55 )dxdy

C) [ly Gy + 5, )dxdy D) [ G5y — 57 )dxdy
45) If S is a surface bounded by a simple closed curve C and F is continuously
differentiable vector function, then ¢ F.dr = [f;(curl F).fids = [f;(V x F).fids
is the statement of .......
A) Lagrange’s theorem B) Euler’s theorem
C) Green’s theorem D) Stokes theorem
46) If S is a surface bounded by a simple closed curve C and F is continuously
differentiable vector function, then ¢_F. dr=......
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D) None of these

D) None of these

D) None of these

A) [J;(V.F). fds B) [J;(V x F). Ads
C) J[;(V x fi).ds D) [[5(V.f)ds
47) Unit normal vector to the plane x =0 is...
A)T B)j C)k
48) Unit normal vector to the plane y =0 is...
A) T B)j C)k
49) Unit normal vector to the plane z=0 is...
AT B)j C) k
50) Unit normal vector to the surface S defined by ¢ =cisfi=...
v
A) ﬁ B) Ve

D) None of these
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