Pimpalner Education Society’s

Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb

N. K. Patil Science Senior College Pimpalner, Tal.- Sakri,

Dist.- Dhule.

CLASS NOTES
CLASS:S.Y.B.SC SEM.IV
SUBJECT: MTH-402(A): DIFFERENTIAL EQUATIONS
PREPARED BY: PROF. K. D. KADAM




MTH-402(4): DIFFERENTIAL EQUATIONS

MTH-402(A): DIFFERENTIAL EQUATIONS
Unit-1: Theory of ordinary differential equations Marks-15
1.1 Lipschitz condition
1.2 Existence and uniqueness theorem
1.3 Linearly dependent and independent solutions
1.4 Wronskian definition
1.5 Linear combination of solutions
1.6 Theorems on i) Linear combination of solutions ii) Linearly independent solutions
1ii) Wronskian is zero iv) Wronskian is non-zero
1.7 Method of variation of parameters for second order L.D.E.
Unit-2: Simultaneous Differential Equations Marks-15
2.1 Simultaneous linear differential equations of first order
2.2 Simultaneous D.E. of the form dxP=dyQ=dzR.
2.3 Rule I: Method of combinations
2.4 Rule 11: Method of multipliers
2.5 Rule 111: Properties of ratios
2.6 Rule 1V: Miscellaneous
Unit-3: Total Differential or Pfaffian Differential Equations Marks-15
3.1 Pfaffian differential equations
3.2 Necessary and sufficient conditions for the integrability
3.3 Conditions for exactness
3.4 Method of solution by inspection
3.5 Solution of homogenous equation
Unit-4: Difference Equations Marks-15
4.1 Introduction, Order of difference equation, degree of difference equations
4.2 Solution to difference equation and formation of difference equations
4.3 Linear difference equations, Linear homogeneous difference equations with constant
coefficients
4.4 Non-homogenous linear difference equation with constant coefficients
Recommended books:
1. Ordinary and Partial Differential Equation by M. D. Rai Singhania, S. Chand & Co.
18th Edition. (Chapter 1 and Chapter 2)
2. Numerical Methods by V. N. Vedamurthy and N. Ch. S. N. lyengar, Vikas Publishing
House, New Delhi. (Chapter 10).
Reference Book:
1. Introductory course in Differential Equations by D. A. Murray, Longmans Green and
co. London and Mumbai, 5th Edition 1997.
Learning Outcomes:
a) Students will aware of formation of differential equations and their solutions

b) Students will understand the concept of Lipschitz condition

¢) Students will understand method of variation of parameters for second order L.D.E.

d) Students will understand simultaneous linear differential equations and method of their
solutions

e) Students will understand Pfaffian differential equations and method of their solutions

) Students will understand difference equations and their solutions
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MTH-402(A): DFFERENTIAL EQUATIONS

UNIT-1: THEORY OF ORDINARY DIFFERENTIAL EQUATIONS

Initial Value Problem: Z—z = f(x, y) with y(Xo) = yq is called initial value problem.

Remark: Initial value problem may have one solution or more than one solution
or no solution.

Lipschitz Condition: A function f(X, y) defined in a region D in xy-plane is said to
satisfy Lipschitz condition in D if for (x, y;) and (X, y,) in D, there exist a positive
constant K such that | f(x, v,) — f(x, y)| < K|y, — y4].

Here the constant K is called Lipschitz constant for the function f(x, y).

Existence Theorem: If the function f(x, y) is continuous and bounded for all values of x
in a domain D and there exist a positive constants M & K such that [f(x, y)| <M
and satisfies Lipschitz’s condition |f(x,y,) — f (x, y1)| < K|y, — y,| for all

points in domain D, then initial value problem Z—i = f(x, y) with y(Xo) =y, has at

least one solution y(x).
Uniqueness Theorem:
If the function f(x, y) is continuous and bounded for all values of x in a
domain D and there exist a positive constants M & K such that |f(x, y)| <M and
satisfies Lipschitz’s condition |f (x,y,) — f(x, y,)| < K|y, — y,| for all points

in domain D, then initial value problem Z—Z = f(x, y) with y(Xo) = yo has a unique
solution.

Theorem: If Sis either a rectangle [x — xo| < h, |y — y,| < k (h, k > 0) or a strip
|x — x4 < h,|y| <o (h>0)andf(x, y) is a real valued function defined on S

such that 2—; exits and continuous on S with |Z_:,| <KV (x,y) € S for a positive
constant K, then f(x, y) satisfies Lipschitz’s condition on S with Lipschitz’s

constant K.
Proof: As |f (x,¥,) — FCo,y)| = [(F (e B, |
| V2 6f |
Y1 Oy
— (Y2 |0~
_IJ’1 6y|
Y2
<[’K Idyl

“AfCoy2) — fOoy)| < Klyz, =yl for (X, y1), (X, y2) €S
I.e. f(x, y) satisfies Lipschitz’s condition on S with Lipschitz’s constant K.

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND K&l ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 1



MTH-402(A): DFFERENTIAL EQUATIONS

Ex.: Let the function f(x, y) = x*+ y* V (X, y) € S, S is the rectangle defined by

|x| < a,|y|] < b. Show that f(x, y) satisfies Lipschitz’s condition.
Find Lipschitz’s constant.

Proof: Let (X, y1), (X, Y») be any two points in the rectangle S which is defined by
x| < a, |yl <band f(x,y) = x*+y*...... (1)
SfGGy) = FOoy)l = 2%+ y,° = x% =y, ?
= |y2* = yi?l

= |y, = y1llyz: + 4l
< [ly2l + Iy 11ly2 — ¥4

< 2bly, — y4| v |yzland [y,| <b
~ f(x, y) satisfies Lipschitz’s condition and Lipschitz’s constant K = 2D.

Ex.: If Sis defined on the rectangle |x| < a, |y| < b, then show that the function

f(X, y) = xsiny + ycosx satisfies Lipschitz’s condition. Find the Lipschitz’s constant.
Proof: Let f(X, y) = xsiny + ycosx

of
o— = +
5y — XCOSY + COSX

Here f(x, y) is real valued function defined on S where S is rectangle
x| <alyl<b

of . ) ) )
3y exists and continuous and hence bounded in S, with
af
|6_y|: |xcosy + cosx| < |xcosy|+|cosx| < |x|+1
of
— |—| <a+1l
ay

=~ f(x, y) satisfies Lipschitz’s condition and Lipschitz’s constant K =a + 1.

Ex.: Show that the function f(x, y) = xy? satisfies Lipschitz’s condition on the rectangle

|x] <1, |y| < 1. But does not satisfy Lipschitz’s condition on strip |x| < 1, |y| <
(0.0)

Proof: Let f(x, y) = xy* ...... (1)
i) Let Sisarectangle givenby x| < 1,|y| <1 ...... (2)
Clearly f(x, y) = xy” is continuous function on S and hence bounded on S
with Z—; = 2Xy = |g—;|: 2lx|lyl <2(1)1) <2V (X,y) €S

=~ (X, y) satisfies Lipschitz’s condition on S and Lipschitz’s constant K = 2.
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MTH-402(A): DIFFERENTIAL EQUATIONS
ii) LetRisastripgivenby |x| < 1,|y| < o...... ()
Here f(x, y) = xy? is continuous function on R and hence bounded on R

with ;’—; = 2xy = |j—;|: 20x|[y] < 2(1)(®) <o ¥ (X,y) €S

= g—}f, Is unbounded on strip R.

=~ f(x, y) does not satisfy Lipschitz’s condition on strip R is proved.

Ex.: Examine the existence and uniqueness of solutions of the initial value problem
dy _ 13 .- —
—=Yy withy(0) =0
Solution: Let Z—i’ =y withy(0) =0 ...... (i)
Comparing with Z—i’ =f(x, y), we get,
fx,y)=y*...... (ii)

Clearly f(x, y) = y1’3 Is continuous and hence bounded.
Now f(x y)=y= =y

| 3 |y2/3

of _ 11
Forx:O,y=O=>|— = - ——>m®
ay 3 |0]

of . -
= Py is unbounded at origin.

=~ (X, y) does not satisfy Lipschitz’s condition at origin.
~ Uniqueness and existence is not applicable to given initial value problem.

Linear Differential Equation of Second Order:
An equation ay(X)y"(X)+ ar(X)y'(x)+ a,(X)y(x) = 0 is called a second order
linear differential equation, where ay(x), a;(X) and a,(x) are continuous on an
interval (a, b) and ag(xX) # 0 V X € (a, b).

Linearly Dependent Solutions:
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MTH-402(A): DIFFERENTIAL EQUATIONS

Two solutions y;(x) and y,(x) of linear differential equation of second order

are said to be linearly dependent solutions if there exists two constants c¢; and c,
not both zero such that c,y;(X) + Coy2(X) =0V X € (a, b).

Linearly Independent Solutions:

Two solutions y;(x) and y,(x) of linear differential equation of second order
are said to be linearly independent solutions if for any two constants c; and c,,
Ciy1(X) + Coyo(X) =0=c;=0andc,=0 VX € (a, b).

Linearly Combination of Solutions:

Let yi(x) and y,(x) be any two solutions of linear differential equation of
second order, then cyy;(X) + coy2(X) =0 V X € (a, b) is called linear combination of
two solutions y;(x) and y,(x), where c; and ¢, are constants.

The Wronskian:

Let y1(x) and y,(x) be any two solutions of linear differential equation of
second order. Then the Wronskian of y;(x) and y,(x) is denoted by W(ys, y,) or

W(x) and is defined as W(x)= |§3 iljl
1 2
Remark: The Wronskian of three functions y;(x), y»(x) and y3(x) is defined by
Yi Y2 V3
WX)=|y1 Y2 Y3
yioy2 ¥3

Theorem: If y;(x) and y,(x) are any two solutions of ay(X)y"(x)+ai(X)y'(x)+ a,(x)y(x) =0,
then linear combination c1y;(X) + c,y»(X) = 0, where c; and ¢, are constants, is also
solution of the given equation.

Proof: Consider a given equation ap(X)y"(x) + ai(X)y'(x)+ ax(x)y(x) =0 ...... (i)

As y(X) and y,(x) are the solutions of equation (i).
= a9(X) ¥1' (X) +au(x) y1 (X)+ a(X)y1(x)=0...... (ii)
= ao(X) y2' (X) + ai(X) y2 (X)+ a(X)y2(x) =0 ...... (iii)
Let u(x) = c1y1(X) + cay2(X)
= U'(X) = cryq (X) + C2y3 (X)
= U7(X) = cayr’ (X) + C2y;' (X)
Consider ag(x) u”’(x) + ai(x) u’(x)+ ax(x) u(x)
= ap(X)[c1y1’ (X) + C2y5” (X)]+ au(X)[cryy (X) + C2y; (X)]
+ a)(X)[C1y1(X) + Coya(X)]
= c1fao(x) y1' (X) +au(x) y1 (X)+ a(X)y1(x)]
+ Cofan(X) y2' (X) +au(X) y2 (X)+ aa(X)y2(x)]
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MTH-402(A): DIFFERENTIAL EQUATIONS
=¢1(0) + c»(0) by (ii) and (iii)
=0
~ CrY1(X) + Coyo(X) is solution of given equation is proved.

Remark: If y((X), y2(x), ...... yn(X) are solutions of ag(X)y"(x)+ a;(X)y'(x)+ ax(X)y(x) = 0,
then ¢y (X) + Coyo(x) + ...... + ¢hYn(X)= 0 is also solution of the given equation.
Where ¢y, Co, ...... cpare constants.

Theorem: Two solutions y;(X) and y,(x) of ag(X)y"(x)+ a;(X)y'(x)+ ax(X)y(x) =0,

a(X) #= 0V x € (a, b), are linearly dependent if and only if their Wronskian is

identically zero.
Proof: Suppose two solutions y;(x) and y,(x) of ag(X)y"(X)+ ai(X)y'(X)+ a,(x)y(x) = 0,

a(X) # 0 V X € (a, b), are linearly dependent...... (1)

As yi(x) and y,(x) are linearly dependent.

-~ there exists two constants c¢; and ¢, not both zero such that

cyi(X) +cyo(X) =0V xe(a,b) ... (2)

~Cy; X)+cy, (X)=0VXeE(a,b) ...... (3)

As ¢, and ¢, not simultaneously zero.
y1(x) ¥y (%)
y1(x) yé(i?) -

_Yix) Y2 X

=W e
= Wronskian is zero.
Conversely: Suppose Wronskian is zero.
y1(x)  y2(x)
y1(x) vz (x)
Hence for some constants c¢; and ¢, not both zero
C1y1(X) + Cay2(X) =0V X € (a, b)
& Cy1 (X) +Cay; (X) =0V X E (a, b)
=~ solutions y;(x) and y,(x) are linearly dependent is proved.

=0V xE€(ab)

=0V xE€ (a b)

=0V xE€ (a b)

Theorem: Two solutions y;(X) and y,(x) of ap(X)y"(x)+ a;(X)y'(X)+ ax(X)y(x) = 0,
a(X) = 0 V X € (a, b), are linearly independent if and only if their Wronskian is

non-zero.
Proof: Suppose two solutions y;(X) and y,(x) of as(X)y"(X)+ a1 (X)y'(X)+ ax(x)y(x) = 0,
a(X) # 0 V X € (a, b), are linearly independent  ...... (1)

= Wronskian is non-zero “ if Wronskian is zero, then solutions y;(x) and y,(x)

DEPARTMENT OF MATHEMATICS, KARM. . M. PATIL ARTS, COMMERCE AND KAL ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 5



MTH-402(A): DFFERENTIAL EQUATIONS

are linearly dependent

Conversely : Suppose Wronskian is non-zero.

