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PRACTICAL NO.-1: COMPLEX numbers 
============================================================ 

1) Find the modulus and principle value of the argument of 
    √    

 √      
 

Solution:Let z = 
    √    

 √      
 = 

      √    

 √      
 

  = 
    √      

 √      
 

   = (  )
6  √      

   =  (3- √    ) 

   =  (- √    ) 

  =  √     

   x =  √  and y =   

  r = | |=√  √         = √     = 4 

     = argz  = tan
-1 

 
 = tan

-1  

 √ 
 = tan

-1  

√ 
 = 

 

 
   (- ,  ) is the principal argument. 

============================================================ 

2) If z1, z2,  z3 represents vertices of an equilateral triangle, prove that 

          z1
2
 + z2

2
 + z3

2
 = z1z2 + z2z3 + z3z1 

Proof: Let A, B and C are the vertices of an equilateral triangle represented by the 

 complex numbers z1, z2 and z3 respectively,  

   l(AB) =|     |,l(BC) =|     |,l(AC) =|     | and  

m A = arg(
     

     
), m B = arg(

     

     
), m C = arg(

     

     
) 

As ABC is an equilateral triangle 

  l(AB) =l(BC) =l(AC)  i.e.|     |=|     |=|     | 

 |
     

     
|=|

     

     
|=1……(1) 

and m A = m B = m C = 
 

 
 

i.e.  arg(
     

     
) = arg(

     

     
) = arg(

     

     
) = 

 

 
 ……(2) 

By (1) and (2) 
     

     
 = 

     

     
 

i.e. z3
2 z3z2 z1z3 + z1z2 = z1z2 z1

2
   z2

2
+z2z1 

   z1
2
 + z2

2
 + z3

2
 = z1z2 + z2z3 + z3z1 

Hence proved. 

============================================================ 
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3) If cos  +      +      = 0 and sin  +      +      = 0, then show that 

i) cos   +       +       = 3cos   +   +    and 

    sin   +       +       = 3sin   +   +    

ii) cos   +       +       = 0 and 

sin   +       +       = 0 

Proof: Given cos  +      +      = 0 and sin  +      +      = 0 … … (1) 

Let a = cos  + isin , b = cos  + isin  and c = cos  + isin  

   a + b + c = cos  + isin  + cos  + isin  + cos  + isin  

  = (cos  +      +     ) + i(sin  +      +     ) 

  = 0 + i0 by (1) 

   a + b + c = 0 … … (2) 

and 
 

 
 + 

 

 
 + 

 

 
 =cos  - isin  + cos  - isin  + cos  - isin  

  = (cos  +      +     ) - i(sin  +      +     ) 

  
            

   
 = 0 + i0 by (1) 

  ab + bc + ac = 0 … … (3) 

i) As a
3
 + b

3
 + c

3
 - 3 abc = (a + b + c)(a

2
 + b

2
 + c

2
 -ab - bc - ca)  

  a
3
 + b

3
 + c

3
 - 3 abc = 0 by (2) 

  a
3
 + b

3
 + c

3
 = 3 abc  

  cos   + isin3  + cos3  + isin   + cos   + isin   

= 3 [cos   +   +    + isin   +   +   ] 

  (cos   +       +      ) + i(sin   +       +       

= 3cos   +   +    + i3sin   +   +    

Equating real and imaginary parts, we get, 

cos   +       +       = 3cos   +   +    and 

    sin   +       +       = 3sin   +   +    

ii) As a
2
 + b

2
 + c

2
 = (a + b + c)

2
 -2(ab + bc + ca) = 0 by (2) and (3) 

  cos   + isin2  + cos2  + isin   + cos   + isin   = 0 

  (cos   +       +      )+ i(sin   +       +        = 0 

Equating real and imaginary parts, we get, 

cos   +       +       = 0 and  

sin   +       +       = 0 

============================================================ 
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4) Find all the values of (1 + i)
1/5

. Show that their continued product is 1 + i. 

Proof: Let z =1+ i  

= √ (
 

√ 
  i

 

√ 
   

= 2
1/2

(cos
 

 
 + isin

 

 
 ) 

= 2
1/2

[cos(
 

 
    ) + isin(

 

 
    )]  

= 2
1/2

[cos(
     

 
) + isin(

     

 
)] 

      1/5
 = (1 + i)

1/5
 = 2

1/10
 [cos(

     

 
) + isin(

     

 
)]

1/5 

          = 2
1/10

 [cos(
     

  
) + isin(

     

  
)], where k = 0, 1, 2, 3, 4. 

 Puting k = 0, 1, 2, 3, 4. we get all the values of (1 + i)
1/5

 as 

     2
1/10

 [cos(
 

  
) + isin(

 

  
)],  

    2
1/10

 [cos(
  

  
) + isin(

  

  
)], 

    2
1/10

 [cos(
   

  
) + isin(

   

  
)], 

    2
1/10

 [cos(
   

  
) + isin(

   

  
)], 

&     2
1/10     

   

  
       

   

  
     

The  continued product of these values is 

  .  .  .  .   = 2
5/10

 [cos(
 

  
+

  

  
+

   

  
+

   

  
+

   

  
) + isin(

 

  
+

  

  
+

   

  
+

   

  
+

   

  
)] 

          = 2
1/2

 [cos(
   

  
) + isin(

   

  
)] 

         = √  [cos(
   

 
) + isin(

   

 
)] 

          = √  [cos(
 

 
) + isin(

 

 
)] ∵

   

 
 =4  + 

 

 
 

= √ (
 

√ 
  i

 

√ 
  

= 1 + i 

 Hence proved 

============================================================ 
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5) Solve the equation x
8
 - x

4
 + 1 = 0. 

Solution: Let x
8
 - x

4
 + 1 = 0 …… (1) be the given equation. 

Put x
4
 = z, we get, 

z
2
 - z + 1 = 0 having roots z = 

  √   

 
  = 

 

 
   

√ 

 
 

   4
 =  

 

 
   

√ 

 
 = = cos

 

 
  isin

 

 
 =     

 

 
           

 

 
      

      = [    
     

 
       

     

 
 ]

1/4 

             
=     

     

  
       

     

  
 ,  where k = 0, 1, 2, 3. 

 Puting k = 0, 1, 2, 3. we get, 

    =     
 

  
       

 

  
      =     

  

  
       

  

  
 , 

   =     
   

  
       

   

  
   and    =     

   

  
       

   

  
   

are the
 
roots of given equation.  

============================================================ 

6) Determine the region in the z-plane represented by |   |+|   |=10  

Proof: Let z = x + iy 

  |   |+|   |=10 gives 

|        |+|        |=10 

i.e.|        |+|        |=10 

 √          +√          =10 

 √          =10-√          

Squaring both sides, we get, 

         = 100 -20√          +          

  x
2
+6x+9+y

2
 = 100-20√          +x

2
-6x+9+y

2 

  12x-100 = -20√          
 

   -5√           = 3x-25 
 

Again squaring both sides, we get, 

25(          )=9x
2
-150x+625  

  25x
2
-150x+225      =9x

2
-150x+625 

  16x
2      =400 

  
  

  
 + 

  

  
 =1 

i.e.The region in the z-plane is the ellipse. 

============================================================ 
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7) Express cos
6  in terms of cosines of multiples of  . 

Solution: Let x = cos  + isin , then 
 

 
 = cos  - isin . 

  x + 
 

 
 = 2cos  and x

m
 + 

 

  
 = 2cosm  

  (2cos )
6
 = (x + 

 

 
)

6 

  64cos
6  = x

6
 + 6x

5
(
 

 
) + 15x

4
(
 

 
)

2 
+ 20x

3
(
 

 
)

3 
+ 15x

2
(
 

 
)

4 
+ 6x(

 

 
)

5 
+ (

 

 
)

6 

   
= x

6
 + 6x

4
 +15x

2 
+20

 
+ 15 

 

  

  
+ 6 

 

  

  
+ 

 

  
 

   = (x
6
 + 

 

  
) + 6(x

4
 + 

 

  
) +15(x

2 
+ 

 

  

 
) + 20

  

  64cos
6  

= (2cos6 ) + 6(2cos4 ) +15(2cos2  
) + 20

  

  cos
6  = 

 

  
(cos6 + 6cos4  +15cos2  + 10)

  
 

============================================================ 

8) If |  |=|  |=|  |=5 and z1 + z2 + z3 = 0 then prove that 
 

  
 + 

 

  
 + 

 

  
 = 0 

Proof: Let |  |=|  |=|  |=5 and z1+z2+z3=0……(1) 

  Consider 
 

  
 + 

 

  
 + 

 

  
   

       = 
  ̅̅ ̅

    ̅̅ ̅
 + 

  ̅̅ ̅

    ̅̅ ̅
 + 

  ̅̅ ̅

    ̅̅ ̅
 

       = 
  ̅̅ ̅

|  | 
 + 

  ̅̅ ̅

|  | 
 + 

  ̅̅ ̅

|  | 
 

        = 
  ̅̅ ̅

  
 + 

  ̅̅ ̅

  
 + 

  ̅̅ ̅

  
 by (1) 

        = 
 

  
 [  ̅+  ̅+  ̅] 

        = 
 

  
 [        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅] 

        = 
 

  
 [ ̅]  by (1) 

        = 0 

 Hence proved. 

============================================================ 



MTH-403: Practical Course 

Department of Mathematics, Karm. A. M. Patil Arts, Com.merce And Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner      1 

Practical No.-2: Functions of complex variables 
============================================================ 

1. Evaluate     
      

 
    

     
         

Sol. Consider     
      

 
    

     
   

=     
      

 
           

     
 

=     
      

 
              

     
 

=     
      

 
                  

     
 

=     
      

 
                     

     
 

=     
      

                ∵         0 

                        

  2(    [1+2i-1+2i] 

  8i(     

= 8i - 8 

= -8(1-i) 

============================================================ 

2. If ( ) = 
                

   
,   ≠   is continuous at   =  , then find the value of 𝑓( ).  

Sol. Let f (z) = 
                

   
,   ≠   is continuous at   =    

     
    

 𝑓     f (i) 

            
    

 
                

   
     

  =     
    

 
                    

   
   

=     
    

 
                          

   
 

=     
    

 
                

   
 

=     
    

 
                    

   
 

=     
    

                 ∵       0 

  =              

  2i(-2i + 2) 

          

  f (i) =        

============================================================ 
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3. Find an analytic function f(z) = u + iv and express it in terms of z,  

    if u = x
3
- 3xy

2 
+ 3x

2 
- 3y

2 
+1 

Solution. Let f(z) = u + iv is an analytic function. 

  u and v are satisfies C-R equations 

   
  

  
  = 

  

  
 and 

  

  
 = - 

  

  
  …… (1) 

 As u = x
3
- 3xy

2 
+ 3x

2 
- 3y

2 
+1 is given 

   
  

  
 = 3x

2
- 3y

2 
+ 6x

 
and  

  

  
 = - 6xy

 
- 6y…… (2) 

 Now to find an analytic function f(z) = u + iv, we have to find v. 