= solutions y;(X) and y,(x) are linearly independent. - if solutions y;(X) and y,(X)
are linearly dependent, then Wronskian is zero,

Ex.: Find the Wronskian of e* and xe*
Solution: Let y, = €*and y, = xe*

= y;=¢€"and y;=¢e* + xe*

=~ The Wronskian of y; and y, is

X X

yi Y2 e xe
W) Vi )’£| e* e*+ xe*
— er 1 X
1 1+x
= e?¥[1+x-X]
W(X)= e?*

Ex.: Find the Wronskian of sinx and cosx
Solution: Let y; = sinx and y, = cosx

= y,= cosx and y,= -Sinx

=~ The Wronskian of y; and y, is

Yi Y2 Sinx cosx
we) =[5 | = | .
Yi Y2 CoSX —sinx
= —sin’x—cos?x
& W(X)=-1

Ex.: Find the Wronskian of sinx and sinx - cosx
Solution: Let y; = sinx and y, = sinx - cOSX

= y;= C0sx and y,= COSX + Sinx

=~ The Wronskian of y; and y, is

W(X) = J’} )’%| _ |sinx sinx — c_osx
yi Y2 COSX COSX + sinx
= sinxcosx + sin’x—sinxcosx + cos’x
W(X): 1

Ex.: Find the Wronskian of e*cosbx and e®sinbx (b # 0)
Solution: Let y; = e®coshx and y, = e*sinbx (b # 0)
= y,= ae™coshx - be®sinbx and y;= ae®sinbx + be*cosbx
=~ The Wronskian of y; and y;, is
ax ax o3
W(X) = Y1 J’2| e**cosbx e“*sinbx

! ! . .
Vi Y2 |aeaxcosbx — be%*sinbx ae**sinbx + be**cosbx
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MTH-402(A): DFFERENTIAL EQUATIONS

cosbx sinbx

acosbx — bsinbx asinbx + bcosbx
= e2%acosbxsinbx + bcos?bx — asinbxcosbx + bsin?bx ]

= e2%[bcos?bx +bsin?bx ]
« W(X)= be2a*

= ,2ax

Ex.: Show that e*cosx and e*sinx are linearly independent
Proof: Let y; = e*cosx and y, = e”sinx

= y;= €*cosX - e”sinx and y,= e*sinx + e*cosx

=~ The Wronskian of y; and y, is

W(X) = y} y%l _ e*cosx | | e*sinx
yi Y2 e*cosx — e*sinx e*sinx + e*cosx
_ p2x cosx - sinx |
cosx — sinx sinx + cosx

= e?*[cosxsinx + cos?x — sinxcosx + sin?x ]
= e**[cos?x +sin®x ]

£ W(X)= e2% # 0

=~ Given functions are linearly independent is proved.

Ex.: Show that * and xe* are linearly independent on the x-axis.
Proof: Lety;=¢*and y, = xe*

= y;=¢€"and y;=e* + xe*

=~ The Wronskian of y; and y, is

yi Y2 e* xe*
W) = Vi }’é| ~le*  eX 4 xe*
— er 1 X
1 1+x
= e?¥*[1+x-X]

= W(x)=e?* %0 forx # 0
=~ Given functions are linearly independent on x-axis is proved.

Ex.: Show that the Wronskian of the functions x* and x?logx is non zero.
Proof: Lety, = x* and y, = x*logx
= y;= 2x and y,= 2xlogx + X
=~ The Wronskian of y; and y;, is
Y1 J’2| x?  x*logx
i Y2 2x  2xlogx + x

W(x) =
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1 logx
2 2logx+1
= x3[2logx + 1-2logx]
~W(X)=x3#0
=~ Given functions are linearly independent.

— .3

Ex.: Show that sin2x and cos2x are solutions of the differential equation y"+ 4y =0
and these are linearly independent.
Proof: Let y; =sin2x and y, = cos2x ...... (1)
2 y1= 2c0s2x and y, = -2sin2x
=~ y1' = -4sin2x and y;'= -4c0S2X
~ y1'=-4yrand y;'= -4y, by (1)
~yi'+4y;=0and y;'+ 4y, =0
~ y1 = sin2x and y, = cos2x are the solutions of the differential equation y"+ 4y = 0

IS proved.

Now the Wronskian of y; and y; is
Y1 Y21 _ | sin2x CcOS2x

Wix) = Y1 y£| "~ 12cos2x  —2sin2x

= —2sin?2x—2co0s%2x
~W(HX)=-2#0
=~ Given solutions are linearly independent is proved.

Ex.: Show that sin3x and cos3x are linearly independent solutions of the differential
equation y"+9y = 0.
Proof: Lety; =sin3x and y, = cos3x ...... (1)
~ y;1=3c0s3x and y, = -3sin3x
~ y;'=-9sin3x and y,;'= -9c0s3x
= y1=-9y1 and y;'= -9y, by (1)
= y1'+9y;=0and y; '+ 9y, =0
~ y1 = sin3x and y, = cos3x are the solutions of the differential equation y"+ 9y =0
IS proved.
Now the Wronskian of y; and y; is
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MTH-402(A): DFFERENTIAL EQUATIONS

V1 }’2| sin3x cos3x

W)= [y 3l =

~ 13cos3x  —3sin3x
= —3sin?3x—3co0s?3x
~W(HX)=-3%0
=~y =sin3x and y, = cos3x are linearly independent solutions of the differential
equation y"+ 9y = 0 is proved

Ex.: Show that y; = sinx and y, = sinx - cosx are linearly independent solutions of the
differential equation y"+y = 0.

Proof: Lety, =sinx and y,=sinx - cosx  ...... (1)
2 y1= cosx and y,= cosX + Sinx
=~ y1 = -sinx and y;'= -sinx + cosx
~yr=-yiand y;’=-y, by (1)
~y;+yi=0and y;’+y, =0
~ y1 = sinx and y, = sinx - cosx are the solutions of the differential
equation y"+y = 0.
Now the Wronskian of y; and y; is

Yi Y2 sinx Sinx — cosx
W(X) = |= |

1 A .
Y1 Y2 COSX COSX + sinx
= sinxcosx + sin?x—sinxcosx + cos?x

~W(HX)=1+0
=~ y1 = sinx and y, = sinx - cosx are linearly independent solutions of the differential
equation y"+y =0 is proved

Ex.: Examine whether e?* and e** are linearly independent solutions of the differential
equation y"- 5y'+ 6y = 0 or not?
Solution: Lety;=e™andy,=e*  ...... (1)
« y;1= 26 and y;= 3e>
~ yi'=4¢” and y;'= 9e*
Consider y;' — 5y;+ 6y,= 4™ - 10e™ + 66> = 0 and
5~ 5ys+ 6y, = 9e™ - 15e™ + 6™ = 0
~ y1=e*and y, = > are the solutions of the differential equation y"- 5y'+ 6y = 0.
Now the Wronskian of y; and y; is
V1 y2| _ | er e3x

W= [y 3l = |ppzr 3e3x
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= 3e>¥- 2¢5*
~W(X)= e>* #0
~y1=e*and y, = e¥*are linearly independent solutions of the differential
equation y"- 5y'+ 6y = 0.

Ex.: Show that the functions 1+x, x> and 1+2x are linearly independent.
Proof: Lety; = 1+X, y, = X* and y; = 1+2x are the given functions.

~y, =1,y,=2xand y3=2

~y, =0,y/=2and y3=0

=~ The Wronskian of yy, y,and yz is

y} y% y? 1+x x2 1+2x
WX)=|Y1 Y2 Y3|=1| 1 2x 2
yi y: 3 0 2 0
= (1+x)(0-4) — x3(0-0)+(1+2x)(2-0)
= -4-4X+2+4X
~W(x)= =2 #0.

=~ Given functions are linearly independent.

Ex.: Using Wronskian, show that the functions x, x*, x° are linearly independent.
Proof: Lety; = X, y, = x* and y; = x° are the given functions.

~yi =1,y5=2xand y;= 3x>

~y, =0,y)/=2and y;'= 6x

~ The Wronskian of y;, y,and yz is

yl yZ y3 X xz x3
W) =[y1 Y2 Y3|=|1 2x 3«2
i y2 yil o 2 ex

= x(12x%-6x%) — x(6x-0)+x°(2-0)
= 6x3-6x°+2%°
~ W(x)= 2x°+ 0.
=~ Given functions are linearly independent.

Ex. Prove that 1, x, x* are linearly independent. Hence form the differential equation
whose solutions are 1, x, X°.
Proof: Lety; =1, y,= x and y; = X° are the given functions.
~y; =0,y,=1and y;= 2x
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“y1 =0,y=0and y;'=2
=~ The Wronskian of yy, y,and yz is

yl yZ y3 1 x xz
WxX)=|y1 Y2 Y3|=10 1 2x
yi y2 yil 1o 0o 2
= (2-0) — x(0-0)+x%(0-0)
~W(X)=2+0.
=1, %, X are linearly independent solutions.
To find differential equation, lety = ¢+ Cox + CaxX? ... (1)

where ¢y, C;, C3 are constants.
Differentiating equation (i) thrice w.r.t. X, we get,

dy _
o C, + 2C3X
d’y _
Tz 2C3
3
373’ = 0 be the required differential equation.

Ex. Examine whether the set of functions 1, x%, x° are linearly independent or not.
Solution: Lety; = 1, y,= x* and y; = x® are the given functions.

~y] =0, y,=2xand y;= 3x*

~y, =0, y;’=2and y3'= 6x

=~ The Wronskian of yy, y, and yz is

341 Y2 Y3 1 xz x3
WX)=|¥1 Y2 Y3|=10 2x 3x2
yi y2 yil lo 2  ex
= (12x* - 6x%) - x* (0 - 0) + x*(0 - 0)
~ W(X)=6x*# 0

=~ Given set of functions are linearly independent.

Ex.: Examine the functions x, e*, e for linear independence.
Solution: Lety; = X%, y,= e*and y; = ™ are the given functions.
s~y = 2x,y,=¢€ and y;=-¢e™
=yl =2,y/=¢e"and yy=¢”
=~ The Wronskian of y;, y, and yz is

yl yZ y3 xz ex e_x
WX)=|Y1 Y2 Y3|= [2x e* —e*
yiy? y3l 12 e* e7*
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MTH-402(A): DFFERENTIAL EQUATIONS

x2 1 1
=e* ™ 2x 1 -1
2 1 1

= x(1+1)-(2x+2)+(2x-2)
~ W(X)= 2x%-4 # 0 if X*- 2# 0 i.e. if x# +V2
- Given functions are linearly independent if x+ ++/2 and
are linearly dependent if x= ++/2.

Ex.: Examine whether the set of functions x?x+1, x*-1, 3x*>-x-1 are linearly dependent
or not.
Solution: Let y; = x*-x+1, y, = x*>-1 and y; = 3x?>-x-1 are the given functions.
s~y = 2x—1,y,=2x and y3= 6x-1
syl =2, y;=2and y;=6
=~ The Wronskian of y;, y, and y3 is

y} y% y? x>—x+1 x*—1 3x*?—-x-1
WX)=|Y1 Y2 Y3[=]| 2x—-1 2x 6x —1
2 2 2 6

= (X3-x+1)(12x-12x+2)-( x3-1) (12X-6-12x+2)+(3x*-x-1)(4x-2-4X)
= 2X2-2X+2+4X2-4-6X°+2X+2

~W(X)=0

=~ Given set of functions are linearly dependent.

Method of Variation of Parameters:

2
Let % + PZ—;’ +Qy=R...... (1) be a linear differential equation,
where P, Q and R are the functions of x or constants.

Suppose y=Au+ Bv ...... (i1) be a complementary function (C.F.) of (1).
Where A, B are constants and u, v are functions of x.

As (ii) is C.F. of (i), hence u and v must be the solution of auxiliary equation of (i)

. dz_y dy _
I.e.zdx2 + de +Qy=0...... (111)
d“u du B .
o ﬁ:- PE +Qu=0...... (iv)
and%+PZ—Z+Qv=O ...... v)
In the method of variation of parameter, we assume thaty=Au+Bv ...... (vi)

be the G.S. of the given equation (i).
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MTH-402(A): DIFFERENTIAL EQUATIONS
Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA dB .-
andu—+v—=0...... (vil)
e AX o dx . .
Differentiating equation (vi) w.r.t. X, we get,
d_y:Ad_u+ ud_A+BQ+Vd_B
dx dx a dx 4 dx dx
y u v . ..
—_ = — 4+ —_
™ A ™ B FORRRRRE (viii) using (vii).
Now differentiating equation (viii) w.r.t. X, we get,
d?y _dAdu d?u  dBdv d?v .
— = — 4+ A—+——+B—
dx? dx dx 4 dx? t dx dx b dxz " (ix)

Using (vi), (viii) and (ix) in (i), we have,

dA du d?u | dBdv d?v du dv _
[—— + AE +Ea + BE]+P[AE+BE]+Q[AU+BV]—R

dx dx

d?u du d?v dv dAdu | dBdvy _
= A+ Pt QUIBLG + P+ Qv I T ad =R
dAdu | dB dvq _ .
= A(0) +B(0)+ [EE + EE] =R by (iv) and (v)
dAdu  dBdv _
Ea Ea - N ...... (X)

. .. dA aB
Solving (vii) and (x),we get, — and —
Integrating Z—;‘ and Z—i, we get, A and B.
Putting these values of A and B in (vi), we get G.S. of given equation (i).

2
Ex.: Solve by method of variation of parameters ZTZ + 4y = 4tan2x

2
Solution: Let ZTZ + 4y = 4tan2x i.e. (D* + 4)y = 4tan2x ...... (1) be the given equation.
~ Its A.E. is D*+ 4 = 0 which has roots D = +2i.
~ C.F.isy = Acos2x + Bsin2x
By method of variation of parameter assume that y = Acos2x + Bsin2x ...... (ii)
be the G.S. of the given equation (i).
Where A and B are functions of x so chosen that equation (i) shall be satisfied
and cos2x 22 + sin2x £ =0 ... (iii)
dx dx
Differentiating equation (ii) w.r.t. x, we get,

L = _2Asin2x+ cos2x 2 + 2Bcos2x + sin2x 2
dx dx dx
=2 = _2Asin2x + 2Bcos2x ...... (iv) using (ii).

Again differentiating equation (iv) w.r.t. X, we get,
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MTH-402(A): DFFERENTIAL EQUATIONS

d’y _

7= —4Acos2x — 25m2x— — 4Bsin2x + 2c052x—
2

d— = —4(Acos2x + Bsin2x) — ZSmZx— + 2c052x—
% = —4y — ZSmZx— + 2c052x— by (ii)

d2
nog Ay = —ZSmZx— + 2c052x—
—25m29;g—x + ZCost;ca = 4tan2x by (i)
I.e. sin2x — — cos2x — = -2tan2x....... (%)

dx dx

To solve (iii) and (v), consider sin2x(iii) - cos2x(v), we get,
sin2xcos2x 22 + sin® 2x 22 - sin2xcos2x 2 + cos? 2x 22 = 0 + 2c0s2xtan2x
dx dx dx dx
2B = 2sin2x
dx
Putting value of Z—i in (i), we get,

COS2X Z—;‘ + sin2x(2sin2x) =0

dA Zsin22x
c032x == _2sin’2x = =
x coS2x
dA 2sin?2x 2sin?2x 1—cos?2x
Now ——=— =A=](- Yax + ¢y = —2 ( Ydx + ¢,
dx Cc0S2x coS2x co0S2Xx

= -2/ (sec2x — cos2x)dx + C;
= —log(sec2x + tan2x) + sin2x + ¢;

and Z—i = 2sin2x = B = [2sin2xdx = -c0s2X + C,

Putting these values of A and B in (ii), we get,
= [—log(sec2x + tan2x) + sin2x + €;]c0S2X + (-C0S2X + C,)SiN2X
2y = C1C0S2X + C,SIN2X—C0S2X log(sec2x + tan2x) + SIN2XC0S2X-C0S2XSIN2X
2~y = C1€0S82X + C,8IN2X—Cc0s2X log(sec2x + tan2x)
be the required G.S. of given equation.

Ex.: Solve by method of variation of parameters y" - 3y' + 2y = 2

Solution: Lety"-3y' +2y=2i.e (D°-3D+2)y=2 ...... (i) be the given equation.
~ItsAE.isD*-3D+2=0i.e. (D-1)(D-2)=0which hasroots D = 1, 2.
~ C.F.isy = Ae* + Be*
By method of variation of parameter assume that y = Ae* + Be*
be the G.S. of the given equation (i).

Where A and B are functions of x so chosen that equation (i) shall be satisfied
X dA 2X dB

and e” — —te EZO ...... (iii)
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MTH-402(A): DFFERENTIAL EQUATIONS

Differentiating equation (i1) w.r.t. x, we get,
y' = Ae*+ e* 22+ 2Be? + ¢2x &
d dx
=Yy = Ae* + 2Be?* ...... (iv) using (iii).
Again differentiating equation (iv) w.r.t. X, we get,
y'=Ae* + ex(;—': + 4Be?* + Zezxi—i
sy -3y + 2y = 2 gives
Ae* + e"d—A + 4Be?* + Zezxi—i - 34e* - 6Be?*+2Ae" + 2Be® = 2

dB

2x
i.e. eX +2 —=2.... )

To solve (iii) and (v), consider (V) - (iii), we get,

dA dB dA dB
eX¥ — 420X = ¥ = —e2*X—_=2-0
dx dx dx dx
dB dB _
neX =) = De72X
dx dx
. dB . ...
Putting value of —in (i), we get,
dA _
e —+ e™(2e 2X) 0
dA dA _
"—:—2=> —=—-2e7*
dx dx
dA _ _ _
Now — = —2¢~* = A=][(-2e)dx + ¢, = 2e ¥ + ¢, and
dB

—= 2e7%* = B =[2e 2dx=-e ¥ +¢,

Putting these values of A and B in (ii), we get,
y=[2e7*+ci]e* +(-e™* +¢;) e

Ly =ce¥ +ce?*+2-1

~y =ce* +ce?* + 1 be the required G.S. of given equation.

: .. d?
Ex.: Using method of variation of parameters solve d—xf + Yy = COSeCX

2
Solution: Let 3732' +y = cosecx i.e. (D* + 1)y = cosecx ...... (1) be the given equation.

~ Its A.E. is D*+ 1 = 0 which has roots D = +i.

~ C.F.isy = Acosx + Bsinx

By method of variation of parameter assume that y = Acosx + Bsinx ...... (ii)
be the G.S. of the given equation (i).

Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA . dB
and cosx — +sinx—=0...... (i)
dx dx
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Differentiating equation (ii) w.r.t. X, we get,

d . dA . dB
ﬁ = —Asinx+ COSX - + Bcosx + sInX —

d . . T
= % = —Asinx + Bcosx ...... (iv) using (iii).

Again differentiating equation (iv) w.r.t. X, we get,

d? ., dA ] dB
£ - _Acosx — sinx <2 — Bsinx + cosx ==
dxz2 dx dx
d%y ) . dA dB
o~ ——=—(Acosx + Bsinx) — sinx — COSX —
d)zc2 ( + ) dx + dx
d%y . dA dB ..
n—==—y —sinx— + cosx — by (ii
d)zc2 y dx + dx y ( )
d%y . dA dB
o—=+y =—sinx— COSX —
dx? ydA dJéB-l_ dx
~ —sinx— + cOsX—=C0secX ... (v)  by(i)

To solve (iii) and (v), consider sinx(iii) + cosx(v), we get,
. dA . o dB . dA 2. dB _
SINXCOSX — + SIN“X — - SINXCOSX — + C0S°X — = 0 + COSXC0Secx
dx dx dx dx
aB
s — = COtX
dx

Putting value of 3—i in (i), we get,

dA ]
CosX — + sinx(cotx) =0
dA dA
% COSX — = —COSX = — = —1
dx dx
dA
Now —=-1=A= J(=1)dx = —x + ¢; and

dB .
—=Cotx=B= Jcotxdx = logsinx+ ¢,

Putting these values of A and B in (ii), we get,
y = (—x + c)cosx + (logsinx+ c,)sinx

.y = C1C0SX + C,SinX—xcosx + sinx(logsinx)
be the required G.S. of given equation.

: . d?
Ex.: Using method of variation of parameters solve d—xf + a%y = cosec(ax)

Solution: Let ZZTZ + a’y = cosec(ax) i.e. (D*+a’)y = cosec(ax) ...... (i)
be the given equation.
~ Its A.E. is D*+ a® = 0 which has roots D = +ai.
~ C.F.isy = Acosax + Bsinax
By method of variation of parameter assume that y = Acosax + Bsinax ...... (ii)
be the G.S. of the given equation (i).
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Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA . dB
and cosax — + sinax —=0...... (i)
dx dx
Differentiating equation (ii) w.r.t. X, we get,

d . dA . __dB
2 = _aAsinax+ cosax — + aBcosax + sinax —
dx dx dx

dy . . .
=== —aAsinax + aBcosax ...... (iv) using (iii).
Again differentiating equation (iv) w.r.t. X, we get,
a? . dA . dB
=2 = —q?Acosax — asinax— — a’Bsinax + acosax —
dx dx dx

d? . . dA dB
—32’ = —a?(Acosax + Bsinax) — asinax — + acosax —

dx dx dx
Cdiy o . dA dB .
~—5=—a’y —asinax— + acosax— by (ii)

d?y 2 . dA dB
L—=+ =— — —

2 T a’y asinax—— + acosax ——

. dA dB :

~ —asinax— + acosax—= cosec(ax)  ...... (v)  by(i)

To solve (iii) and (v), consider asinax(iii)+cosax(v), we get,

. dA . 2 dB . dA 2 _dB
asinaxcosax — + asin“ax — - asinaxcosax — + acos‘ax — = 0 + cosaxcosec(ax)
dx dx dx dx
dB dB 1
~ a— = cot(ax) = — = - cot(ax)
dx dx a
. dB .
Putting value of ——n (iii), we get,

cosax 22 + sinax[l cot(ax)] =0
dx a

dA 1 dA 1
SC0SAX—=—-C0SaX — —= ——
dx a dx a
dA 1 1
Now == —== A =J(—>)dx = —= + ¢, and
dx a a a
dB

1 1 1 .
_— - - = |(— = — +
= cot(ax) = B =] (a cotax)dx = logsinax+ c;
Putting these values of A and B in (ii), we get,
1 . .
y= (—2 + Cy)cosax + (; logsinax+ c,)sinax
. 1 . .
.y = C,C08ax + czsmax—g cosax +— sinax(logsinax)

be the required G.S. of given equation.

2
Ex.: Using method of variation of parameters solve 3732' + 9y = sec3x

Solution: Let 32732' + 9y = sec3x i.e. (D° + 9)y = sec3x...... @)
be the given equation.
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MTH-402(A): DIFFERENTIAL EQUATIONS
~ Its A.E. is D*+ 9 = 0 which has roots D = £3i.
~ C.F.isy = Acos3x + Bsin3x
By method of variation of parameter assume that y = Acos3x + Bsin3x ...... (ir)
be the G.S. of the given equation (i).
Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA . dB
and cos3x — +sin3x—=0...... (i)
dx dx

Differentiating equation (ii) w.r.t. X, we get,

d . dA . dB
Y = _3Asin3x+ C0S3X == + 3Bcos3x + Sin3x =
dx dx dx

= Z_i’ = —3Asin3x + 3Bcos3x ...... (iv) using (iii).

Again differentiating equation (iv) w.r.t. X, we get,
d?y

—— = —9Aco0s3x — 3sin3xd—A — 9Bsin3x + 30053xd—B
dx dx dx

2
Z ~=—9(Acos3x + Bsin3x) — 3sm3x— + 3c033x—
da’y
" dax?
dZ

ﬁ +9y = —35m3x— + 3cos3x—

—3sm3xa + 3cos3xa =sec3X ...... (v)  by(i)

= —9y — 35m3x— + 3cos3x— by (ii)

To solve (iii) and (v), consider 3sin3x(iii) + cos3x(Vv), we get,

. dA . dB . dA dB
33|n3xc033x — + 3sin?3x —- 3sin3xcos3x — + 3c0s%3x — = 0 + cos3xsec3x
B 1

232=1= [an =2
dx 3

Putting value of E in (iii), we get,
cos3x 22 + sin3x(1) =0
dx 3
2 cos3x Z = —Lgindx = £ = —Lansx
dx 3 dx 3
Now Z—i =— g tan3x = A = J(— § tan3x)dx = % logcos3x + ¢; and
d—B=1=>B=I(§)dx=§+cz

dx 3
Putting these values of A and B in (ii), we get,

y= (g logcos3x + ¢;)cos3x + (g + C,)sin3x
.y = C1€0S83X + C,SIN3X + % cos3x(logsin3x) + g sin3x
be the required G.S. of given equation.

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND KAL ANNASAHES N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 18



MTH-402(A): DFFERENTIAL EQUATIONS

2
Ex.: Using method of variation of parameters solve e a’y = sec(ax)
dx?

Solution: Let ZZTZ + a%y = sec(ax) i.e. (D*+ad)y =sec(ax) ...... )
be the given equation.
~ Its A.E. is D*+ a@® = 0 which has roots D = +ai.
~ C.F.isy = Acosax + Bsinax
By method of variation of parameter assume that y = Acosax + Bsinax ...... (ii)
be the G.S. of the given equation (i).
Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA . dB
and cosax — + sinax—=0...... (i)
dx dx

Differentiating equation (ii) w.r.t. X, we get,

d : dA . dB
2 = _adsinax+ cosax — + aBcosax + sinax —
dx dx dx
d . : .
= é = —adsinax + aBcosax ...... (iv) using (iii).
Again differentiating equation (iv) w.r.t. X, we get,
d’y _ 5 . dA 2D dB
—> = —a“Acosax — asinax — — a“Bsinax + acosax —
dx 5 dx dx
d . . dA dB
—32’ = —a?(Acosax + Bsinax) — asinax — + acosax —
d)zc dx dx
R aB !
& e a’y — asinax— + acosax — by (ii)
d , dA dB
—Z +a’y = —asinax— + acosax —
dx A d)éB dx
—asinaxa + acosax—= sec(ax)  ...... (v)  by(i)

To solve (iii) and (v), consider asinax(iii)+cosax(v), we get,

. dA . 2 dB . dA 2 dB
asinaxcosax — + asin“ax — - asinaxcosax — + acos‘ax — =0 + COS&XSGC(&X)
dx dx dx dx
dB dB 1
ca—=1l=>—==
dx dx a

Putting value of Z—i in (iii), we get,

d .
cosax 22 + smax(l) =0
dx a

dA 1 . dA 1
- COSAX — = — = sinax = — = ——tanax
dAdx 1 a dx X a .
Now — = ——tanax = A= J(- ~tanax)dx = — logcosax + ¢ and

dB 1 1 x
—_—= - = |(— = -4+
== B I(a)dx —+C

Putting these values of A and B in (ii), we get,
y= (% logcosax + c;)cosax + (g + C,)sinax
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. 1 - X .
* ¥ = C1C08aX + CSinax + — cosax(logsinax) + — sinax
be the required G.S. of given equation.