Consider 

    dv = 
  

  
 dx + 

  

  
 dy  

  dv = - 
  

  
 dx + 

  

  
 dy  by (1) 

  dv = (6xy
 
+ 6y) dx + (3x

2
- 3y

2 
+ 6x)dy  by (2) 

which is an exact equation. 

  It’s G. S. is 

  v = ∫             
 

        
  ∫         + c' 

i.e. v = 3x
2
y+ 6xy – y

3 
+ c'. 

  By using this v and given u, an analytic function is 

f(z) = u + iv = (x
3
- 3xy

2 
+ 3x

2 
- 3y

2 
+1)+ i(3x

2
y+ 6xy – y

3 
+ c') 

  f(z) = z
3
 + 3z

2 
+c obtained by putting x = z and y = 0 and taking 1+ic' = c 

Which is the required analytic function in z. 

============================================================ 

4. Find an analytic function f(z) = u + iv whose imaginary part is v = e
x 
(xsiny + ycosy)

   

      
using Milne Thomson Method. 

Solution. Let v = e
x 
(xsiny + ycosy) 

   vx = e
x 
(xsiny + ycosy)

 
+

 
e

x 
siny = e

x 
(xsiny + ycosy

 
+

 
siny) 

and  vy = e
x 
(xcosy + cosy-ysiny) 

   v1(z, 0) = vx(z, 0) = 0 
 
  

and  v2(z, 0) = vy(z, 0) = e
z 
(z + 1)  

By Milne Thomson Method, we get, 

f(z) = ∫                      + c 

       = ∫                 + c 

       = ∫              + c 

       =     + c 

Which is the required analytic function. 

============================================================ 
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5. Show that the real and imaginary part of the function e
z
 satisfy C-R equations and  

    they are harmonic. 

Proof. Let f (z) = e
z
 = e

x+iy
 = e

x
(cosy+isiny) = e

x
cosy + ie

x
siny = u + iv  

be a given function with real and imaginary parts are 

u = e
x
cosy and v = e

x
siny 

Differentiating partially w.r.t. x and y, we get 

  ux = e
x
cosy, uy = -e

x
siny, vx = e

x
siny and vy = e

x
cosy 

We observe that ux = vy and uy = -vx 

Thus, u and v satisfies C-R equations. 

Now uxx = e
x
cosy, uyy = -e

x
cosy, vxx = e

x
siny and vyy = -e

x
siny 

  uxx + uyy = e
x
cosy - e

x
cosy = 0 and vxx + vyy = e

x
siny - e

x
siny = 0 

i.e. ▽2
u = 0 and ▽2  = 0 

i.e. u and v satisfies Laplace differential equation 

  u and v  are satisfies C-R equations and they are harmonic. 

Hence proved. 

============================================================ 

6. Show that 
 

 
 log (x

2
+ y

2
) satisfies Laplace equation. Finds its harmonic conjugates.   

Proof. Let u = 
 

 
 log (x

2
+ y

2
) is an analytic function of z, then  

   
  

  
 = 

 

 
 (

  

      )   
 

      
  and  

  

  
 = 

 

 
 (

  

      )   
 

      
 …… (1) 

    
   

   
 = 

            

         
 = 

      

         
 and 

   

   
 = 

            

         
 = 

      

         
 

   
   

   
 + 

   

   
 = 

      

         
 + 

      

         
 = 0 i.e. ▽2

u = 0 

 Hence u satisfies Laplace equation is proved. 

 Now to find harmonic conjugate of u,  

Consider 

    dv = 
  

  
 dx + 

  

  
 dy  

  dv = - 
  

  
 dx + 

  

  
 dy  by using C-R equations 

  

  
 = - 

  

  
 &  

  

  
 + 

  

  
 

  dv = -
 

      
 dx + 

 

      
 dy which is an exact equation. 

  It’s G. S. is 

  v = ∫   
 

      
   

 

        
  ∫   + c 

i.e. v = - tan
-1

(
 

 
) + c is the harmonic conjugate of u. 

============================================================ 
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7. If f(z) is analytic function with constant modulus, then show that f(z) is a constant  

    function. 

Proof. Let f (z) = u + iv is analytic function with constant modulus. 

  u and v are satisfies C-R equations 

   ux = vy and uy = -vx …… (1) 

and |𝑓   | = √      is constant say k. 

i.e. √      = k 

        = k
2 
…… (2) 

Differentiating equation (2) partially w.r.t. x and y, we get, 

2uux + 2vvx = 0 i.e. uux - vuy = 0 …… (3) by (1) vx = -uy 

and 2uuy + 2vvy = 0 i.e. uuy + vux = 0 …… (4) by (1) vy = ux 

Consider u(3) + v(4), we get, 

u
2
ux - uvuy + vuuy + v

2
ux = 0 

i.e. (u
2
+ v

2
)ux = 0 

Similarly u(4)-v(3) gives (u
2
+ v

2
)uy = 0. 

If u
2
+ v

2
 = 0, then u = v = 0 and hence f(z) = 0  is constant function. 

But if u
2
+ v

2
   0, then ux = 0 and uy = 0 

  f '(z)  = ux + ivx = ux - iuy = 0 - i0 = 0. 

  f(z) is a constant function is proved. 

============================================================ 

8. Evaluate     
        

 
    

  
   

    
          

Sol. Consider     
        

 
    

  
   

    
  

=     
        

 
    

  
   

           
  

=     
        

 
    

  
   

                              
  

=     
        

 
 

                  
 ∵           0 

= 
     

                    
  

= 
     

       
  

  
 

 
        

  
 

 
 (cos

 

 
   isin

 

 
) 

  
 

 
 (

 

 
 i

√ 

 
) 

  
 

 
 (1 i√ ) 
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PRACTICAL NO.-3: COMPLEX INTEGRATION 
============================================================ 

1) Evaluate ∫     –    –         
 

 
, where C is: 

    i) The straight line joining z = 0 to z = 1 + i 

    ii) The straight line joining z = 0 to z = i first and then from z = i to z = 1 + i 

Solution: i) Parametric equation of the line segment C: z = 0 to z = 1 + i is x = t, y = t, 

 so that z = x + iy = t + it = (1+i)t, 0       

   f(z) = y – x – 3x
2
i = t – t – 3t

2
i = – 3t

2
i and dz = (1+i)dt  

   ∫       
 

 
 = ∫        

 

   
         

= - i(1 + i )    ]
 
 
 

= (-i + 1)[1 – 0] 

= 1 - i 

ii) Let C = C1 + C2, where C1 is the straight line segments from z = 0 to z = i  

and C2 is the straight line segments from z = i to z = 1 + i  

  ∫       
 

 
 = ∫       

 

  
 + ∫       

 

  
 …… (1) 

Parametric equation of the line segment C1: z = 0 to z = i is x = 0, y = t, 

 so that z = x + iy = 0 + it = ti, 0       

   f(z) = y – x – 3x
2
i = t – 0 – 0i = t and dz = idt  

   ∫        
 

 
 = ∫     

 

   
  

   =    
  

 
]
 
 
 

=   
 

 
  ] 

= 
 

 
 i 

Again parametric equation of the line segment C2: z = i to z = 1 + i is x = t, y =1 

 so that z = x + iy = t + i , 0       

   f(z) = y – x – 3x
2
i = 1 – t – 3t

2
i and dz = dt  

   ∫       
 

 
 = ∫    –    –         

 

   
  

   =      
  

 
    ] 

 
 

=    
 

 
   - 0] 

= 
 

 
 – i 

 Putting in (1), we get, 

∫       
 

 
 = 

 

 
 i + 

 

 
 – i = 

 

 
 (1 – i) 

============================================================ 
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2) Use Cauchy Goursat Theorem to obtain the value ∫     
 

 
   

    where C is the circle | | = 1 and hence deduce that 

     i) ∫             
  

 
+ sin  ) d  = 0 and ii) ∫             

  

 
+ sin  ) d  = 0 

Proof: Take f(z) = e
z
 which is analytic everywhere in the complex plane, hence it is  

analytic inside and on the circle C: | | = 1 

  By Cauchy’s Integral Theorem, ∫       
 

 
 = 0. 

i.e. ∫     
 

 
 = 0 …… (1) 

Now  parametric equation of C is z =    , 0         . 

  dz =     d  

   ∫       
 

 
 = ∫      

| |    
     d  

          ∫               

 
         

          ∫                   

 
   

           ∫        

 
             

         =  ∫        

 
                             

      ∫       
 

 
 = 0 

    ∫        

 
            ∫        

 
              = 0 = 0 + i0  

 Equating real and imaginary parts, we get,  

 i) ∫             
  

 
+ sin  ) d  = 0 and ii) ∫             

  

 
+ sin  ) d  = 0 

  Hence proved. 

============================================================ 

3) Using Cauchy’s Integral formula, evaluate ∫
  

       
  

 

 
   where C is the  

       circle | | = 2  

Solution: We observe that 
 

       
 is not analytic at z = 0 and z = -4, out of these only  

the point z = 0 lies inside circle C: | | = 2. 

  We take f(z) = 
 

     
 which is analytic inside and on the circle C: | | = 2 and 

the point z = 0 lies inside C. 

  By Cauchy’s integral formula for f ''(a), we have, 

f ''(0) = 
  

   
∫

    

      
  

 

 
 

 ∫
    

  
  

 

 
 =    f ''(0) 

 As f(z) = 
 

     
   f '(z) = 

  

      
 & f ''(z) = 

 

      
    f ''(0) = 

 

  
 = 

 

  
 

 ∫
 

       
  

 

 
 = 

  

  
 

============================================================ 
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4) Obtain the expansion of ( ) = 
    

          
, in the powers of z in the region 

  (i) | | < 2 (ii) 2 < | | < 3 (iii) | | > 3. 