Ex.: Solve by method of variation of parameters y" +y —x =0
Solution: Lety" +y=x ie (D*°+1)y=x ...... ()
be the given equation.
~ Its A.E. is D*+ 1 = 0 which has roots D = +i.
~ C.F.isy = Cycosx + C,sinx
By method of variation of parameter assume that y = Acosx + Bsinx ...... (ii)
be the G.S. of the given equation (i).
Where A and B are functions of x so chosen that equation (i) shall be satisfied

dA , . _dB
and cosx — +sinx—=0 ...... (i)
. ax ax
Differentiating equation (ii) w.r.t. X, we get,
. . dA . dB
y' = —Asinx+ COSX - + Bcosx + sInX -

X
= Yy'= —Asinx + Bcosx ...... (iv) using (iii).
Again differentiating equation (iv) w.r.t. X, we get,
" . dA . dB
y" = —Acosx — sinx — — Bsinx + cosx —

dx A dx 4B
~y"'=—(Acosx +dfsmx) — E;nxa + cosx——
~Yy'=—y —sinx— + cosx Eby (i)
2y +y = —sinx 2 + cosx
~Y y A dde dx
s =sinx— + cosx—=X ... (v)  by(i)

X X
To solve (iii) and (v), consider sinx(iii) + cosx(v), we get,
] dA . o dB . dA 2 dB
SINXCOSX — + SIN“X — - SINXCOSX — + C0S“X — = 0 + XCOSX
dx dx dx dx
dB
& — = XCOSX
dx 4B
Putting value of — in (iii), we get,
dA .
cosx — + sinx[xcosx] =0
dA . dA .
& COSX — = — XSINXCOSX — — = —XxSinx
dftilx dx
Now —= —xsinx = A = I(—xsinx)dx:xcosx-Icosxdx+cl = XCOSX- Sinx + c;and

dB . . .
— = XCOsX =B = | xcosxdx = xsinx-Jsinxdx + ¢, = Xsinx + cosx + C,

Putting these values of A and B in (ii), we get,

y = (XCOSX- Sinx+ C;)COSX + (XSinX + COSx + C)SinNX

“ ¥ = C1C0SX + C,SiNX + XCOS°X — SINXCOSX + XSin®X + COSXSinX
.y = C1COSX + C,SInX + X
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be the required G.S. of given equation.

1) 2 = f(x, y) with y(x,) = yo is called .......

A) initial value problem B) linear equation
C) homogeneous equation D) None of these
2) An initial value problem z—z = f(x, y) with y(Xo) = yo may have ......
A) one solution B) more than one solution
C) no solution. D) all of these.

3) A function f(x, y) defined in a region D in xy-plane is said to satisfy Lipschitz
condition
in D if for (X, y;) and (X, y,) in D, there exist a positive constant K such that .......

A) If G y2) = FOoy)l < Kly, — w4 B) If(x,y2) — f(x,y1)| =K
C) If (x,¥2) = f e,y =2 Klyz — w4l D) None of these
4) If a function f(x, y) satisfy Lipschitz condition |f (x, y,) — f(x, y.)| < K|y, — y,|
then Kiis called ....... for the function f(x, y).
A) constant B) Lipschitz constant  C) variable D) None of these
5) Every continuous function ...... satisfy Lipschitz condition.
A) may B) must C) may not D) None of these

6) If the function f(Xx, y) is continuous and bounded for all values of x in a domain D and
satisfies Lipschitz’s condition |f(x,y,) — f(x,y,)| < K|y, — y,| for all points in
domain D, then initial value problem Z—z = f(x, y) with y(xo) =yp has ......

A) a unique solution. B) no solution.
C) infinite number of solutions D) None of these

7) If Sis either a rectangle |x — xo| < h, |y — yo| < k (h, k> 0) or astrip

|x — xo| < h,|y| <o (h>0)and f(x, y) is a real valued function defined on S such

that g—}f, exits and continuous on S with |g—;| <KV (x,y) € S for a positive constant K,

then f(x, y) satisfies Lipschitz’s condition on S with ...... constant K.
A) Picard’s B) Non Lipschitz’sC) Lipschitz’s D) None of these
8) A function f(x, y) is said to satisfy Lipschitz condition in a region D in xy plane if
there
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exist a positive constant K such that |f(x,y,) — f (e, y)| <....... whenever the points
(X, y1) and (X, y») both lie in D.

A) K|x; — x5| B) K|y, — x| C) Kly, — | D) None of these
9) If S is defined by the rectangle |x| < a, |y| < b, then the function
f(X, y) = xsiny + ycosx satisfies Lipschitz’s condition with Lipschitz’s constant is ......
A)a B)a-1 Ca+1 D)b
10) If S is defined by the rectangle |x| < 1, |y| < 1, then Lipschitz’s constant is ......
for the function f(x, y) = xy
A)l B) 2 C)3 D) 4
11) If S is defined by the rectangle |x| < a, |y| < b, then Lipschitz’s constant is ......
for the function f(x, y) = x* + y2.

A)b B) a C)2b D) 2a

12) Uniqueness and existence is ...... for the initial value problem Z—i’ =y with y(0) = 0.
A) applicable B) not applicable
C) may or may not applicable D) None of these

13) If ay(x), a1(X) and a,(x) are continuous on an interval (a, b) and ay(x) # 0 V x € (a, b),
then an equation ay(X)y"(x)+ a;(X)y'(X)+ ax(X)y(x) =0 is called ......
A) a second order linear differential equation
B) a first order linear differential equation
C) a third order linear differential equation
D) None of these
14) The Wronskian of y;(x) and y,(x) is denoted by W(y, y,) and is defined as ...

Y1 N 2 Y1 Y2
A) "y, B) "y, C) y! yé| D) None of these
15) The Wronskian of three functions yi(x), y2(x) and ys(x) is W(x) = ......
Yi Y2 Y3 yi Y2 Y3 yi Y2 Y3
A)[yi ¥2 ¥3|B)|¥1 Y2 Y3|C)|¥i Y2 Y3|D)None of these
BN 7O Z S N 72 G 7 S 8 B 0 Z A SN 7

16) Two solutions y;(x) and y,(x) of ag(X)y"(X)+ a;(X)y'(X)+ a,(X)y(x) = 0, ag(x) = 0
V X € (a, b), are linearly dependent if and only if their Wronskian is .......

A) zero B) non zero C)1 D) None of these
17) Two non zero functions f;(x) and f,(x) are linearly dependent iff their Wronskian is...
A) zero B) non zero C)1 D) None of these
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18) Two solutions y;(x) and y,(x) of ag(X)y"(X)+ a;(X)y'(X)+ a,(x)y(x) = 0, ag(x) # 0
V X € (a, b), are linearly independent if and only if their Wronskian is .......
A) zero B)1 C) non zero D) None of these
19) Two non zero functions f,(x) and f,(x) of differential equation are linearly
independent iff their Wronskian is ...

A) non zero B) zero C) non vanishing D) None of these
20) The Wronskian of e™and " is ......
A1l B) 2 C)3 D) None of these
21) The functions e™ and e* are ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these
22) The Wronskian of sinx and cosx is ......
A) -1 B) 0 o)1 D) None of these
23) The functions sinx and cosxare ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these
24) The Wronskian of cosx and sinx is ......
A) -1 B) 0 o)1 D) None of these
25) The functions cosx and sinx are ......
A) Linearly independent B) Linearly dependent and Linearly independent
C) Linearly dependent D) None of these
26) The Wronskian of sin2x and cos2x is ......
A) =2 B) 0 C)2 D) None of these
27) The functions sin2x and cos2xare ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these
28) The Wronskian of sin3x and cos3x is ......
A) 0 B) 3 C) -3 D) None of these
29) The functions sin3x and cos3xare ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these
30) The Wronskian of the functions y; = sinx and y, = sinX — cosx is ......
A) 0 B) 1 C) sin’x D) cos®x

31) The functions y; = sinx and y, = sinx —cosx are ......
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A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these

32) The Wronskian of the functions y; = €* cosx and y, = €*sinx is ......
A) e B) &* C)1 D)0

33) The functions e*cosx and e*sinx are ......
A) Linearly independent B) Linearly dependent and Linearly independent
C) Linearly dependent D) None of these

34) The Wronskian of e*cos3x and e*sin3x is ......
A) 3e* B) 0 C) 3e* D) 2e*

35) The functions e**cos3x and e*sin3x are ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these

36) The Wronskian of e*coshx and e®sinbx (b = 0) is ......
A) ae®™ B) 0 C) be* D) 2be™

37) The functions e*cosbx and e®sinbx (b = 0) are ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these

38) The Wronskian of e and e¥is ......
A) er B) eSx C) eSx D) er

39) The functions e and e*are ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these

40) The Wronskian of the functions x* and x*logx is ......
A) logx B) x* C) x° D) None of these

41) The functions x* and x*logx are ......
A) Linearly independent B) Linearly dependent and Linearly independent
C) Linearly dependent D) None of these

42) The Wronskian of the functions 1, x, X’ is ......
A0 B) 1 C)?2 D) None of these

43) The functions 1, x, x*are ......
A) Linearly dependent B) Linearly dependent and Linearly independent
C) Linearly independent D) None of these

44) The Wronskian of the functions 1, x*, X’ is ......
A) 0 B) 6x° C) 6x° D) None of these

45) The functions 1, X%, X3 are ......
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A) Linearly independent B) Linearly dependent and Linearly independent

C) Linearly dependent D) None of these
46) The Wronskian of the functions x, X%, X’ is ......

A) 0 B) 2x° C) 2x D) None of these
47) The functions x, X3, X3 are ......

A) Linearly dependent B) dependent

C) Linearly independent D) None of these
48) The functions x%, ¥, e* are linearly ...... if x = +2

A) independent B) not dependent

C) dependent D) None of these
49) The functions x%, %, e™ are linearly ...... ifx # +v2

A) independent B) dependent and independent

C) dependent D) None of these
50) The Wronskian of the functions 1+x, x%, 1+2xis ......

A) 0 B) -2 C)2 D) None of these
51) The functions 1+x, x*, 1+2x are linearly ......

A) independent B) dependent and independent

C) dependent D) None of these
52) The Wronskian of the functions x*-x+1, x*-1, 3x*—x-1is ......

A) 0 B) -2 C)2 D) None of these
53) The functions x*-x+1, x>-1, 3x*—x-1 are linearly ......

A) independent B) dependent and independent

C) dependent D) None of these

54) In a method of variation of parameters, A and B are so chosen such that C.F.

y = Au+Bv becomes G.S. of given differential equation is ......
AAZL+BL-0B) uZ+vE =0 C)ul +vZE £ 0D) None of these
dx dx dx dx dx dx

55) C.F. of % +a’y = cosec(ax)isy = ......

A) c.e™ + ce™ B) Acosec(ax)+Bsec(ax)
C) Acos(ax)+Bsin(ax) D) None of these

56) C.F. of y" + a?y = sec(ax)isy=......
A) c.e™ + ce™ B) Acosec(ax)+Bsec(ax)
C) Acos(ax)+Bsin(ax) D) None of these

57) C.F. of% +a’y =sin(ax)isy=......
A) c.e™ + ce™ B) Acosec(ax)+Bsec(ax)
C) Acos(ax)+Bsin(ax) D) None of these
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58) C.F.of y" + 4y = 4tan2x isy = ......

A) cie™ + c e B) Acosec2x + Bsec2x
C) Acos2x +Bsin2x D) None of these

59) C.F.of y"+9y =sec3xisy=......
A) cie¥ + c e B) Acosec3x + Bsec3x
C) Acos3x + Bsin3x D) None of these

60)C.F.ofy"+y—x=0isy=......
A) Acosx + Bsinx B) Acosecx + Bsecx C) c1&”* + 6™ D) None of these
61) C.F.of y"—y =e¥isy=......

A) Acosx + Bsinx B) c; + Coe” C) c1&” + ce™ D) None of these
2

62) C.F.of 3 —y=—"tisy=...

A) Acosx + Bsinx B) c.e* + c,e”™ C)cie* + ¢, D) None of these
63) C.F. of y"—2y' = €’sinxisy=......

A) Acos2x + Bsin2x B) ¢; + c,e* C) c1&* + ce”™ D) None of these
64) C.F.ofy"—3y' + 2y =2isy=......

A) Cie° + 2™  B)cy + ce® C) Acos2x + Bsin2x D) None of these
65) C.F. of y"+ k’y = coskx isy = ......

A) Acoskx + Bsinkx  B) c; + c,e** C) c.e +c,e™ D) None of these
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UNIT-2: SIMULTANEOUS DIFFERENTLAL EQUATIONS

Simultaneous Linear Differential Equation of First Order: The general form of a set
of simultaneous linear differential equation of first order of three variables X, y, z is
P,dx + Q.dy + R;dz = 0 and P,dx + Q.,dy + R,dz =0
where Py, Q1, Ry and P,, Q,, R, are functions of x, vy, z.

Simultaneous Differential Equation: If P, Q, R are the functions of x, vy, z, then
dx _dy _dz

differential equation of the form o= is called simultaneous differential

equation of first order.
Methods of Solving Simultaneous Differential Equation:
Rule-1(A) Method of Combinations:
dx _dy _
P

By taking any two pairs of the three ratios of — = i % in which third variable

is absent or cancelled. Integrating and taking product of these solutions, we get
G.S. of given equation.

Ex.: Solve & = & = &
zy
Solution: Let & =% =2 (1)
zy zXx Xy
be the given simultaneous differential equation.

Taking first two ratios of (i), we have

dx _ dy _ dx _ dy = i} =
o — = = = XdX = ydy = 2xdx - 2ydy =0
Integrating, we get,

X*—y=crie. X —y*-¢,=0...... (ii)

Now taking first and third ratios of (i), we have

dx dz dx dz
zy Xy z x

Integrating, we get,

X -2 =cie.xX*—z—¢c,=0...... (iii)

=~ By (ii) and (iii),

(¢ —y*-c)(X* -z —¢,) = 0.

be the required general solution of given equation.
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d d d
EX.: Solve—x—%=—z
Xz xy
. d d .
Solution: Let & =22 =4 (i)
ZZ

xz2 xy
be the given simultaneous differential equation.
Taking first two ratios of (i), we have

‘Zl—f =X dy = xdx = ydy = 2xdx - 2ydy = 0
Integratlng, we get,

Xy =crie. X —y*-¢,=0...... (ii)

Now taking second and third ratios of (i), we have
ydy _ dz 24, — 52 20\ - 2727 =
= xy=>ydy—zdz=>3ydy 3z°dz=0
Integrating, we get,

v -2=ciey-z-c,=0...... (iii)

=~ By (ii) and (iii),

-y -c)y’—2°—c) =0
be the required general solution of given equation.

d d da
EX.: Solveu:—y:—z
2z y

Solution: Let ﬂ -
2z zx hY%
be the glven simultaneous differential equation.

Taking first two ratios of (i), we have

’3%“ = Z— = x°dx = y’dy = 3x%dx — 3y?dy = 0
Integrating, we get,

X—yi=criexy —c;=0...... (ii)

Now taking first and third ratios of (i), we have
’3%“ = z—z = XX = zdz = 2xdx — 2zdz =
Integrating, we get,
X*—z2?=ciext—2°-c,=0...... (iii)

=~ By (ii) and (iii),

-y -c)(X*—2°—c,) =0
be the required general solution of given equation.
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Ex.: Solve = = 2 = d; (Oct.2019)

—Z
Solution: LetZ = & = & (1)
0 -z y
be the given simultaneous differential equation.

Taking first two ratios of (i), we have
L= 2 gx=0
0 -z

Integrating, we get,

X=cCcil.e.X—¢c;=0...... (i1)
Now taking second and third ratios of (i), we have
dy  dz

— = 7=>~ydy:-zdz=>~2ydy+22dz:0

—Z

Integrating, we get,

V+zZi=cie Yy +7%-c,=0...... (iii)

=~ By (ii) and (iii),

(X-c)(y* +72°—¢2) =0

be the required general solution of given equation.

Ex.: Solve dZ—x = == —
Solution: Let &= & = & (1)
z 0 —-X
be the given simultaneous differential equation.

Taking first two ratios of (i), we have
dz—x = %y = dy=0

Integrating, we get,

y=ciiey—-c;=0...... (i1)

Now taking first and third ratios of (i), we have

dz—x: f—i:xdx:-zdz:>2xdx+22dz:0
Integrating, we get,

X+zZP=cie. X’ +2%-c,=0...... (iii)

=~ By (ii) and (iii),

(y-Cc)(x*+2° =) =0
be the required general solution of given equation.
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Ex.: Solve f—’; = %y =% (Oct.2019)

Z

Solution: LetZ =2 =% ()
—-X 0 z

be the given simultaneous differential equation.

Taking first two ratios of (i), we have

dx EX _
=" =dy—0

Integrating, we get,
y=ciiey—-c=0..... (ii)

Now taking first and third ratios of (i), we have

dx dz dx dz dx dz
—=—$—=——$—+—:0
Z

-x z x z x

Integrating, we get,

logx + logz = logc;, i.e. X2 =Cyi.e. X2-C,=0 ...... (ii1)
=~ By (ii) and (iii),

(Y-c)(Xxz—¢2) =0

be the required general solution of given equation.

Ex.: Solve 2 =& = &
X“Z
. dx —-EX-—-fEL .
Solution: Let—=—=—...... (1)
be the given simultaneous differential equation.
Taking first two ratios of (i), we have
dx EX _
z 0 o W=0

Integrating, we get,
y=ciey—-c;=0...... (ii)
Now taking first and third ratios of (i), we have

:szz :d—;z=>dx=—zdz=>2dx+22dz=0
Integrating, we get,

2X+7Z°=Coi.e. 2X+7°-Cr =0 ...... (iii)
=~ By (ii) and (iii),

(y-c)(@x+2z"—¢) =0
be the required general solution of given equation.
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d d da
Ex.:SolveZ= 2= Z
y 0

Solution: LetZ = & = & (1)
y -X 0

be the given simultaneous differential equation.
Taking first two ratios of (i), we have

‘i/—xz f—z:xdx=—ydy=>2xdx+2ydy=0
Integrating, we get,
XCryr=cie X2 +y-¢=0...... (ii)

Now taking first and third ratios of (i), we have
dx dz

—===dz=0

y 0

Integrating, we get,

Z=Cyi.e.2-C,=0...... (iii)

=~ By (ii) and (iii),

(X*+y*-c)(z—¢) =0
be the required general solution of given equation.

Ex.: Solve C;—x =
Solution: Let &£ = & = £ (1)
x y z
be the given simultaneous differential equation.

Taking first two ratios of (i), we have
ax _ dy
X y
Integrating, we get,
logx =logy + logc, i.e. x =cyyi.e. Xx-ciy=0...... (i1)
Now taking first and third ratios of (i), we have
dz
x  z
Integrating, we get,
logx =logz + logc, i.e. x =Ccyzie. X—Cz=0...... (iii)
=~ By (ii) and (iii),
(X - C1y)(X —Cp2) =0
be the required general solution of given equation.

dx
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Ex.: Solvedx = dy = dz

Solution: Letdx = dy = dz ...... (1)
be the given simultaneous differential equation.
Taking first two ratios of (i), we have
dx = dy
Integrating, we get,
X=y+cle.x—y-c;=0...... (i1)
Now taking first and third ratios of (i), we have
dx = dz
Integrating, we get,
X=Z+Cl.e.X—-2-C,=0...... (iii)
=~ By (ii) and (iii),
(X-y-c)(x-z-¢)=0
be the required general solution of given equation.

Ex.: Solve dx = dy = cosecx dz

Solution: Letdx = dy = cosecx dz ...... (1)
be the given simultaneous differential equation.
Taking first two ratios of (i), we have
dx = dy
Integrating, we get,
X=y+crie.x—-y-¢=0...... (i1)
Now taking first and third ratios of (i), we have
dx = cosecx dz = dz =sinxdx = dz -sinxdx =0
Integrating, we get,
Z+COSX=Cyi.e.Zz+COSX-C,=0...... (111)
=~ By (ii) and (iii),
(x—y-cy)(z+cosx-c,)=0
be the required general solution of given equation.

Ex.: Solve dx = dy = tanx dz (Oct.2019)
Solution: Letdx = dy = tanx dz ...... (1)

be the given simultaneous differential equation.

Taking first two ratios of (i), we have
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dx = dy
Integrating, we get,
X=y+cie.x—-y-¢=0...... (i1)

Now taking first and third ratios of (i), we have
dx = tanx dz = dz = cotx dx

Integrating, we get,

z = logsinx + ¢, i.e. z - logsinx - ¢, =0 ...... (111)
=~ By (ii) and (iii),

(Xx—y-cy)(z-logsinx-c,) =0

be the required general solution of given equation.

d d d
Ex.: Solve — = = = =
anx tany tanz
. dx d d .
Solution: Let = 2 =2 ()
tanx tany tanz

be the given simultaneous differential equation.

Taking first two ratios of (i), we have

d d
= = 2 — cotxdx = cotydy
tanx tany

Integrating, we get,

logsinx = logsiny + logc;

I.e. SINX = ¢4Siny i.e. SiNX - ¢ysiny = 0...... (i1)
Now taking first and third ratios of (i), we have
dx dz

= = cotxdx = cotzdz
tanx tanz

Integrating, we get,

logsinx = logsinz + logc,

I.e. SINX = C,SINZ i.e. SINX — Cpsinz =0 ...... (iii)

=~ By (i) and (iii),

(sinx - c4siny)(sinx — c,sinz) =0

be the required general solution of given equation.
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dx d dz
Ex.: Solve = 2 -
cotx coty cotz

Solution: Let Cdx = 2 -

otx coty " cotz
be the given simultaneous differential equation.

Taking first two ratios of (i), we have
dx dy

ot = oty = tanxdx = tanydy

Integrating, we get,
logsecx = logsecy + logc,

I.e. SECX = C;SeCy i.e. secx - ¢isecy =0...... (i1)
Now taking first and third ratios of (i), we have
dx

d
= 22 — tanxdx = tanzdz
cotx cotz

Integrating, we get,

logsecx = logsecz + logc,

I.6. SECX = C,S€ecz 1.e. SecX — Cysecz=0 ...... (iii)
=~ By (ii) and (iii),

(secx - cqsecy)(secx — c,secz) =0

be the required general solution of given equation.

. dx _dy _ dz
Ex.: Solve ; =z x2y272
. dx _ dy _ dz .
Solution: Let; = e T g (1)

be the given simultaneous differential equation.
Taking first two ratios of (i), we have

z—f = i—f = x°dx = y’dy = 3x%dx — 3y*dy = 0
Integrating, we get,

X*—y’=criex -y’ —c;=0...... (i)

Now taking first and third ratios of (i), we have

‘yl—’zc = xz;lizz = x°dx = z°dz = 3x%dx - 32°dz = 0
Integrating, we get,

X2 +3z =crie X3+ ; -C,=0...... (iii)

~ By (i) and (iii),

C-yP—c) (X + % -Cy) =0
be the required general solution of given equation.
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Rule-1(B) Method of Combinations:

By taking one pair of ratios of —x %y = ZZin which third variable is absent or

cancelled, solving it we get one solutlon and using this solution we eliminate third
variable from another pair of ratios and solve it which contain two constants c; and
C, . In this solution put the value of first constant c;, we get G.S. of given
simultaneous differential equation.

d a
Ex.: Solve — = = = ==
y z+y
. d a
Solution: Let— = 2 = — . (i)
y z+y

be the given simultaneous differential equation.
Taking second and third ratios of (i) in which third variable X is absent, we have

dyy ny = zdy + y*dy = ydz = y?dy = ydz — zdy
:@“W“”%:@—dm=me)@

Integrating, we get,
Leytaiez=y oy ... (i)

Now taking first and second ratios of (i), we have
d_x dy dx dy

=D& Dy i)

x+z y x+y?% +c1y y
= ydx = xdy+y2dy + c,ydy

ydx xdy

= ydx — xdy = y2dy + ¢;ydy = X" =dy + 2 dy

= d(—) dy + = dy

Integrating, we get,

§= y +cilogy + ¢,

i.e.x =y*+ c;ylogy + Coy

ie.x =y*+(z-y)logy + coy by (ii)

be the required general solution of given equation.
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Ex.:Solve &= &= & _ (Oct.2019)
xy y ZXy—2X
ion: Let® = &¥_ _ % :
Solution: Let o 3 Ty (1)

be the given simultaneous differential equation.

Taking first and second ratios of (i) in which third variable z is absent, we have
dx dy dx dy

_— s — = =

xy  y? x y

Integrating, we get,

logx = logy + logcii.e.X=cCyy...... (i1)

Now taking second and third ratios of (i), we have

d dz d dz ..
B S E———
y2 zxy—2x2 y2 €1Zy2%—2c,2y?
dz
=dy = ———
y c1(z—2¢q)

Integrating, we get,
1
y=,109(z - 2¢1) + ¢,

ie y= % log(z — zg) + ¢y by (ii)

VZ—2Xx

i.e. xy = ylog( ) + CoX

be the required general solution of given equation.

d d d
Ex;Solve == X = =
— xy y2 Xyz—zx?2
. d d d .
Solution: Let == &= —~_ . (i)
xy y2 XyzZ—zx>2

be the given simultaneous differential equation.