Solution: First we express  ( ) = 
    

          
 into partial fractions as follows 

   
    

          
 = 1+ 

 

     
 + 

 

     
 …… (1) 

  i.e.      =            + A      + B      ……(2) 

  Putting z = -2 in (2), we get, 

  4 – 1 = 0 + A + 0    A = 3 

  Again putting z = -3 in (2), we get, 

  9 – 1 = 0 + 0 - B    B = -8 

  From (1), we have, 

   ( ) = 1+ 
 

     
 - 

 

     
   

 (i) | | < 2   | | < 3   |
 

 
| < 1 & |

 

 
| < 1 

        ( ) = 1+ 
 

     
 - 

 

     
 = 1+ 

 

 
 

 

   
 

 
 
 - 

 

 

 

   
 

 
 
 

       = 1+ 
 

 
 ∑       

    
 

 
   - 

 

 
∑       

    
 

 
    

by Taylor’s series expansion 

      = 1+  ∑       
   

  

    
 -  ∑       

   
  

    
 

 (ii) 2 < | | < 3   2 < | | & | | < 3   |
 

 
| < 1 & |

 

 
| < 1 

          ( ) = 1+ 
 

     
 - 

 

     
 = 1+ 

 

 
 

 

   
 

 
 
 - 

 

 

 

   
 

 
 
 

        = 1+ 
 

 
 ∑       

    
 

 
   - 

 

 
∑       

    
 

 
    

by Taylor’s series expansion 

       = 1+  ∑       
   

  

    
 -  ∑       

   
  

    
 

 (iii) | | > 3   | | > 2   |
 

 
| < 1 & |

 

 
| < 1 

         ( ) = 1+ 
 

     
 - 

 

     
 = 1+ 

 

 
 

 

   
 

 
 
 - 

 

 

 

   
 

 
 
 

       = 1+ 
 

 
 ∑       

    
 

 
   - 

 

 
∑       

    
 

 
   

        by Taylor’s series expansion 

      = 1+  ∑       
   

  

    
 -  ∑       

   
  

    
 

============================================================ 
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5) Prove that 
 

     
 = ∑

    

    
 
   , where 0 < | | < 4. 

Proof : 0 < | | < 4   |
 

 
| < 1 

Consider L.H.S. = 
 

     
  

      = 
 

     
 

 
 
 

         = 
 

  
 ∑  

 

 
   

     by Taylor’s series expansion 

         = ∑
    

    
 
     

         = R.H.S. 

 Hence proved. 

============================================================ 

6) Verify is Cauchy’s Integral Theorem for f(z) = z
2
 around the circle | | = 1. 

Proof: Here the closed contour C is the circle | | = 1, which is simple closed curve. 

As f(z) = z
2
 is analytic everywhere in the complex plane, hence it is analytic 

inside and on C. 

  By Cauchy’s Integral Theorem, ∫       
 

 
 = 0. 

i.e. ∫     
 

 
 = 0 …… (1) 

Now parametric equation of C is z =    , 0         . 

  dz =     d  

   ∫       
 

 
 = ∫     

 

| |    
  

 ∫         

 
         

 ∫       
  

 

    

= i 
    

  
]
  
 

 

   = (
    

 
 

  

 
  

= 
 

 
  -  

 

 
  

   ∫       
 

 
 = 0 

  Hence Cauchy’s theorem is verified. 

============================================================ 
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7) Evaluate ∫
   

      
  

 

| |     
   Using Cauchy’s Integral formula. 

Solution: We take f(z) =     which is analytic inside and on the circle C: | | = 2 and  

the point z = 1 lies inside C. 

  By Cauchy’s integral formula for f '''(a), we have, 

f '''(1) = 
  

   
∫

    

      
  

 

 
 

 ∫
    

      
  

 

 
 = 

 

 
   f '''(0) 

 As f(z) =       f '(z) =     , f ''(z) =      & f '''(z) = 8     f '''(1) = 8   

 ∫
   

      
  

 

| |    
 = 

 

 
      

============================================================ 

8) Find the expansion of  ( ) = 
 

            
 in powers of z, when | | < 1 

Solution: | | < 1   |  | < 1 

 Now  ( ) = 
 

            
 = 

 

      
 - 

 

      
 

         = 
 

      
 - 

 

    
  

 
 
 

         = ∑       
        - 

 

 
 ∑       

    
  

 
    

by Taylor’s series expansion 

         = ∑       
      - 

 

 
 ∑       

   
   

  
 

          ( ) = ∑       
      

 

  
     be the required expansion, when | | < 1 

============================================================ 
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PRACTICAL NO.-4: Calculus of Residues  
============================================================ 

1) Find the residue of (𝑧) = 
     

(   ) (   )
 at its poles. 

Solution: Given function (𝑧) = 
     

(   ) (   )
 has double pole at z = -1 and  

simple pole at z = -4.  

       
    

  ( )  =    
     

 

  
 (   ) f(z)] 

  =    
     

 

  
 [

     

(   )
  

  =    
     

 [
(   )(    ) (     )( )

(   ) 
  

  =    
     

 [
       

(   ) 
  

  =  
     

( ) 
 

  =  
 

 
 

&    
    

 ( )    =    
     

 (   )f(z)] 

  =    
     

 [
     

(   ) 
  

  =  
    

(  ) 
 

  =  
 

 
 

============================================================ 

2) Evaluate ∫
  

 (   ) 
  

 

      
 by Cauchy’s residue  

Solution: Given integrant f(z) = 
  

 (   ) 
 has simple pole at z = 0 and  

double pole at z = 1. Both these poles lies inside circle C:        

and f(z) is analytic inside and on C except these poles. 

  By Cauchy’s Residue Theorem,  

∫  ( )  
 

 
 =   i [   

   
  ( ) +    

   
  ( )  …… (1) 

Now    
   

  ( ) =    
   

 (   )f(z)] 

   =     
   

 [
  

(   ) 
  

   =  
 

(  ) 
 

   =    



MTH-403: Practical Course 

Department of Mathematics, Karm. A. M. Patil Arts, Com.merce And Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner        2 

   &     
   

 ( ) =    
   

 

  
 (   ) f(z)] 

  =    
   

 

  
 [

  

 
  

  =    
   

 [
      ( )

  
  

  =  
   

( ) 
 

  =    

Putting in (1), we get, 

∫  ( )  
 

 
 =   i [  +  ] 

 ∫
  

 (   ) 
  

 

      
 =   i 

============================================================ 

3) Evaluate ∫
     

(   )(    )
  

 

  
  by Cauchy’s residue theorem, where C is 

    (i) The circle |𝑧 − 2| = 2 (ii) The circle |𝑧| = 4 

Solution: Given integrant f(z) = 
     

(   )(    )
 = 

     

(   )(    )(    )
 has simple poles  

at z = 1, z = 3i and z = -3i.  

Now    
   

  ( ) =    
   

 (   )f(z)] 

    =    
   

 [
     

    
  

    =  
 

  
 

    =  
 

 
 

&     
    

 ( ) =    
    

 (    )f(z)] 

  =    
    

 [
     

(   )(    )
  

  =  
     

(    )(  )
 

  =  
   

 (    )
 

  =  
  

 (   )
 

(   )

(   )
 

  = 
  (   )

 (   )
 

  = 
 

  
(   ) 

  = 
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Similarly,     
     

 ( )= 
 

 
 

 

  
  

       i) Let C is the circle |𝑧 − 2| = 2, then only the pole z = 1 lies inside circle C 

and f(z) is analytic inside and on C except this pole. 

  By Cauchy’s Residue Theorem,  

∫  ( )  
 

 
 =   i [    

   
 ( )]  

∫
     

(   )(    )
  

 

  
 =   i [

 

 
] =  i 

      ii) Let C is the circle |𝑧 | = 4, then all the poles z = 1, z = 3i and z = -3i 

 lies inside circle C and f(z) is analytic inside and on C except these poles. 

  By Cauchy’s Residue Theorem,  

∫  ( )  
 

 
 =   i [    

   
 ( ) +     

    
 ( )      

     
 ( )      

     =   i [
 

 
 

 

 
 

 

  
  

 

 
 

 

  
 ]  

     =   i (3) 

 ∫
     

(   )(    )
  

 

  
 =   i 

============================================================ 

4) Use the contour integration to evaluate ∫
  

       

  

  
 . 

Solution: Let I = ∫
  

       

  

  
 

 Put z =       d  = 
  

  
  and cos  = 

 

 
 (z + 

 

 
), where 0      2  

   I = ∫
 

  
 

 
 (    

 

 
)

 

  
 
  

  
 where C is the unit circle       

       = ∫
   

  
 

 
 (    

 

 
)

 

  
 
  

  
 

       = ∫
   

          

 

  
    

   I = ∫  ( )  
 

  
 

where 𝑓(𝑧) = 
   

         
  

   

(    )(   )
 has simple poles at z = 

  

 
 and z = -3. 

Out of these only the pole z = 
  

 
 lies inside the unit circle C:       and f(z) is 

analytic inside and on C except this pole. 

  By Cauchy’s residue theorem, 

∫  ( )  
 

 
 =   i [   

  
  

 

  ( )] 

            I =   i    
  

  

 

 (  
 

 
)f(z)] 

      = 
 

 
 i    

  
  

 

 (    )f(z)] 
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      = 
 

 
 i    

  
  

 

[
   

(   )
] 

        = 
 

 
 i [

   

(
  

 
  )

] 

      = 
  

(    )
 

  ∫
  

       

  

  
 = 

 

 
 

============================================================ 

5) Evaluate by contour integration ∫
 

          

 

  
 dx. 

Solution: Let I = ∫
 

          

 

  
 dx 

 Then, here P(x) = 1 and Q(x) =            and f(x) = 
 ( )

 ( )
. 

i) P(x) and Q(x) are polynomials in x. 

ii) degree of Q(x) - degree of P(x) = 4 – 0 = 4   2 

iii) Q(x) = 0 gives            = 0 i.e. (    )(    ) = 0 

          2i and  3i are the roots of Q(x) = 0 i.e. Q(x) = 0 has no real roots.
 

   I =   i [The sum residues of f(z) at the poles which lies in the upper half of    

                            the z-plane] 

    I =          
    

 ( )+    
    

  ( )  …… (1) 

 Now f(z) = 
 

          
 = 

 

(    )(    )
 = 

 

(    )(    )(    )(    )
 

       
    

 ( ) =    
    

 (    )f(z)] 

        =    
    

 
 

(    )(    )
] 

        = 
 

  (    )
 

          = 
 

   
 

&    
    

  ( ) =    
    

 (    )f(z)] 

      =    
    

 
 

(    )(    )
] 

      = 
 

  (    )
 

        = 
  

   
 

Putting in (1), we get, 

I =      
 

   
 

 

   
] =    

 

  
 

 

  
] 

  ∫
 

          

 

  
 dx = 

 

  
 

============================================================ 
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6) Find the sum of residue of (𝑧) = 
  

     
 at its poles. 

Solution: Given function (𝑧) = 
  

     
   

  

(    )(    )
 has simple poles  

at z = ai and z = -ai. 

     
    

  ( ) =    
    

 (    )f(z)] 

  =     
    

 [
  

(    )
  

  =  
   

   
 

Similarly    
     

  ( ) =  
    

    
 

  The sum of residues =    
    

  ( ) +    
     

  ( ) 

         = 
   

   
 - 

    

   
 

         = 
 

 
(
        

  
) 

         = 
    

 
 

============================================================ 

7) Evaluate ∫
  

  (   )

 

        
 by Cauchy’s residue theorem.  

Solution: Given function (𝑧) = 
 

  (   )
 has pole of order 3 at z = 0 and  

simple pole at z = -4. Out of these only the pole z = 0 lies inside  

the circle C:       and f(z) is analytic inside and on C except this pole. 

  By Cauchy’s residue theorem, 

∫  ( )  
 

 
 =   i [   

   
  ( )] 

   ∫
  

  (   )

 

        
 =    *

 

  
   
   

  

   
 (   ) f(z)]} 

      =       
   

 

  
*

 

  
 [

 

(   )
 } 

        =       
   

 

  
[

  

(   ) 
  

        =       
   

 [
 

(   ) 
  

        =      
 

( ) 
] 

        =  
  

  
 

============================================================ 
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8) Evaluate ∫
    

(    )(    )

 

 
 by contour integration. 

Solution: Let I = ∫
    

(    )(    )

 

 
 

 

 
∫

    

(    )(    )

 

  
 …… (1) 

 Then, here P(x) =    and Q(x) = (    )(    ) and f(x) = 
 ( )

 ( )
. 

i) P(x) and Q(x) are polynomials in x. 

ii) degree of Q(x) - degree of P(x) = 4 – 2 = 2   2 

iii) Q(x) = 0 gives (    )(    ) = 0 

          i and  2i are the roots of Q(x) = 0 i.e. Q(x) = 0 has no real roots.
 

   I =   i [The sum residues of f(z) at the poles which lies in the upper half of    

                            the z-plane] 

    I =         
   

  ( )+    
    

 ( )  …… (1) 

 Now f(z) = 
  

(    )(    )
 = 

  

(   )(   )(    )(    )
 

      
   

  ( ) =    
   

 (   )f(z)] 

      =    
   

 
  

(   )(    )
] 

      = 
  

  (    )
 

        = 
  

  
 

&     
    

  ( ) =    
    

 (    )f(z)] 

      =    
    

 
  

(    )(    )
] 

      = 
  

  (    )
 

        = 
 

  
 

Putting in (1), we get, 

I =      
  

  
 

 

  
] =     

 

 
 

 

 
] 

  ∫
    

(    )(    )

 

  
 dx = 

 

 
 

From (1), we get, 

∫
    

(    )(    )

 

 
 

 

 
(
 

 
) = 

 

 
  

============================================================ 



MTH-403: Practical Course 

Department of Mathematics, Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner.  1 

Practical No.-5: Theory of Ordinary Differential Equations 
=============================================================== 

1) Show that the function f(x, y) = xy
2
 satisfies Lipchitz’s condition on the rectangle 

      | |    | |   , but does not satisfy Lipchitz’s condition on strip  

      | |    | |   . 

Proof: Let f(x, y) = xy
2
 …… (1) 

 i) Let R is a rectangle given by | |    | |    …… (2) 

 Clearly f(x, y) = xy
2
 is continuous function on R and hence bounded on R 

 with 
  

  
 = 2xy ⟹ |

  

  
|= 2| || |   2(1)(1)   2 ∀ (x, y) ∈ R 

 ∴ f(x, y) satisfies Lipchitz’s condition on R and Lipchitz’s constant K = 2. 

 i) Let R is a strip given by | |    | |    …… (2) 

    Here f(x, y) = xy
2
 is continuous function on S and hence bounded on S 

    with 
  

  
 = 2xy ⟹ |

  

  
|= 2| || |   2(1)(  )     ∀ (x, y) ∈ S 

 ⟹ 
  

  
 is unbounded on strip S. 

 ∴ f(x, y) does not satisfy Lipchitz’s condition on strip S is proved. 

=============================================================== 

2) Prove that sin2x and cos2x are solutions of the y''+ 4y = 0 and these solutions are    

    linearly independent. 

Proof: Let y1 = sin2x and y2 = cos2x …… (1) 

 ∴   
 = 2cos2x and   

 = -2sin2x  

∴   
  = -4sin2x and   

  = -4cos2x  

∴   
  = -4y1 and   

  = -4y2  by (1) 

∴   
  + 4y1= 0 and   

  + 4y2 = 0  

 ∴ y1 = sin2x and y2 = cos2x are the solutions of the differential equation y''+ 4y = 0 

 is proved. 

 The Wronskian of y1 and y2 is 

 W(x) = |
    

  
   

 | =  |
          
             

| 

  =                  

 ∴ W(x) = -2   0  

∴ Given solutions are linearly independent is proved. 
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===============================================================  

3) Prove that 1, x, x
2
 are linearly independent. Hence form the differential equation  

    whose solutions are 1, x, x
2
. 

Proof: Let y1 = 1, y2 = x and y3 = x
2
 are the given functions. 

 ∴   
      

 = 1 and   
 = 2x

 

∴   
       

  = 0 and   
  = 2 

 ∴ The Wronskian of y1, y2 and y3 is 

 W(x) = |

      

  
   

   
 

  
    

    
  
| =  |

    

    
   

| 

  = (2 - 0) – x(0 - 0) + x
2
(0 - 0) 

 ∴ W(x)= 2   0.  

∴ 1, x, x
2
 are linearly independent solutions. 

To find differential equation, let y = c1+ c2x + c3x
2
 …… (i)  

where c1, c2, c3 are constants. 

Differentiating equation (i) thrice, we get, 

  

  
 = c2 + 2c3x 

   

   
 = 2c3 

   

   
 = 0 which is free from constants c1, c2 and c3 

∴ 
   

   
 = 0 be the required differential equation. 

===============================================================  

4) Examine whether the set of functions 1, x
2
, x

3
 are linearly independent or not. 

Solution: Let y1 = 1, y2 = x
2
 and y3 = x

3
 are the given functions. 

 ∴   
               

 = 2x and   
 = 3x

2 

∴   
                 

  = 2 and   
  = 6x 

 ∴ The Wronskian of y1, y2 and y3 is 

 W(x) = |

      

  
   

   
 

  
    

    
  
| =  |

     

      

    

| 

  = (12x
2
 - 6x

2
) - x

2
 (0 - 0) + x

3
(0 - 0) 

 ∴ W(x)= 6x
2
   0  

∴ Given set of functions are linearly independent. 
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===============================================================  

5) Solve by method of variation of parameters 
   

   
 + a

2
y = cosec(ax) 

Solution: Let 
   

   
 + a

2
y = cosec(ax) i.e. (D

2 
+ a

2
)y = cosec(ax)  …… (i)  

be the given equation is 

 ∴ It  A.E. is D
2 
+ a

2
 = 0 which has roots D =  ai. 

 ∴ C.F. is y = Acosax + Bsinax 

By method of variation of parameter assume that y = Acosax + Bsinax …… (ii)  

be the G.S. of the given equation (i). 

Where A and B are functions of x so chosen that equation (i) shall be satisfied 

and cosax 
  

  
 + sinax 

  

  
 = 0 …… (iii) 

Differentiating equation (ii) w.r.t. x, we get, 
  

  
 =         + cosax 

  

  
 +         + sinax 

  

  
 

 ⇒ 
  

  
 =          +          …… (iv) using (iii). 

Again differentiating equation (iv) w.r.t. x, we get, 
   

   
 =                 

  

  
                  

  

  
 

∴ 
   

   
 =                           

  

  
        

  

  
 

∴ 
   

   
 =            

  

  
        

  

  
 by (ii) 

∴ 
   

   
 +            

  

  
        

  

  
 

∴        
  

  
         

  

  
 = cosec(ax) …… (v) by (i) 

To solve (iii) and (v), consider asinax(iii)+cosax(v), we get, 

asinaxcosax 
  

  
 + asin

2
ax 

  

  
 - asinaxcosax 

  

  
 + acos

2
ax 

  

  
 = 0 + cosaxcosec(ax) 

 ∴ a 
  

  
 = cot(ax) ⟹ 

  

  
 = 

 

 
 cot(ax) 

Putting value of 
  

  
 in (iii), we get, 

cosax 
  

  
 + sinax 

 

 
 cot(ax)] = 0 

∴ cosax 
  

  
 =  

 

 
 cosax ⟹  

  

  
 =  

 

 
 

Now  
  

  
 =  

 

 
 ⟹ A = ∫( 

 

 
 dx =  

 

 
 + c1 and 

  

  
 = 

 

 
 cot(ax) ⟹ B = ∫(

 

 
      dx = 

 

  
 logsinax+ c2 

Putting these values of A and B in (iii), we get G.S. of given equation (i) as 

y = ( 
 

 
 + c1)cosax + (

 

  
 logsinax+ c2)sinax 
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∴ y   c1cosax + c2sinax 
 

 
 cosax + 

 

  
 sinax(logsinax). 

6) Solve by method of variation of parameters y'' + y – x = 0 

Solution: Let y'' + y – x = 0 i.e. (D
2 
+ 1)y = x  …… (i)  

be the given equation is 

 ∴ It  A.E. is D
2 
+ 1 = 0 which has roots D =  i. 

 ∴ C.F. is y = Acosx + Bsinx 

By method of variation of parameter assume that y = Acosx + Bsinx …… (ii)  

be the G.S. of the given equation (i). 

Where A and B are functions of x so chosen that equation (i) shall be satisfied 

and cosx 
  

  
 + sinx 

  

  
 = 0 …… (iii) 

Differentiating equation (ii) w.r.t. x, we get, 

y' =       + cosx 
  

  
 +       + sinx 

  

  
 

 ⇒ y' =        +        …… (iv) using (iii). 

Again differentiating equation (iv) w.r.t. x, we get, 

y'' =            
  

  
             

  

  
 

∴ y'' =                     
  

  
      

  

  
 

∴ y'' =        
  

  
      

  

  
 by (ii) 

∴ y'' +        
  

  
      

  

  
 

∴      
  

  
       

  

  
 = x …… (v) by (i) 

To solve (iii) and (v), consider sinx(iii) + cosx(v), we get, 

sinxcosx 
  

  
 + sin

2
x 

  

  
 - sinxcosx 

  

  
 + cos

2
x 

  

  
 = 0 + xcosx 

 ∴  
  

  
 = xcosx  

Putting value of 
  

  
 in (iii), we get, 

cosx 
  

  
 + sinx      ] = 0 

∴ cosx 
  

  
 =   xsinxcosx ⟹  

  

  
 =        

Now  
  

  
 =        ⟹ A = ∫(       dx = xcosx-∫cos   +c1 = xcosx- s    + c1 & 

  

  
 = xcosx ⟹ B = ∫ xcosxdx = xsinx-∫s      + c2 = xsinx + cos  + c2 

Putting these values of A and B in (iii), we get G.S. of given equation (i) as 

y = (xcosx- s   + c1)cosx + (xsinx + cos  + c2)sinx 
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∴ y   c1cosx + c2sinx + xcos
2
x – sinxcosx + xsin

2
x + cosxsinx 

∴ y   c1cosx + c2sinx + x. 