Taking first and second ratios of (i) in which third variable z is absent, we have
dx dy dx dy

_—, = — = =

xy  y? x y

Integrating, we get,

logx = logy + logciie.x=cCyy ...... (i1)

Now taking second and third ratios of (i), we have

dy dz dy dz ..
el e o T ——
y2 XyzZ—2zx>2 y2 Cc1Y2z—zc,2y2 by (“)
=dy= —Z
Y= (c1—c1?)z

Integrating, we get,

= logz + ¢
Y (c1—c1?) g 2
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1
X X 2
[;—(;) ]
y2
(xy—x?)
be the required general solution of given equation.

le.y= logz + ¢, by (i)

le.y= logz + ¢,

d d d
Ex.: Solve .. B—
1 3 5z+tan(y—3x)
. d d a .
Solution: LetZ =2 = % (i)
1 3 5z+tan(y—3x)

be the given simultaneous differential equation.

Taking first and second ratios of (i) in which third variable z is absent, we have
& = & — gy = 3dx
1 3

Integrating, we get,
y=3x+cCii.e.y—3X=Cy...... (i)

Now taking first and third ratios of (i), we have
d_x _ dz dz

= L dx= by (ii)

1 5z+tan(y—3x) 5z+tancy

Integrating, we get,
X = % log(5z + tanc,) + ¢,

i.e. 5x = log[5z + tan(y — 3x)] + 5c; by (ii)
be the required general solution of given equation.

- dx _ 4y _ 4z

Ex.: Solve = X T 5w
. dx d_y _ dz .
Solution: Let T X T HEw (1)

be the given simultaneous differential equation.
Taking first and second ratios of (i) in which third variable z is absent, we have

d_x
y
Integrating, we get,

XX—y*=¢Cp...... (ii)

= C;—y=>xdx=ydy=>2xdx—2ydy=0
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Now taking first and third ratios of (i), we have

dx dz ..
S = w7 = xdx = > by (ii)

Integrating, we get,

x? _ 1
—=——+c,
2 C1z

e =1 _4c, byl

2 z(x?-y?)

be the required general solution of given equation.

d d d
Ex.:Solve == 2= ——~ _
z -z z%+(x+y)?
ion- ax _ dy _ _ az ;
Solution: Let— = — = pravewerRIT (1)

be the given simultaneous differential equation.

Taking first and second ratios of (i) in which third variable z is absent, we have

&= f—i:dx:-dy:dx+dy20

zZ

Integrating, we get,

X+y=Ci...... (11)

Now taking first and third ratios of (i), we have
dx dz 2zdz ..

z z24+(x+y)? = 2dx = z24¢,2 by (“)

Integrating, we get,
2x =log(z? + ¢;2)+ ¢,
i.e. 2x =log[z? + (x + y)?]+ ¢, by (ii)

be the required general solution of given equation.

d d d
Ex.: Solve — = =L = z
x+y x+y -X-y—2z
. d d d )
Solution: Let — = 2~ = —2~ _ (i)
x+y x+y -X-y—2z

be the given simultaneous differential equation.

Taking first and second ratios of (i) in which third variable z is absent, we have

dx d
—~ = X = dx=dy
x+y x+y

Integrating, we get,
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X=y+C...... (11)
Now taking second and third ratios of (i), we have
d d d d ..
i = S by (i)
y xX—-y—2z y+cty y—Cc1—y—-2z
dy dz
2y +c¢q o —2y—c1—2z

= -2ydy-c,dy-2zdy = 2ydz+c,dz

= 2ydy+c;dy+2zdy + 2ydz+c;dz =0

= dy® +c,d(y + z)+2d(yz) = 0

Integrating, we get,

Yy +e (y + 2)+2yz= ¢

ey’ +(x — y)(y + 2)+2yz = ¢, by (ii)

be the required general solution of given equation.

Rule-11: Method of Multipliers:
L et dx _ dy _ dz

7o R (1) be the given simultaneous differential equation.
If possible there exists a multipliers I, m, n which are functions of x or constants
such that IP+mQ+nR = 0, then Ge_dy _ dz_ ldximdy+ndz

P Q R IP+mQ+nR
Now IP+mQ+nR =0 = ldx + mdy + ndz =0
Integrating we get a solution say

O(X,y,2)=ciie. O(X,y,2)-¢c,=0 ... (ii)
Again choose multipliers 13, m;, n; which are functions of x or constants such that

dx _dy _ dz _ Ldx+mydy+n,d
LP+mQ+mnR =0then—=== = Z -1V

P 0 R~ 1,P+m;Q+n,R
and ,P+m;Q+n,R =0=[;dx+mydy +n,dz=0
Integrating we get a solution say

Y(x,y,z)=crie y(X,y,z)-C,=0 ... (ii1)
By (ii) and (iii), the G.S. of (i) is

[B(X,Y,2) -ci][ w(X,y,2)-c] =0

Ex.: Solve 2 = & = (Oct.2019)
zZ—y X—z y—x
Solution: Let - = & = 42 (i)
zZ—y X—z y—x

be the given simultaneous differential equation.
Taking multipliers 1, 1, 1, we get,
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. dxrdyrdz_ dxrdy+d
Each Ratio of () = — = =—"— = =——

= dx+dy+dz=0
Integrating, we get,
X+y+z=c¢p

le.Xx+y+z-c;=0...... (i1)

Again by taking multipliers X, y, z, we get,

Each Ratio of (I) _ xdx+ydy+zdz - xdx+ydy+zdz
XZ—XYy+YyX—yzZ+zZy—zx 0

= xdx + ydy + zdz =0

= 2xdx + 2ydy + 2zdz =0

Integrating, we get,

X +y +7° =,

e x2+y*+z°-c,=0...... (iii)

By (ii) and (iii),
(X+y+z-c)(X* +y +2°-¢) =0

be the required general solution of given equation.

EXx.: Solve

xo-2)  y@x 2y
dx dy dz

x(y-2z)  ¥(@E-x)  z(x-y)

be the given simultaneous differential equation.

Taking multipliers 1, 1, 1, we get,

Solution: Let

Each Ratio of (I) = x(y—z)c-ii-};:i,:)d:z(x—y) = xy—xzix;z(iyy-l;cd-l-zzx—zy = dX-'-doy-'-dZ
= dx+dy+dz=0

Integrating, we get,

X+y+z=¢

le.X+y+z-¢,=0...... (i1)

. . . s 111
Again by taking multipliers 37 we get,
ldx+1dy+1dz ldx+ldy+1dz
X y Z —_ X y Z

(y-2)+(z-x)+(x-y) 0

Each Ratio of (i) =
=>§dx+§dy+§dz=0

Integrating, we get,
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logx + logy + logz = logc,

I.e. XyZ = C;

I.e.Xyz-c,=0...... (i)

By (ii) and (iii),

(X+y+2z-c)(Xyz-c2) =0

be the required general solution of given equation.

. dx . dy . dz
Ex.: Solve 0T~ @ 16D
. dx _ dy _ dz .
Solution: Let ooy sl SR (1)

be the given simultaneous differential equation.

Taking multipliers X, y, z, we get,

: : dx+ydy+zd dx+ydy+zd
Each Ratio of (i) = Xy Cyrac — xdx+ydy+zdz

x2y2—x22z2-y2z2-y2x2+z2x2422%y? 0
= xdx +ydy +zdz=0
= 2xdx + 2ydy + 2zdz =0
Integrating, we get,

X +y +2°=¢
e x2+y*+z2%-¢c;=0...... (ii)

Again by taking multipliers i — i — i we get,

Each Ratio of (i idx—%dy—%dz idx—idy—idz
ach Ratio of (1) = =
(M) y2-z24224x2—x2-y? 0

zidx—%dy—idz=0=>§dx=$dy+§dz
Integrating, we get,

logx = logy + logz + logc,

I.e. X = Cpyz

I.e.X-Cyz=0...... (ii1)

By (i) and (iii),

O+ Yy +Z°-c)(x-Cyz) =0

be the required general solution of given equation.
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. dx dy . dz
Ex.: Solve 0D = Soris 2
. dx _ dy _ dz .
Solution: Let 0D - s s (1)

be the given simultaneous differential equation.
Taking multipliers X, y, -1, we get,

Fach Ratio f () = 12t sttt
= xdx +ydy —dz=0

= 2xdx + 2ydy — 2dz =0

Integrating, we get,

XC+yr—2z=¢

ie. X2 +y*—2z2—0¢,=0...... (ii)

'
VA

Again by taking multipliers i i 2, we get,

. . idx+ldy+%dz idx+1dy+%dz
Each Ratio of (i) = Y = -
y2+z-x2-z+x%2-y? 0

=>§dx+$dy+§dz:o

Integrating, we get,

logx + logy + logz = logc,

I.e. Xyz = C,

.e.xyz-C,=0...... (iii)

By (ii) and (iii),

(X +y* =2z —c)(xyz-¢2) =0

be the required general solution of given equation.

y-z Z—x x—-y
. d d d .
Solution: Let = = Z22¥ - 222 (i)

y—z zZ—x x=y

be the given simultaneous differential equation.
Taking multipliers 1, 1, 1, we get,

Each Ratio of (I) — yzdx+zxdy+xydz _ d(xyz)

y—zZ+zZ—x+x-y 0

= d(xyz) =0
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Integrating, we get,

XyZ = C;

l.e.Xyz-c;=0...... (i1)

Again by taking multipliers x, y, z, we get,

Each Ratio of (i) = ~X2&xtxyzdytayzdzs _ xyzd(xty+z)

XY —XZ+YZ—-yxX+zZx—2zy 0
= xyzd(x+y+2)=0
=dx+y+z)=0
Integrating, we get,
X+y+z=cC;
l.e.X+y+2z-c,=0...(iii)
By (ii) and (iii),
(Xyz-c)(x+y+z-c) =0
be the required general solution of given equation.

adx bdy cdz
bc(y—2z) ca(z—x) a ab(x-y)

adx _ bdy cdz
bc(y—2z) - ca(z—x) o ab(x-y)
be the given simultaneous differential equation.
Taking multipliers, a, b, ¢, we get,

Each Ratio of (i) =

m
X
w
=
<
D
I

I

Solution: Let

a?dx+b?dy+c?dz _ a?dx+b?dy+c?dz
abc(y—z+z—x+x-y) 0

= a®dx + b2dy + ¢?dz=0

Integrating, we get,

a’x + by + c?z=c;
ie.a’x+b%y+c?z-¢,=0...... (ii)

Again by taking multipliers ax, by, cz, we get,

. . a’xdx+b?ydy+c?zdz a’xdx+b?ydy+c?zdz
Each Ratio of (i) = 2y = Yoy
abc(xy—xz+yz—yx+zx—zy) 0

= a’xdx + b%ydy + c?zdz =0

= a?2xdx + b?2ydy + c*2zdz =0
Integrating, we get,

a’x? + b%y? + c?z%=¢,

i.e. a’x? + b%y? + c2z%2 - ¢, =0 ...(iii)
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By (ii) and (iii),
(a®x + b%y + c?z - ¢))(a?x? + b%y? + c%?z2%-¢,) =0
be the required general solution of given equation.

. adx bdy cdz
Ex.: Solve yz(b—c)  zx(c—a)  xy(a-b)
. d bd d .
Solution: Let ——— = —=2 = £ _ . (i)

yz(b—c) - zx(c—a) o xy(a—b)
be the given simultaneous differential equation.
Taking multipliers x, y, z, we get,

: - axdx+bydy+czd axdx+bydy+czd
Each Ratio of (i) == xtbydy+czdz _ axdx+bydy+czdz

xyz(b—c+c—a+a—-b) B 0
= axdx + bydy + czdz =0

= 2axdx + 2bydy + 2czdz =0

Integrating, we get,

ax? + by? +cz?=¢,

i.e.ax?+by? +cz?-¢,=0...... (ii)
Again by taking multipliers ax, by, cz, we get,
a’xdx+b?ydy+c?zdz _ a?xdx+b?ydy+c?zdz

Each Ratio of (i) ==

xyz(ab—ac+bc—ba+ca—cb) B 0
= a?xdx + b%ydy + c?zdz =0

= a?2xdx + b?2ydy + ¢?2zdz =0

Integrating, we get,

a’x? + b%y? + c?z? =¢,

i.e.a?x? + b%y? + c%z% - ¢, =0 ...(iii)

By (ii) and (iii),

(ax? + by? + cz?- ¢))(a’x? + b%y? + ¢?z%-¢cy) =0

be the required general solution of given equation.

Rule-111: Properties of Ratios:
Let &=2 = % ... (1) be the given simultaneous differential equation.