7) Show that the functions 1+x, x
2
 and 1+2x are linearly independent. 

Proof: Let y1 = 1+x, y2 = x
2
 and y3 = 1+2x are the given functions. 

 ∴   
      

 = 2x and   
 = 2 

∴   
       

  = 2 and   
  = 0 

 ∴ The Wronskian of y1, y2 and y3 is 

 W(x) = |

      

  
   

   
 

  
    

    
  
| =  |

         
    
   

| 

  = (1 + x)(0 - 4) – x
2
(0 - 0)+(1 + 2x)(2 - 0) 

  = - 4 - 4x + 2 + 4x 

 ∴ W(x)=     0.  

∴ Given functions are linearly independent. 

===============================================================  

8) Examine whether e
2x

 and e
3x

 are linearly independent solutions of the differential  

    equation y''- 5y'+ 6y = 0 or not? 

Solution: Let y1 = e
2x

 and y2 = e
3x

 …… (1) 

 ∴   
 = 2e

2x
 and   

 = 3e
3x

  

∴   
  = 4e

2x
 and   

  = 9e
3x

 

Consider   
       

 + 6y1= 4e
2x

 - 10e
2x 

+ 6e
2x

 = 0 and 

   
  -    

 + 6y2 = 9e
3x

 - 15e
3x

 + 6e
3x

 = 0  

 ∴ y1 = e
2x

 and y2 = e
3x

 are the solutions of the differential equation y''- 5y'+ 6y = 0. 

 Now the Wronskian of y1 and y2 is 

 W(x) = |
    

  
   

 | =  |       

        | 

  = 3   - 2    

∴ W(x) =       0 

∴ y1 = e
2x

 and y2 = e
3x

 are linearly independent solutions of the differential   
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   equation y''- 5y'+ 6y = 0.  

===============================================================  

9) Solve by method of variation of parameters 
   

   
 + 9y = sec3x 

Solution: Let 
   

   
 + 9y = sec3x i.e. (D

2 
+ 9)y = sec3x  …… (i)  

be the given equation is 

 ∴ It  A.E. is D
2 
+ 9 = 0 which has roots D =   i. 

 ∴ C.F. is y = Acos3x + Bsin3x 

By method of variation of parameter assume that y = Acos3x + Bsin3x …… (ii)  

be the G.S. of the given equation (i). 

Where A and B are functions of x so chosen that equation (i) shall be satisfied 

and cos3x 
  

  
 + sin3x 

  

  
 = 0 …… (iii) 

Differentiating equation (ii) w.r.t. x, we get, 
  

  
 =         + cos3x 

  

  
 +         + sin3x 

  

  
 

 ⇒ 
  

  
 =          +          …… (iv) using (iii). 

Again differentiating equation (iv) w.r.t. x, we get, 
   

   
 =                

  

  
                 

  

  
 

∴ 
   

   
 =                          

  

  
        

  

  
 

∴ 
   

   
 =           

  

  
        

  

  
 by (ii) 

∴ 
   

   
 +           

  

  
        

  

  
 

∴        
  

  
         

  

  
 = sec3x …… (v) by (i) 

To solve (iii) and (v), consider 3sin3x(iii) + cos3x(v), we get, 

3sin3xcos3x 
  

  
 + 3sin

2
3x 

  

  
 - 3sin3xcos3x 

  

  
 + 3cos

2
3x 

  

  
 = 0 + cos3xsec3x 

 ∴ 3 
  

  
 = 1 ⟹ 

  

  
 = 

 

 
  

Putting value of 
  

  
 in (iii), we get, 

cos3x 
  

  
 + sin3x 

 

 
) = 0 

∴ cos3x 
  

  
 =  

 

 
 sin3x ⟹  

  

  
 =  

 

 
 tan3x 

Now  
  

  
 =  

 

 
 tan3x ⟹ A = ∫( 

 

 
      dx = 

 

 
 logcos3x + c1 and 

  

  
 = 

 

 
 ⟹ B = ∫(

 

 
 dx = 

 

 
 + c2 

Putting these values of A and B in (iii), we get G.S. of given equation (i) as 
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y = (
 

 
 logcos3x + c1)cos3x + (

 

 
 + c2)sin3x 

∴ y   c1cos3x + c2sin3x + 
 

 
 cos3x(logsin3x)  

 

 
 sin3x 
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Practical No.-6: Simultaneous Differential Equations 
=============================================================== 

1) i) Solve 
  

   
 

  

 
 

  

   
 

Solution: Let 
  

   
 

  

 
 

  

   
 …… (i)  

be the given simultaneous differential equation. 

 Taking first two ratios of (i), we have 

 
  

   
  

  

 
 ⟹ dy = 0 

 Integrating, we get, y = c1 i.e. y – c1 = 0 …… (ii) 

 Now taking first and third ratios of (i), we have 

 
  

   
  

  

   
 ⟹ dx = -zdz ⟹ 2dx + 2zdz = 0 

 Integrating, we get, 2x + z
2
 = c2 i.e. 2x + z

2
 - c2 = 0 …… (iii) 

 ∴ By (i) and (ii), 

 (y - c1)(2x + z
2
 – c2) = 0 

be the required general solution of given equation. 
=============================================================== 

ii) Solve 
  

    
  

  

    
  

  

    
 

Solution: Let  
  

    
  

  

    
  

  

    
 …(i)  

be the given simultaneous differential equation. 

 Taking first two ratios of (i), we have 

 
  

    
  

  

    
 ⟹ cotxdx = cotydy 

 Integrating, we get, logsinx = logsiny + logc1  

i.e. sinx = c1siny i.e.  sinx - c1siny = 0…… (ii) 

 Now taking first and third ratios of (i), we have 

 
  

    
  

  

    
 ⟹ cotxdx = cotzdz 

 Integrating, we get, logsinx = logsinz + logc2  

i.e. sinx = c2sinz i.e.  sinx – c2sinz = 0 …… (iii) 

 ∴ By (i) and (ii), 

 (sinx - c1siny)(sinx – c2sinz) = 0 

be the required general solution of given equation. 

=============================================================== 
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2) i) Solve 
  

  
  

  

  
  

  

       
         

Solution: Let 
  

  
  

  

  
  

  

       
 …… (i)  

be the given simultaneous differential equation. 

 Taking first and second ratios of (i) in which third variable z is absent, we have 

 
  

  
  

  

  
 ⟹ 

  

 
  

  

 
 

 Integrating, we get,         y      c1 i.e. x = c1y …… (ii) 

 Now taking second and third ratios of (i), we have 

 
  

  
  

  

       
 ⟹ 

  

  
  

  

         
   

 by (ii) 

⟹     
  

(     
 ) 

 

 Integrating, we get,   = 
 

(     
 )

 logz + c2 

i.e.   = 
 

 
 

 
 (

 

 
)
 
 
 logz + c2 by (ii)  

i.e.   = 
  

(     )
 logz + c2  

 be the required general solution of given equation.  

=============================================================== 

ii) Solve 
  

 
  

  

 
  

  

     (     )
 

Solution: Let 
  

 
  

  

 
  

  

     (     )
 …… (i)  

be the given simultaneous differential equation. 

 Taking first and second ratios of (i) in which third variable z is absent, we have 

 
  

 
  

  

 
 ⟹ xdx = ydy ⟹ 2xdx - 2ydy = 0 

 Integrating, we get, x
2
 – y

2
 = c1 …… (ii) 

 Now taking first and third ratios of (i), we have 

 
  

 
  

  

     (     )
  ⟹      

  

    
 by (ii) 

 Integrating, we get, 
  

 
 =  

 

   
 + c2 

i.e. 
  

 
 =  

 

 (   –   )
 + c2 by (ii)  

 be the required general solution of given equation.  

=============================================================== 
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3) Solve 
  

   
  

  

   
  

  

   
 

Solution: Let 
  

   
  

  

   
  

  

   
 …… (i)  

be the given simultaneous differential equation. 

 By taking multipliers 1, 1, 1, we get,  

Each Ratio of (i) = 
         

           
  

i.e. Each Ratio of (i) = 
         

        
 

i.e. Each Ratio of (i) = 
 (     ) 

 (     )
 

Again by taking multipliers 1, -1, 0 and 0, 1, -1 we get,  

Each Ratio of (i) = 
        

         
 = 

         

          
  

i.e. Each Ratio of (i) = 
      

   
 = 

       

    
  

i.e. Each Ratio of (i) = 
 (     ) 

 (     )
 = 

      

   
 = 

       

    
 

Consider 
      

   
 = 

       

    
 

⟹ 
 (   ) 

(   )
 = 

 (   )  

(   ) 
 

Integrating, we get,  

log(x–y) = log(y–z) + logc1  

i.e. (x–y) = c1(y–z) 

i.e. (x–y) – c1(y–z) = 0 …… (ii) 

Again consider 
 (     ) 

 (     )
 = 

      

   
 

⟹ 
 (     )

(     )
 =  

 (   ) 

(   )
 

⟹ 
 (     )

(     )
 + 

 (   ) 

(   )
 = 0 

Integrating, we get,  

log(x+y+z)+2log(x–y) = logc2  

i.e. (x+y+z)(x–y)
2
 = c2  

i.e. (x+y+z)(x–y)
2
 – c2 = 0…… (iii) 

By (ii) and (iii), 

  [(x–y) – c1(y-z)][(x+y+z)(x–y)
2
 – c2] = 0 

be the required general solution of given equation.  

=============================================================== 
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4) Solve 
   

  (   )
  

   

  (   )
  

   

  (   )
 

Solution: Let 
   

  (   )
  

   

  (   )
  

   

  (   )
 …… (i)  

be the given simultaneous differential equation. 

 Taking multipliers x, y, z, we get,  

Each Ratio of (i) = = 
               

   (           )
 = 

                

  
  

 ⟹   d    dy    d   = 0 

 ⟹    d     dy     d   = 0 

Integrating, we get, 

             = c1  

i.e.             - c1 = 0 …… (ii) 

 Again by taking multipliers   ,   ,   , we get,  

Each Ratio of (i) = = 
                  

   (                 )
  =  

                  

  
 

 ⟹    d    ydy     d   = 0  

⟹     d     ydy      d    = 0 

Integrating, we get,  

               = c2  

i.e.                - c2 = 0 …(iii) 

By (ii) and (iii),  

(           - c1)( 
             - c2) = 0 

 be the required general solution of given equation.  

=============================================================== 

5) Solve 
  

        
  

  

   
  

  

   
 

Solution: Let 
  

        
  

  

   
  

  

   
 …… (i)  

be the given simultaneous differential equation. 

 Taking second and third ratios of (i), we have 

 
  

   
  

  

   
 ⟹ 

  

 
  

  

 
  

 Integrating, we get,  

logy = logz + logc1  

i.e. y = c1z  

i.e. y - c1z = 0…… (ii) 

 Now by taking multipliers x, y, z, we get,  
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Each Ratio of (i) = 
            

                     
 = 

             

           
 = 

             

 (        )
 

  

        
  

  

   
  

  

   
 = 

             

 (        )
 …… (iii) 

Taking second and fourth ratios of (iii), we have, 
  

   
 = 

             

 (        )
 

 ⟹ 
  

 
 = 

                

(        )
 

⟹ 
  

 
 = 

 (        )

(        )
 

 Integrating, we get,  

logy = log(        )     c2  

i.e. y = c2 (x
2
 + y

2
 + z

2
) 

i.e. y - c2 (x
2
 + y

2
 + z

2
) = 0…… (iv) 

By (ii) and (iv), 

 (y - c1z)[y - c2 (x
2
 + y

2
 + z

2
)] = 0 

be the required general solution of given equation.  

===============================================================  

6) Solve 
  

 (   )
  

  

 (   )
  

  

     
 

Solution: Let 
  

 (   )
  

  

 (   )
  

  

     
 …… (i)  

be the given simultaneous differential equation. 

 Taking first and second ratios of (i), we have 

 
  

 (   )
  

  

 (   )
  

⟹ 
  

(   )
  

  

(   )
  

 ⟹                  

 ⟹                  = 0 

 ⟹                      = 0 

 ⟹  (         ) = 0 

 Integrating, we get,  

           c1  

i.e.           - c1 = 0…… (ii) 

 Now by taking multipliers x, -y, -z, we get,  

Each Ratio of (i) = 
            

                       
 = 

             

  
  

∴  d  ydy   d     
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⟹   d   ydy    d    

⟹ d(        ) = 0  

Integrating, we get,  

          c2  

i.e.            c2 = 0…… (iii) 

By (ii) and (iii), 

 (          - c1)(  
          c2) = 0 

be the required general solution of given equation.  

===============================================================  

7) Solve 
  

    (   )
 

  

    (   )
 

  

 
 

Solution: Let 
  

    (   )
 

  

    (   )
 

  

 
 …… (i)  

be the given simultaneous differential equation. 

 Taking multipliers 1, 1, 0 and 1, -1, 0 we get,  

Each Ratio of (i) =  
      

   (   )     (   )
 = 

       

   (   )     (   ) 
  

∴ 
  

 
 =  

      

   (   )     (   )
 = 

       

   (   )     (   ) 
  …… (ii) 

Taking first and second ratio of (ii), we have, 
  

 
 =  

      

   (   )     (   )
  

⟹ 
  

 
 =  

      

√    (    
 

 
)
 

⟹ √ 
  

 
 =       (    

 

 
)  d (    

 

 
) 

 Integrating, we get,  

√  logz = log[tan 
 

 
(    

 

 
)  + log c1 

i.e.  √  = c1tan(
 

 
 

 

 
 

 

 
)   

i.e.  √  - c1tan(
 

 
 

 

 
 

 

 
) = 0 …… (iii) 

Taking second and third ratio of (ii), we have, 
      

   (   )    (   )
 = 

       

   (   )    (   )
 

⟹ 
      

   (   )     (   )
 = 

       

   (   )    (   )
 

⟹ 
   (   )    (   ) 

   (   )     (   )
 d(x+y) = d(y-x) 

Integrating, we get,  
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log[ in(   )      (   )] = y - x + log c2 

i.e. log[ in(   )      (   )] = log e
y - x 

+ log c2 

i.e. log[ in(   )      (   )] = log c2e
y - x 

 

i.e.  in(   )      (   ) = c2e
y - x

 

i.e.  in(   )      (   ) - c2e
y – x

 = 0 …… (iv) 

∴ By (iii) and (iv),  

[ √  - c1tan(
 

 
 

 

 
 

 

 
)][  in(   )      (   ) - c2e

y – x
] = 0 

be the required general solution of given equation. 

===============================================================

8) Solve 
  

  
 

   

   
 

  

  
 

Solution: Let 
  

  
 

   

   
 

  

  
 …… (i)  

be the given simultaneous differential equation. 

 Taking first two ratios of (i), we have 

 
  

  
  

   

   
 ⟹ xdx = ydy ⟹ 2xdx - 2ydy = 0 

 Integrating, we get,  

x
2
 – y

2
 = c1 i.e. x

2
 – y

2
 - c1 = 0 …… (ii) 

 Now taking second and third ratios of (i), we have 

 
   

   
  

  

  
 ⟹ y

2
dy = z

2
dz ⟹ 3y

2
dy - 3z

2
dz = 0 

 Integrating, we get,  

y
3
 – z

3
 = c2 i.e. y

3
– z

3
 – c2 = 0 …… (iii) 

 ∴ By (ii) and (iii),  

(x
2
 – y

2
 - c1)(y

3
 – z

3
 – c2) = 0 

be the required general solution of given equation. 

=============================================================== 

9) Solve 
  

  (   )
 

  

   (   )
 

  

 (     )
 

Solution: Let 
  

  (   )
 

  

   (   )
 

  

 (     )
 …… (i)  

be the given simultaneous differential equation. 

 Taking first two ratio of (i), we have 

 
  

  (   )
 

  

   (   )
 ⟹ x

2
dx = -y

2
dy ⟹ 3x

2
dx + 3y

2
dy = 0 

 Integrating, we get,  

x
3
 + y

3
 = c1 i.e. x

3
 + y

3
 - c1 = 0 …… (ii) 



MTH-403: Practical Course 

Department of Mathematics, Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner. 8 

 By taking multipliers 1, -1, 0, we get, 

 Each ratio of (i) = 
     

  (   )   (   )
 

 ∴ 
  

 (     )
 = 

     

(     )(   )
 

 ⟹ 
  

 
 = 

 (   )

(   )
 

Integrating, we get,  

logz = log(x-y) + logc2  

i.e. z = c2 (x-y) 

i.e. z - c2 (x-y) = 0 …… (iii) 

 ∴ By (ii) and (iii),  

(x
3
 + y

3
 - c1)[z - c2 (x-y)] = 0 

be the required general solution of given equation. 

=============================================================== 
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Practical No.-7: Total Differential or Pfaffian Differential Equations 

=============================================================== 

1) Show that the following differential equations are integrable. Hence solve them 

    i) (y
2
 + z

2 
- x

2
)dx - 2xydy - 2xzdz = 0 ii) 2yzdx + zxdy – xy(1+z)dz = 0 

Proof: i) Let (y
2
 + z

2 
- x

2
)dx - 2xydy - 2xzdz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = y
2
 + z

2 
- x

2
, Q = 

   2xy and R = 
   2xz 

 ∴ 
  

  
  2y, 

  

  
  2z, 

  

  
 = -2y, 

  

  
 = 0, 

  

  
 =  -2z and 

  

  
 = 0 

  ∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= (y
2
 + z

2 
- x

2
) (0 - 0) - 2xy(-2z – 2z) - 2xz(2y+2y) 

= 0 + 8xyz – 8xyz 

= 0 

∴ The given equation integrable.  

Now we rearrange the terms as: 

(x
2 
+ y

2
 + z

2
)dx – 2x

2
dx - 2xydy - 2xzdz = 0   

i.e. (x
2 
+ y

2
 + z

2
)dx – x(2xdx + 2ydy + 2zdz = 0   

i.e. (x
2 
+ y

2
 + z

2
)dx – xd(x

2 
+ y

2
 + z

2
) = 0   

Dividing by x(x
2 
+ y

2
 + z

2
), we get, 

∴ 
  

 
 - 

           

          
= 0 

i.e. 
  

 
 = 

           

          
 

Integrating, we get, 

logx = log           + logc 

∴ x = c           

be the solution of given equation. 

        ii) Let 2yzdx + zxdy – xy(1+z)dz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = 2yz, Q = 
    and R = 

   xy(1+z) 

 ∴ 
  

  
  2z, 

  

  
  2y, 

  

  
 = z, 

  

  
 = x, 

  

  
 =  -y(1+z) and 

  

  
 = -x(1+z) 

  ∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= (2yz)[x +x(1+z)] + zx[-y(1+z) – 2y) - xy(1+z)(2z-z) 

= (2yz)(2x +xz) + zx(-yz – 3y) - xyz(1+z)  

= 4xyz+2xyz
2
 – xyz

2
 – 3xyz – xyz – xyz

2
 

= 0 
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∴ The given equation integrable.  

Divide the given equation by xyz, we get, 

 
   

 
 + 

  

 
 – (

 

 
 + 1)dz = 0 

Integrating, we get, 

2logx + log  – logz – z = logc 

i.e. logx
2
 + log  – logz – log e

z
 = logc 

i.e. log (
   

   
) = logc 

∴ 
   

   
 = c 

i.e. x
2
y = cze

z 

be the solution of given equation. 

=============================================================== 

2) Solve yz
2
(x

2 
- yz) dx + zx

2
(y

2
 – xz) dy + xy

2
(z

2
-xy)

 
dz = 0  

Proof: Let yz
2
(x

2 
- yz) dx + zx

2
(y

2
 – xz) dy + xy

2
(z

2
-xy)

 
dz = 0  

be the given homogeneous equation, which is integrable with 

 P = yz
2
(x

2 
- yz),  Q = zx

2
(y

2
 – xz) and R = xy

2
(z

2
-xy)  

 ∴ Px + Qy + Rz = xyz
2
(x

2 
- yz) + yzx

2
(y

2
 – xz) + zxy

2
(z

2
-xy)   

       = xyz (x
2
z- yz

2
 + xy

2
 - x

2
z + yz

2
 – xy

2
) 

      = 0  

∴ To solve the given equation put x = zu and y = zv,  

∴ dx = udz + zdu and dy = vdz + zdv 

∴ the given equation becomes 

vz
3
(u

2
z

2
 – vz

2
)(udz + zdu) + u

2
z

3
(v

2
z

2
 – uz

2
)(vdz + zdv) + uv

2
z

3
(z

2
 – uvz

2
)dz = 0 

i.e. z
5
[(u

2
v – v

2
)(udz + zdu) + (u

2
v

2
 – u

3
)(vdz + zdv) + (uv

2
– u

2
v

3
)dz] = 0 

i.e. (u
2
v – v

2
)zdu + (u

2
v

2
 – u

3
)zdv + (u

3
v - uv

2 
+ u

2
v

3
- u

3
v + uv

2 
– u

2
v

3
)dz = 0 

i.e. (u
2 
– v)vzdu + (v

2
 – u)u

2
zdv + (0)dz = 0 

i.e. u
2
vdu

 
– v

2
du + u

2
v

2
dv – u

3
dv = 0 

i.e. u
2 
(vdu

 
– udv) + u

2
v

2
dv - v

2
du = 0 

Dividing by u
2
v

2
, we get, 

i.e. 
       