P Q

If there does not exists a multipliers I, m, n such that IP+mQ+nR =0,
then choose the multipliers Py, Q;, Ry and P, Q, R,

such that d(P;P+ Q:Q+ R;R) = P,dx+ Q,dy+ R;dz

and d(P,P+ Q,Q+ R;R) = P,dx+ Q,dy+ R,dz, then we have
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dx _dy _ dz _ Pidx+Q dy+R,dz _ P,dx+Q,dy+R,dz
P Q R P;P+Q:Q+R{R P,P+Q,Q+R;R
Taking any two pairs of suitable ratios, we get solutions say
B(X,y,2)-¢c,=0... (i) and y(X, y, z) - C, =0 ... (iii)
By (ii) and (iii), the G.S. of (i) is
[B(X, Y, 2) - C1][w(X, Y, Z) = C2] = 0

dx d dz
Ex.: Solve = - 2z
x2—y2—z2 2xy 2xz
. dx da dz .
Solution: Let =2 === . (i)
x2—y2—z2 2xy 2xz

be the given simultaneous differential equation.
Taking second and third ratios of (i), we have
dy dz dy dz

—_—— e == —

2xy 2xz y z

Integrating, we get,

logy = logz + logc,

l.e.y=c¢yz

l.e.y-cz=0...... (i1)

Now by taking multipliers x, y, z, we get,

] . xdx+ydy+zdz xdx+ydy+zdz xdx+ydy+zdz
Each Ratio of (i) = 5———— 2~ =TV 2 22
x3—xy2—xz2+42xy2+2xz x3+xyZ+xz2 x(x2+y2+z2)
dx __dy _ dz _ xdx+ydy+zdz (iii)
x2-y2-2z2  2xy  2xz  x(x2+y2+z2) T

Taking second and fourth ratios of (iii), we have,
dy _ xdx+ydy+zdz
2xy  x(x2+y2+z2)

dy_ 2xdx+2ydy+2zdz

y (x%+y?+2?)

dy_ d(x2+y?+z?)

y  (x*+y?+z?)
Integrating, we get,
logy = log(x? + y? + z?) + logc,
ie.y=c, (X*+y*+79)
iey-c(C+y +2z9)=0...... (iv)
By (ii) and (iv),
(V- C2ly-c (X +y* +2)]=0
be the required general solution of given equation.
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. dx _ dy _ dz
Ex.: Solve proe il il
Solution: Let—2— = -2 = % _ (i)

z(x+y)  z(x—y)  x2+y2
be the given simultaneous differential equation.

Taking first and second ratios of (i), we have
dx dy dx dy

200) | 2G-y) G G-y

= xdx — ydx = xdy + ydy

= xdx — ydx — xdy —ydy =0

= 2xdx — 2ydx — 2xdy — 2ydy =0
= d(x?—-2xy—y?) =0

Integrating, we get,
x2=2xy—y?=qc

Now by taking multipliers x, -y, -z, we get,

: - dx—ydy—zd dx—ydy—zd
Each Ratio of (i) = xexoydy—zcz _ xdx-ydy-zdz

X2Z+XyZ—Xyz+y2z—2zx%—2y? B 0
xdx —ydy —zdz =0

= 2xdx — 2ydy — 2zdz = 0
=dx?—-y2-2%)=0

Integrating, we get,

x2—y?—z%=¢,

ie.x?2—y2—2z2—0c,=0...... (iii)

By (ii) and (iii),

(x?2 =2xy—y?-c))(x2—y?—2z%2—-0¢y) =0

be the required general solution of given equation.

. d d d .
Solution: Let— = X = = | (i)
y+z Z+x x+y

be the given simultaneous differential equation.
By taking multipliers 1, 1, 1, we get,

: . dx+dy-+d

Each Ratio of (i) = ————
y+z+z+x+x+Yy

: : . dx+dy+d
i.e. Each Ratio of (i) = ———
2x+2y+2z
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i.e. Each Ratio of (i) = S8+
2(x+y+z)
Again by taking multipliers 1, -1, 0 and 0, 1, -1 we get,
dx—dy+0 _ 0+dy-—dz

Each Ratio of (i) = 5

+z—-z—x+0 B 0+z+x—x-y
dx—dy _ dy-—dz

i.e. Each Ratio of (i) =

y-x z-y
. . o d(x4y+ dx—dy  dx—d
i.e. Each Ratio of (j) = S5+ _ dx=dy _ dxzdz
2(x+y+z) y—x zZ—Xx

dx—dy _ dy—-dz

y-x  z-y
dx-y) _d(y-z)
x-y)  (-2)

Integrating, we get,

log(x-y) = log(y-z) + logc,
i.e. (x-y) = ci(y-2)
i.e. (x-y) —ci(y-2)=0...... (i)

. . d(x+y+ dx-d
Again consider 2&+Y*2) _ dx=dy
2(x+y+2z) y—x

d(x+y+z) —_9 d(x-y)

Consider

(x+y+2) (x-y)
d(x+y+2z) + d(x-y) -0
(x+y+2) (x=y)

Integrating, we get,

log(x+y+2z)+2log(x—y) = logc,

i.e. (Xty+z)(x-y)’ = ¢,

i.e. (x+y+z)(x-y)*—c,=0...... (iii)

By (ii) and (iii),

[(¢-Y) — Ca(y-2)][(x+y+2)(x-y)* — ;] = 0

be the required general solution of given equation.

dx da dz
Ex.: Solve = —2 =
y2+yz+z2 z24zx+x? x2+xy+y?
. dx d dz .
Solution: Let = =_= _ (i)
y2+yz+z2 zZ+zx+x2 x2+xy+y?

be the given simultaneous differential equation.
By taking multipliers as -1, 1, 0; 0, -1, 1 and -1, O, 1, we have,

. . dy—dx dz—-dy dz—dx
Each Ratio of (i) = = =
ach Ratio of (i) z24zx+x?%-y?-yz—z? x?+xy+y?-z?-zx—-x? x2+xy+y?-y?-yz-z?
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- . . dy-d dz—d dz—d
i.e. Each Ratio of () = ————=——2 - =%
zx+x2—y2-yz xy+y2-z2-zx x2+xy-yz—z2
. . . dy—dx dz—-dy dz—dx
I.e. Each Ratio of (i) = = =
(1) (=) (x+y)+z(x-y) x(y-2)+y-2)(y+z) (x-z)(x+2)+y(x—-2)
dy—dx _ dz—-dy _ dz—-dx

I.e. Bach Ratio of (i) = (x-Y)(x+y+2)  (y-2)(x+y+z)  (x-2)(x+y+2)
dy—dx _ dz—-dy

(x-y)(x+y+z)  (y-2)(x+y+2)
dy-x _ d@z-y)
v-x) (z-¥y)

Integrating, we get,

log(y—x) = log(z-y) + logc,

.e. (y—X) = c1(z-y)

I.e. (y—X) — ci(z-y)=0...... (i1)

. ) dy—dx _ dz—dx
Again consider o) tyi2) - D) iytD)

d(y—x) - d(z—x)
y—x) (z—x)
Integrating, we get,
log(y—x) = log(z—x) + logc;
I.e. (Y—X) = Cy(z—X)
I.e. (y—X) — C(zx)=0...... (ii1)
By (ii) and (iii),
[(y—X) — Co(z-y)][(y—X) — c2(z-x)] = O
be the required general solution of given equation.

Consider

1) If P, Q, R are the functions of x, y, z, then differential equation of the form

%x = %y = % iscalled ...... differential equation of first order.
[A]linear [B] simultaneous [C] homogeneous [D] None of these
2) Solution of‘i)—x = C_l—z = % IS......
[A] (x—C1)(y*+2°—¢;) = 0 [B] (y—c1)(X*+2°¢;) = 0
[C] (z—C1)(x*+y* ;) = 0 [D] (x—¢1)(y*~2*-c;) =0
3) Solution ofdz—x = %y = f—i iS......
[A] (x-c1)(y*+2*-c;) = 0 [B] (y—C1)(x*+2°—c2) = 0
[C] (z—C1)(x*+y*—;) = 0 [D] (x—c1)(y*-2*-c;) =0
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4) Solution off—z = dTy = % IS......
[A] (x—C1)(y+z—C;) =0 [B] (y—C1)(X+z—Cz) =0
[C] (y—C1)(xz—C2) =0 [D] (x-c1)(yz—c2) =0
5) Solution of% = %y = % IS......
[A] (x—C1)(2y+2°—¢,) = 0 [B] (y—C1)(2x-2-C) = 0
[C] (z—C1)(X*+y*~C2) = 0 [D] (y—C1)(2x+2°~¢) = 0
6) Solution ofdy—x = ‘_i—i = % IS......
[A] (*+y*—c1)(z—¢;) =0 [B] (x*y*—¢1)(z—¢;) =0
[C] (x+y—c1)(z—C5) =0 [D] (X*+y*~¢1)(z—¢,) =0

7) Taking first and second ratios of simultaneous D.E. dx = dy = dz,
the solution is......
[Al(x-y)y+2z)=c [Bly-z=c
[Clx-y=c [D] (x+2y)y +2)=c
8) Taking second and third ratios of simultaneous D.E. dx = dy = dz,
the solution is......
[Al(x-y)y+z)=c [Bly-z=c
[CIx-y=c [D] (x+2y)y +2)=c
9) Taking first and third ratios of simultaneous D.E. dx = dy = dz,
the solution is......

[A]x—z=cC [Bly-z=c
[C]x-y=cC [D]x+z=c
10) Solution of dx =dy = dzis......
[A](X-y-c))(Xx-2-¢;) =0 [BI(x+y-ci)(x—z—-¢2)=0

[CIX—y-C)(X+z-C)=0 [ D] (x+y-c))(x+z-cy) =0

11) Taking first and second ratios of simultaneous D.E. ‘i—x =&

y z’
the solution is......
[A] x=cy [B] x+ty=c [C]x-y=c [DIxy=c
12) Taking second and third ratios of simultaneous D.E. % = dy—y = %,

the solution is......
[Alyz=c [Bly+z=c [Cly-z=c [D]ly=cz

13) Taking first and third ratios of simultaneous D.E. % = dy—y = %,
the solution is......
[Al xz=c [B] x=cz [Cl]x—-z=c [D]x+z=c
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14) Solution of % = ‘i}—y = % IS......
[A] (X —cy)(X —€22) =0 [B] (X +cry)(x—C22) =0
[C] (X —cay)(X +C22) =0 [D] (X + cay)(X + C22) =0

15) Taking first and second ratios of simultaneous D.E. & :
vz zXx Xy

the solution is......
[A] X* =y [BIxX*-y*=c [C]x*-3y’=c [D]4x*=5y
16) Taking first and third ratios of simultaneous D.E. & :
vz zZXx xy
the solution is......
[A]X*-Z°=c [B]X*+Zz°=0 [C]x*-32°=0 [D]x*=5z*+2
dx dy _ E

17) Taking second and third ratios of simultaneous D.E. — = — :
vz zx Xy

the solution is......
[A]y?— Z2—c=0[B] X*-Z*=0 [C]x*-3z°=c  [D] None of these

. d d .
18) Solution of = =2 =Zjs. ...
yz  zx Xy

[A] (X* +y? —c)(X* — 2~ ) = 0 [B] (X —y*—c)(x* + 2" —cp) =0
[C] (X2 - y2 - Cl)(X2 -7~ C) =0 [DO] (X2 + y2 - Cl)(X2 +2° - c2) =0
19) Taking first and second ratios of simultaneous differential equation ;%C = % = % :
the solution is ......
[A]x*+2y°=c [B]X*-y’=c [C]xX*+4y’=c [D]2x*+3y’=c
20) Taking first and third ratios of simultaneous D.E. ;%C = Z—Z = % :

the solution is ......

[A]X*+Z°=¢c [B]X*-Z°= [C]x*+3y*=c [D]4x*+5y*=c
. xdx dy daz .
21) Solution of E = o = ? 1S ......

[A] -y’ -c)(x*-2"—¢y) =0 [B] (< +y°-c)(X*-2°—¢,) =0
[C](X*-y*-c)(x* + 2~ ) =0 [D] (¢° +y*-c)(X* + 2"~ ¢2) = 0
22) Taking first and second ratio of simultaneous differential equation

X _ L thesolutionis ......
1 2 5z+tan(y—2x)
[A]xy=c¢ [B]xX*+z°=c [C]x=2y+c [D]y=2x+c
23) Taking first and second ratio of simultaneous differential equation
dx dy dz . .
— = —=————— thesolutionis ......
1 3 5z+tan(y—3x)
[A] y-3x-c; =0 [B] y+3x-c;=0 [C]x-3y-c;=0 [D] x+3y-c; =0

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND KAL ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 24



MTH-402(#): DIFFERENTLAL EQUATIONS

24) Taking first and second ratios of simultaneous D.E. tdx =& 4

anx  tany tanz'

the solution is......

[A] sinx —csiny =0 [B] sinx —csinz =0
[C] sinx + csiny =0 [D] siny —csinz=0
dx dy dz

25) Taking first and third ratios of simultaneous D.E. = = :
tanx tany tanz

the solution is......

[A] sinx —csiny =0 [B] sinx —csinz =0
[C] sinx + csiny =0 [D] siny —csinz=0
dx dy dz

26) Taking second and third ratios of simultaneous D.E. = = :
tanx tany tanz

the solution is......

[A] sinx —csiny =0 [B] sinx —csinz =0
[C] sinx + csiny =0 [D] siny —csinz=0
27) Solution of 2 = 2 = % 5
tanx tany tanz

[A] (sinx + csiny)( sinx —csinz) =0 [B] (sinx — csiny)( sinx + ¢sinz) =0

[C] (sinx — csiny)( sinx —csinz) =0  [D] (sinx + csiny)( sinx + csinz) =0

28) Taking first and second ratios of simultaneous D.E. > _ b _ ,
cotx coty cotz

the solution is......
[A] secx — csecy =0 [B] secx —csecz =0

[C] secy —csecz =0 [D] secx + csecy =0

29) Taking first and third ratios of simultaneous D.E. > _ b _ ,
cotx coty cotz

the solution is......
[A] secx —csecy =0 [B] secx — csecz =0

[C] secy —csecz =0 [D] secx + csecy =0

30) Taking second and third ratios of simultaneous D.E. =% = 2% = %2
cotx coty  cotz

the solution is......