  
 + dv - 

  

  
 = 0 

i.e.   
 

 
) + dv +   

 

 
  = 0 

Integrating, we get, 

 
 

 
 + v + 

 

 
 = c 
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∴ u
2
 + uv

2 
+ v = cuv 

i.e. (
  

  
  

 

 
 (

  

  
  + 

 

 
 = c(

 

 
)( 

 

 
) 

i.e. x
2
z + xy

2
 + yz

2
 = cxyz

 

be the solution of given equation. 

=============================================================== 

3) Solve 
  

     
 dx  –  

  

     
 dy  –  tan

-1 

 

 
dz = 0  

Proof: Let 
  

     
 dx  –  

  

     
 dy  –  tan

-1 

 

 
dz = 0   be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = 
  

     

 
, Q =  –  

  

     
 and R = – tan

-1 

 
 

 ∴ 
  

  
    

           

        
 = 

        

        
, 

  

  
 

 

     
,  

  

  
 = –   

           

        
 = 

        

        
, 
  

  
 = – 

 

     
, 

  

  
 = – 

 

   
 

 
  

  (
  

  )  
 

     
 and 

  

  
 = – 

 

   
 

 
  

  (
 

 
)=

– 

     
 

∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= 
  

     
[– 

 

     
 

 

     
] –  

  

     
 [

 

     
 

 

     
] 

   – tan
-1

(
 

 
 [ 

        

        
 

        

        
] 

   = 0 

∴ The given equation is integrable.  

Rearrange the given equation as: 

   
       

     
  – tan

-1 

 
 dz = 0 

i.e.   
       

     
  + tan

-1 

 
 dz = 0 

     
 

      

 

 
       

     
  + 

  

 
 = 0 

     
        

 
 

      

 

 + 
  

 
 = 0 

Integrating, we get, 

 log       

 
 + logz = logc 

∴        

 
 = c 

be the solution of given equation. 
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=============================================================== 

4) Solve zydx = zxdy + y
2
dz .  

Proof: Let zydx = zxdy + y
2
dz  

i.e. zydx - zxdy - y
2
dz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = zy
 
, Q = -zx and R = – y

2
 

 ∴ 
  

  
  z, 

  

  
  , 

  

  
 = -z, 

  

  
 = -x, 

  

  
 = 0 and 

  

  
 = -2y 

∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= (zy) (-x + 2y) - zx(0  – y) – y
2
(z +z)  

   = -xyz + 2y
2
z + xyz – 2y

2
z 

   = 0 

∴ The given equation is integrable.  

Divide the given equation by y
2
z, we get, 

 
       

  
 – 

  

 
 = 0 

     d(
 

 
) – 

  

 
 = 0 

Integrating, we get, 
 

 
 – logz = c 

∴ x – ylogz = cy 

be the solution of given equation. 

=============================================================== 

5) Solve (x
2
 - yz) dx + (y

2
 - zx) dy + (z

2
 - xy) dz = 0. 

Proof: Let (x
2   yz) dx + (y

2   zx) dy + (z
2   xy) dz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = x
2   yz, Q = y

2   zx and R = z
2   xy 

 ∴ 
  

  
    z, 

  

  
   y, 

  

  
 =  z, 

  

  
 =  x, 

  

  
 =  y and 

  

  
 =  x 

∴ 
  

  
 

  

  
, 
  

  
 

  

  
 and 

  

  
 

  

  
 

∴ The given equation exact and hence integrable.  

Now we rearrange the terms as: 

(x
2 
dx + y

2 
dy + z

2 
dz)   yzdx + zxdy + xydz) = 0  

∴ (3x
2 
dx + 3y

2 
dy + 3z

2 
dz)    yzdx + zxdy + xydz) = 0 

∴ d(x
3
 + y

3
 + z

3
)   d(xyz) = 0 

Integrating, we get, 

x
3
 + y

3
 + z

3
 – 3xyz = c 

be the solution of given equation. 
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=============================================================== 

6) Solve (2x
2
 +2xy+2xz

2
+1)dx + dy + 2zdz = 0. 

Proof: Let (2x
2
 +2xy+2xz

2
+1)dx + dy + 2zdz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = 2x
2
 +2xy+2xz

2
+1, Q = 

   and R = 
    

 ∴ 
  

  
  2x, 

  

  
  4xz, 

  

  
 = 0, 

  

  
 = 0, 

  

  
 = 0 and 

  

  
 = 0 

  ∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= (2x
2
 +2xy+xz

2
+1)(0 - 0) + (0 – 4xz) + 2z(2x-0) 

= 0 – 4xz + 4xz  

= 0 

∴ The given equation integrable.  

Rearrange the given terms as: 

2x(x +y+z
2
)dx + dx + dy + 2zdz = 0  

Divide the given equation by (x+y+z
2
), we get, 

      + 
          

      
 = 0 

   . d(x
2
) + 

         

      
 = 0 

Integrating, we get, 

x
2
 + log          = c 

be the solution of given equation. 

===============================================================

7) Solve (y
   z) dx + dy + dz = 0. 

Proof: Let (y
   z) dx + dy + dz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = y
   z, Q = 1 and R = 1 

 ∴ 
  

  
   , 

  

  
  , 

  

  
 = 0, 

  

  
 = 0, 

  

  
 = 0 and 

  

  
 = 0 

∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

= (y
   z) (0 - 0) + (0 – 1) + (1 – 0)  

   = 0 – 1 + 1 

   = 0 

∴ The given equation is integrable.  

Divide the given equation by (y + z), we get, 
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dx + 
     

   
 = 0 i.e. dx + 

      

   
 = 0 

Integrating, we get, 

x + log (y + z) = log c 

i.e. log e
x
 + log (y + z) = log c 

∴ e
x
(y + z) = c 

be the solution of given equation. 

===============================================================  

8) Show that the equation yz
2
(x

2 
- yz) dx + zx

2
(y

2
 – xz) dy + xy

2
(z

2
-xy)

 
dz = 0 is  

      integrable. Is it exact? Verify. 

Proof: Let yz
2
(x

2 
- yz) dx + zx

2
(y

2
 – xz) dy + xy

2
(z

2
-xy)

 
dz = 0 be the given equation, 

 comparing it with Pdx + Qdy + Rdz = 0, we get, 

 P = yz
2
(x

2 
- yz) = x

2
yz

2 
– y

2
z

3
,  Q = zx

2
(y

2
 – xz) = x

2
zy

2
 – x

3
z

2
 and  

R = xy
2
(z

2
-xy) = xy

2
z

2
-x

2
y

3 

 ∴ 
  

  
  x

2
z

2 
– 2yz

3
, 
  

  
  2x

2
yz

 
– 3y

2
z

2
,  

  

  
 = 2xzy

2
 – 3x

2
z

2
, 
  

  
 = x

2
y

2
 – 2x

3
z,  

  

  
 = y

2
z

2 
- 2xy

3
 and 

  

  
 = 2xyz

2 
- 3x

2
y

2
 

∴ P(
  

  
 

  

  
) + Q(

  

  
 

  

  
) + R(

  

  
 

  

  
)  

  = (x
2
yz

2 
– y

2
z

3
) (x

2
y

2
 – 2x

3
z - 2xyz

2 
+ 3x

2
y

2
) + (x

2
zy

2
 – x

3
z

2
)( y

2
z

2 
- 2xy

3
 – 2x

2
yz

  

        
+ 3y

2
z

2
) + (xy

2
z

2
-x

2
y

3
)( x

2
z

2 
– 2yz

3
 – 2xzy

2
 + 3x

2
z

2
)  

  = (x
2
yz

2 
– y

2
z

3
) (4x

2
y

2
 – 2x

3
z - 2xyz

2
) + (x

2
zy

2
 – x

3
z

2
)(4y

2
z

2 
- 2xy

3
 – 2x

2
yz)  

     + (xy
2
z

2
-x

2
y

3
)(4x

2
z

2 
– 2yz

3
 – 2xzy

2
) 

  = (x
2
yz

2 
– y

2
z

3
) (4x

2
y

2
 – 2x

3
z - 2xyz

2
) + (x

2
zy

2
 – x

3
z

2
)(4y

2
z

2 
- 2xy

3
 – 2x

2
yz)  

     + (xy
2
z

2
-x

2
y

3
)(4x

2
z

2 
– 2yz

3
 – 2xzy

2
)  

 = 4x
4
y

3
z

2 
– 4x

2
y

4
z

3
– 2x

5
yz

3 
+ 2x

3
y

2
z

4
 - 2x

3
y

2
z

4 
+ 2xy

3
z

5
+ 4x

2
y

4
z

3
 – 4x

3
y

2
z

4 
-2x

3
y

5
z        

  + 2x
4
y

3
z

2
– 2x

4
y

3
z

2
+2x

5
yz

3
 + 4x

3
y

2
z

4 
- 4x

4
y

3
z

2 
– 2xy

3
z

5
+ 2x

2
y

4
z

3
 – 2x

2
y

4
z

3
+2x

3
y

5
z  

 = 0 

Hence the given equation is integrable is proved. 

But it is not exact ∵ 
  

  
 

  

  
, 

  

  
 

  

  
 and 

  

  
 

  

  
 

===============================================================  
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Practical No.-8: Difference Equations 
=============================================================== 

1) Form the difference equation corresponding to the following general solution: 

       a) y = c1x
2
 + c2x + c3 b) y = (c1+ c2n)(-2)

n 

Solution: a) Given solution yx = c1x
2
 + c2x + c3 …… (1) 

contain three arbitrary constants c1, c2 and c3, so we operate   thrice on this yx,  

we get 

   yx = yx+1 - yx = c1(x+1)
2
 + c2 (x+1) + c3 - c1x

2
 - c2x - c3  

  = 2c1x + c1 + c2 …… (2) 

    2yx = [2c1(x+1) + c1 + c2] – [2c1x + c1 + c2]  

  = 2c1 …… (3) 

  &  3yx = 2c1 - 2c1   

∴  (E – 1)3yx = 0 

 ∴ (E3 – 3E2 + 3E – 1)yx = 0 

 ∴ yx+3 - 3yx+2 + 3yx+1 - yx = 0 be the required difference equation. 

       b) Given solution yn = (c1+ c2n)(-2)
n
 i.e. yn = c1(-2)

n
 + c2n(-2)

n
 …… (1)  

contain two arbitrary constants c1 and c2. 

∴ yn+1 = c1(-2)
n+1

 + c2 (n+1)(-2)
n+1

 = -2c1(-2)
n
 - 2c2 (n+1)(-2)

n
 …… (ii) 

& yn+2 = c1(-2)
n+2

 + c2 (n+2)(-2)
n+2

 = 4c1(-2)
n
 + 4c2 (n+2)(-2)

n
 …… (iii)   

Eliminating c1 and c2 from equations (i), (ii), (iii), we get, 

|

    
             
           

| = 0 

i.e.    -8n-16+8n+8] -       4n+8-4n]+    [-2n-2+2n] = 0 

i.e. -2    - 8    - 8  = 0 

i.e.     + 4    + 4  = 0 be the required difference equation. 

=============================================================== 

2) Show that yx = c1 + c2 2
x
 – x is a solution of the difference equation      

       yx+2 – 3yx+1 + 2yx = 1 

Proof: We have yx = c1 + c2 2
x
 – x 

 ∴ yx+1 = c1 + c2 2
x+1

 – (x+1) = c1 + 2c2 2
x
 – x – 1 

 & yx+2 = c1 + c2 2
x+2

 – (x+2) = c1 + 4c2 2
x
 – x – 2 
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 Consider  

LHS = yx+2 – 3yx+1 + 2yx 

        = c1 + 4c2 2
x
 – x – 2 – 3[c1 + 2c2 2

x
 – x – 1] + 2[c1 + c2 2

x
 – x]  

        = c1 + 4c2 2
x
 – x – 2 – 3c1 – 6c2 2

x
 + 3x + 3 + 2c1 + 2c2 2

x
 – 2x 

       = 1 

       = RHS 

 ∴ yx = c1 + c2 2
x
 – x is a solution of the given difference equation is proved. 

=============================================================== 

3) Formulate the Fibonacci difference equation and solve it.      

Solution: A sequence of type 0, 1, 1, 2, 3, 5, 8, ……. is called Fibonacci sequence which  

is formulated in difference equation form as yx+1 = yx + yx-1 with y0 = 0 and y1 = 1 

To solve Fibonacci difference equation yx+1 = yx + yx-1 with y0 = 0 and y1 = 1 

i.e. yx+2 = yx+1 + yx i.e. (E
2
 - E – 1)yx = 0  

we take yx = m
x
, then the A.E. is 

m
2
 – m – 1 = 0 

∴ m = 
  √   

 
 = 

 

 
  

√ 

 
 are the roots of an A.E. 

 ∴ The G. S. of the given Fibonacci difference equation is  

 yx = c1(
 

 
 

√ 

 
 x

 + c2(
 

 
 

√ 

 
 x

 

 i.e. yx = 
 

  
 [c1(  √  x

 + c2(  √  x
] 

 Now y0 = 0 and y1 = 1 gives 

 0 = c1 + c2 …… (i) and  

1 = 
 

 
 [c1(  √   + c2(  √  ]  

= 
 

 
 [c1   √  + c2   √ ] 

1 = 
√  

 
 [     ] 

i.e.       
 

√ 
 …… (ii) 

Adding equation (i) and (ii), we get, 

2  = 
 

√ 
 i.e.   = 

 

√ 
 

Putting in (i), we get,   =  
 

√ 
 

∴ Required particular solution of Fibonacci difference equation is  
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yx = 
 

  
 [

 

√ 
 (  √  x

 - 
 

√ 
 (  √  x

] 

i.e. yx = 
 

√ 
 [(  √  x

 - (  √  x
].2

-x 

=============================================================== 

4) Solve the following difference equations: 

    a) yx+1 - 3yx = 1  b) yx+1 - 3yx = 0, y0 = 2 

Solution: a) Let yx+1 - 3yx = 1 i.e. (E - 3) yx = 1 

be the given non-homogeneous linear difference equation. 

When we take yx = m
x
, the A.E. is 

m – 3 = 0 

∴ m =   is the roots of an A.E. 

 ∴ The G. S. of reduced homogeneous difference equation is  

 yx = c 3
x 

Now particular solution given non-homogeneous equation is 

 P.S. = 
 

     
1 

        = 
 

     
1

x
 

        = 
 

     
 

       = - 
 

 
 

 Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = c 3
x
 - 

 

 
 

b) Let yx+1 - 3yx = 0 i.e. (E - 3) yx = 0 

be the given homogeneous linear difference equation. 

When we take yx = m
x
, the A.E.is 

m – 3 = 0 

∴ m =   is the roots of an A. E. 

 ∴ The G. S. of given homogeneous difference equation is  

 yx = c 3
x 

Now y0 = 2 gives c 3
0
 = 2 i.e. c = 2 

 Hence particular solution of given equation is 

 yx = 2.3
x
  

5) Solve the following non-homogeneous linear difference equations: 

    i) yx+2 - 4yx = 9x
2
  b)  yx +  2 yx = sinx 

Solution: i) Let yx+2 - 4yx = 9x
2
 i.e. (E

2 
- 4) yx = 9x

2
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be the given non-homogeneous linear difference equation. 

When we take yx = m
x
, the A.E. is 

m
2
 – 4 = 0 

i.e. (m – 2) (m + 2) = 0 

∴ m = 2, -2 are the roots of an A. E. 

 ∴ The G. S. of reduced homogeneous difference equation is  

 yx = C12
x
 + C2(-2)

x
 

Now particular solution of given non-homogeneous equation is 

 P.S. 
 

      
(9x

2
) 

        = 
 

        
(x

2
) 

        = 
 

        
(x

2
) 

        = 
  

    
 

 
  

 

 
    

(x
2
) 

 `      =   [1+ 
 

 
  

 

 
 2

)+  
 

 
  

 

 
 2

)
2
 + ….](x

2
) 

        =   [1+ 
 

 
  

 

 
 2 

 

 
 3

+ ….](x
2
) 

        =   [x
2
+ 

 

 
     

 

 
     ] 

       = -3x
2 
- 4x - 

  

  
 

 Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = C12
x
 + C2(-2)

x -3x
2 
- 4x - 

  

  
 

 ii) Let  yx +  2 yx = sinx 

 i.e. (  +  2 )yx = sinx 

i.e. (E -1 + E2 -2E+1)yx = sinx 

i.e. (E2 - E)yx = sinx 

be the given non-homogeneous linear difference equation. 

When we take yx = m
x
, the A.E. is 

m
2
 – m = 0 

i.e. m(m – 1) = 0 

∴ m = 0, 1 are the roots of an A. E. 

 ∴ The G. S. of reduced homogeneous difference equation is  
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 yx = C10
x
 + C2(1)

x
  

i.e. yx = C, where C2 = C 

Now particular solution of given non-homogeneous equation is 

 P.S. =  
 

      
(sinx) 

        = Imaginary part of  
 

      
(e

ix
) 

        = Imaginary part of  
 

      
(e

i
)

x 

        = Imaginary part of  
   

        
 

        = Imaginary part of  
       

      
  

       = Imaginary part of  
       

      
 x 

       

       
 

       = Imaginary part of  
               

            
  

      = Imaginary part of   
                                     

                       
  

      = 
                 

       
 

      = 
                 

         
 

 Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = C + 
                 

         
 

========================================================================

6) Solve yx+2 – 4yx+1 + 3yx = 3
x
 + 1.  

Solution: Let yx+2 – 4yx+1 + 3yx = 3
x
 + 1.  

i.e. (E
2 
– 4E + 3)yx = 3

x
 + 1 

be the given non- homogeneous linear difference equation. 

When we take yx = m
x
, the A.E. is 

 m
2 
- 4m + 3 = 0 

  (m - 1) (m – 3) = 0 

 ∴ m =  ,   are the roots of an A.E. 

 Thus, the G.S. of reduced homogeneous equation is 

 yx = C1 + C23
x
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 Now particular solution of given non-homogeneous equation is 

 P.S. = 
 

         
(3

x
 + 1) 

        = 
 

            –   
(3

x
 + 1

x
) 

        = 
 

            –   
(3

x
) + 

 

            –   
(1

x
) 

        = 
     

       
+  

     

       
 

 `     = 
     

 
 -  

 

 
 

       = 
 

 
 x(3

x-1
-1) 

 Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = C1 + C23
x
 + 3

x
 + 

 

 
 x(3

x-1
-1) 

======================================================================== 

7) Solve yx+2 – 4yx+1 + 4yx = 3x + 2
x
  

Solution: Let yx+2 – 4yx+1 + 4yx = 3x + 2
x
  

i.e. (E
2 
– 4E + 4)yx = 3x + 2

x
 

be the given non- homogeneous linear difference equation. 

When we take yx = m
x
, the A.E.is 

 m
2 
- 4m + 4 = 0 

  (m - 2)
2
 = 0 

 ∴ m =  ,   are the roots of an A.E. 

 Thus, the G.S. of reduced homogeneous equation is 

 yx = (C1 + C2x) 2
x
  

 Now particular solution given non-homogeneous equation is 

 P.S. = 
 

         
(3x + 2

x
) 

        = 
 

      
(3x + 2

x
) 

        = 
 

        
(3x)+ 

 

      
(2

x
) 

        = 
 

      
  + 

          

  
 

 `      = 3(   )
-2

x + 
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        = 3(1+2    x +            

        = 3(x+2       +            

        = 3x + 6 +            

Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = (C1 + C2x) 2
x
 + 3x + 6 +            

======================================================================== 

8) Solve ux+2 – 5ux+1 + 6ux = 36 

Solution: Let ux+2 – 5ux+1 + 6ux = 36  

i.e. (E
2 
– 5E + 6)ux = 36 

be the given non- homogeneous linear difference equation. 

When we take yx = m
x
, the A.E.is 

 m
2 
- 5m + 6 = 0 

  (m - 2) (m - 3) = 0 

 ∴ m =  ,   are the roots of an A.E. 

 Thus, the G.S. of reduced homogeneous equation is 

 yx = C12
x
 + C23

x
  

 Now particular solution given non-homogeneous equation is 

 P.S. = 
 

         
(36) 

        = 
  

           –   
(1

x
) 

        = 
  

           –   
 

        = 18 

Hence G.S. of given equation is yx = G.S. + P.S.  

 i.e. yx = C12
x
 + C23

x
 + 18 

======================================================================== 



 