[A] secx — csecy =0 [B] secx —csecz =0
[C] secy —csecz =0 [D] secx + csecy =0
31) Solution of £ = 2 = % jg
cotx coty cotz

[A] (secx — csecy)(secx — csecz) =0 [B] (secx + csecy)(secx — csecz) =0
[C] (secx — csecy)(secx + csecz) =0 [D] (secx + csecy)(secx + csecz) =0
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32) Solution of dx = dy = cosecxdz is......
[A] (x +y—cy)(z+cosx—cp) =0 [B] (X —y—c1)(z+cosx—cy)=0
[C](X—y—cy)(z—cosx—cCy) =0 [D] (x +y—cy)(z—cosx—c¢p) =0

33) Taking first and second ratios of simultaneous D.E. U;—x =% az

x  xyz2(x2-y?)’
the solution is......
[A]X*-y’=c [B] x*+y* =c [C]x=cy [Dlx-y=c
dx dy _ dz

34) Taking first and second ratios of simultaneous D.E. — = — = ——,
z -z  zZ%+(x+y)?

the solution is......

[A]X*-y*=c  [B]X+y’=c [C]x =cy [D]Xx+y=c
35) Taking first and second ratios of simultaneous D.E. > _ Wy _ % ,
x+y x+y —-X—-y—2z

the solution is......

[Alx-y=c [Blx+y=¢ [C]x=cy [DIxy=c
36) Taking first and second ratios of simultaneous D.E. & = d—f = LZ :
Xy y ZXy—2Xx
the solution is......
[A] xy = ¢ [B] X*+z°=c¢ [C]x-y=c [D] xly =c¢
dx _dy _ dz

37) Taking first and second ratios of simultaneous D.E.

y2  x2  x2y2z2’
the solution is......
[A]X*+y*=c [B]x*-y’=c¢ [C]X*+y’=c [D]X¥-y’=c

38) Taking second and third ratios of simultaneous D.E. zdx - = o o4z
x“+2y -Xy Xz
the solution is......
[Alyz=c [B]xz=c [Clxy=c [Dly-z=c
dx _dy E

39) Taking second and third ratios of simultaneous D.E. "

2_y2_72 " 2xy  2xz'

the solution is......
[Alyz=c [B]xz=c [Cly=cz [Dly-z=c
40) Taking first and second ratios of simultaneous D.E. ‘;—x =Y _ dz

y z—ax2+y2+z2"’

the solution is......

[Al xty =¢ [Blxy=c [Clx=cy [DIx-y=c
41) The solution of simultaneous differential equation %x = %y =dzIs......

[A] (X —ay —ci)(y +z—¢2) =0 [B] (x+ay—ci)(y—z-¢;) =0

[Cl(x-y-ci)(y—az—cp) =0 [D] (x +ay —ci)(y +az—cp) =0
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42) The solution set of ‘i—x = i—y = % IS......
[Alxy =Cy,yz=C; [B] x=Cuy,y=Cyz
[C]x=Cyitz,y=Cyz [D]y =Ciz,y = Cotx
43) The solution set of ‘;—x = i—y = % IS......

[A]xz—y2=C1andx+y=sz [B] X* +y*=C,and x -y = C,z
[C]X* +Z*=C,, x+y+ z2=C,z [D] None of these

44) The solution set of — = j—i’ — is ......

[A] x> —y? = Clandx—z —02 [B] X* +y*=C,and x* —z° = C,
[C]x+y+z=C,andx*+2z*=C, [D] None of these

45) The solution set of dz—x = %y = f—i IS......
[A] X*+y*=Cyandy =C, [Bly=Ciand x* + 2= C,
[C]X*+Z*=C,and z= C, [D] None of these
46) The solution set of == = & = %% j5
y+z  z+x  x+y

[A] y—X = Cy(z-y) and (x-y)*(x+y+2)= C,
[B] x+y = Cy(y+2) and (x-y)*(x+y+2)= C,
[C] y-z = Cy(x-y) and (x+y)*(x+y-z)= C,
[D] x-y = Cy(y-2) and (x+y+z)= C(x-y)’

G _dy_dr_ s _
AN If — = QR prmoinR then A= ......
A ldx + mdy + ndz B] mdx + ldy + ndz
[ y y
C] ldx —mdy + ndz D] ldx + mdy — ndz
[ y y
48) If %z%z%zw,menA: ......
[A] xP + yQ + zR [B] xP — yQ + zR
[C] xP + yQ — zR [D] yP — xQ + zR
49) Set of multipliers used to solve simultaneous D.E. 25 = 2 = % 4pe
zZ-y  X—-z @ y—X
[A]1,1,0and -, 1,§ [B]1,1,1andx,Yy, z
[C]1,0,1and X, Yy, -z [D]1,1,0andx, -y, -z
50) Set of multipliers used to solve simultaneous D.E. —=2— = 2 = _% e
x(y-z) y(z-x) z(x-y)
[A]111ano|111 [B]0,1,1and X, Yy, z
[C]1,0,1and X, Y, -z [D]1,1,0andx, -y, -z
51) Set of multipliers used to solve simultaneous D.E. 222 = 24 _ W&z o0
y—z zZ—x x—y
[A]1,0,1and -, 15 [B]1,1,1and X, Yy, z
[C] 1,0, landx Y, -Z [D]1,1,0andx, -y, -z
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adx bdy cdz

52) Set of multipliers used to solve simultaneous D.E. = = are ...
bc(y-2z) ca(z—x) ab(x-y)
[A]1,1,1and % %, % [B] a, -b, -cand X, vy, z
[C] a, b, c and ax, by, cz [D] a, b, -cand x, -y, -z
53) Set of multipliers used to solve simultaneous D.E. —2& = 29— _ <2 .. |
(b—-0)yz (c—a)zx (a—b)xy
[A]1, 1, 1and % % % [B] X, y, z and ax, by, cz
[C] a, b, c and ax, -by, cz [D] a, b, -cand x, -y, -z
.- . dx . dy _ dz
54) Set of multipliers used to solve simultaneous D.E. 0D @ 1)
are ...
[A]1,1,1and X, -y, Z [B]1,0,1and Xx,y, -z
[C]-1,0,1and x, -y, -z [D] %, y, z and i — % —i
55) Set of multipliers used to solve simultaneous D.E. —2— = - = _% a0
z(x+y)  z(x-y) x%+y2
[Al X, y, -zand X, -y, -z [B] -X,y, zand X, -y, -z
[C]ly, X, -zand X, -y, -z [D]y, x,zand X, y, -z
. - . dx _ dy _ dz
56) Set of multipliers used to solve simultaneous D.E. D - et 27
are ...
[A] i % i and x, y, -1 [B]x,y,zand 1, v, z
[C]1,1,1and X, Y,z [D] None of these
dx dy dz

57) Set of multipliers used to solve simultaneous D.E.

x(2yt-z%)  y(@t-2xh)  z(xt—y)

are ...
[A] i % % and 3, y*, 2° [B] X%, ¥, Z°and 1,y, z
[C]1,1, 1and X} y* Z* [D] None of these

. . . d d d
58) Set of multipliers used to solve simultaneous D.E. —— = —— = 2
mz—ny nx—lz ly—-mx

are ...
[A]l X, y,-zand 1,0,0 [B]-X,y,zand I, -m, -n
[Cly,x,-zand 1,1, 1 [D] x,y,zand I, m, n

59) If we use multipliers 1, 1, 0 to solve simultaneous D.E. -2 = &£ = &2
1+y 1+x z

then each ratio=......

dx+dz dx+dy dx+dy dx+dy
[Al 2+x+z [B] 1+x+y [C] 2ty (D] 2+x+y
dx dy  dz

60) If we use multipliers a, b, 1 to solve simultaneous D.E. —=— = :
y -X bx—ay

then the solution is ......
[A]ax+by=c; [B]x+ytz=c; [Clax-y+z=c; [D]ax+tby+z=c,;
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UNIT-3: TOTAL DIFFERENTIAL OR PFAFFLAN DIFFERENTIAL EQUATIONS

Pfaffian Differential Equation of First Order: The differential equation of the form
U0Xq + udx, + ..., + u,dX, = 0 is called Pfaffian differential equation or
total differential equation in n independent variables Xy, Xo, ......, X,

Pfaffian Differential Equation: If P, Q, R are the functions of X, y, z, then
differential equation of the form Pdx + Qdy + Rdz = 0 is called Pfaffian
differential equation or total differential equation.

Exact Differential Equation: A Pfaffian differential equation Pdx + Qdy + Rdz=0is
said to be exact if there exists a function u(x, y, z) such that Pdx + Qdy + Rdz = du.

Integrable Differential Equation: A Pfaffian differential equation Pdx + Qdy + Rdz =0
Is said to be integrable if it is either exact or can be made exact.

Note: Every exact differential equation is integrable. But every integrable differential
equation may not be exact.

The Necessary Condition: If the Pfaffian differential equation Pdx + Qdy + Rdz=0is

, 9Q _OR dR 0P oP _ 9Q
integrable, then P(=> — a_y) +QG 7))t R(E)_y ——9) =0

Proof: Let the differential equation Pdx + Qdy + Rdz=0 ...... (1)
where P, Q, R are the functions of X, y, z be integrable say its integral is
ulx,y,z2)=c¢c  ...... (ii)
=~ equation (i) is either exact or can be made exact.
By total differentiation

_Ou du du
du—&dx+5dy+£dz ...... (ii1)

As (ii) is an integral of (i), we have,
Ju Ou du

E—E:E: :a_u =
PO R A= AP aX,XQ

Jdu _0Ou .
%y’ AR = rlS (iv)
From the first two equations of (iv), we get,

) _ 9 ,0u, _ 0%u _ 0*u _d du _ 2
O_y(XP)_a_y(&)_ayax_axay_ax (6y)_6x (AQ)

. apP oA aQ oA
e A—F+P—=A—+0Q—
1.€ }\ay Pay )\Bx an
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0P 09Q oA oA

)\(E-&)zQ&-PO_y ...... (V)
Similarly, }\(a—Q - a—R Q% ...... (vi)
A - a—") P—Z -RZ L (vii)

Consider (v) XR + (vi) X P + (vii) X Q, we get,

PGy =5+ QG- —S) +RE ) =0

Sufficient Condition for Integrability: The Pfaffian differential equation

Pdx + Qdy + Rdz = 0 is integrable if P(— - —) Q((’—R - —) R("’—P "’—Q =

Condition for Exactness: The Pfaffian differential equation Pdx + Qdy + Rdz =0is

0P _ 9Q 9Q _ 0R aR_ oP
exact if % — o' 52 ay and - =

Method of Solution by Inspection: The Pfaffian differential equation
Pdx + Qdy + Rdz = 0 can be solved by arranging the terms or dividing by suitable
function of x, y, z. The modified equation may contain several parts which are
exact differentials. The following list will help to re-write the given equation in
differential form:

1) ydx + xdy = d(xy) 1) yzdx + xzdy + xydz = d(xyz)

iii) 2(xdx + ydy) = d(x*+y?) iv) 2(xdx + ydy + zdz) = d(X*+y*+z°)
V) yodx + 2xydy = d(xy?) Vi) M = d[log f(x,y,2)]

vii) M d(g) viii) I ydx Xdy d( )

ix) % = d(logxy) X) % = d(log%)

i) dy;zd = d(tan™) ii) dyzd = d[;log(x? + y?)]

Ex. Show that the given equation (yz+2x) dx + (zx — 2z) dy + (xy — 2y) dz = 0 is exact.
(Oct. 2019)
Proof: Let (yz+2x) dx + (zx — 2z) dy + (xy — 2y) dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=yz+2x,Q=2zx—-2zand R =xy — 2y
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apP OP aQ dR dR
== —z——x—2—: nd—=x-2
ay y’ 0z " ox yaday
Cop aQ aQ oR and 2 OR _ 0P
oy ox' oz 6y T oz

Hence the given equatlon IS exact is proved.

Ex. Show that the given equation (x* — yz) dx + (y* — zx) dy + (z — xy) dz = 0 is exact.
Proof: Let (x* — yz) dx + (y* — zx) dy + (2> — xy) dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=x*—yz,Q=y*—zxand R=z°— xy
0P _ oP aQ 2Q aR aR

S =—27,—= —-y,—=—7,—=—=X,—=-yand — = —X
ady 0z y 0x 0z 0x y ady

LOP_000Q _0OR. L OR_ 0P

oy ox' oz ay ax 0z

Hence the given equation is exact is proved.

Ex. Show that the given equation (yz — x%) dx + (zx — y°) dy + (xy — z°) dz = 0 is exact.
Proof: Let (yz— x°) dx + (zx — y°) dy + (xy — Z°) dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=yz-x3, Q =zx—y3 and R =xy—z3

op _, 0P Q 9Q _

S—= : and—:
dy y "9z -y

o _snoa_on, on_aw

oy ox' oz 6y 0x 0z

Hence the given equation is exact is proved.

Ex. Show that the given equation (2x + y*+ 2xz) dx + 2xy dy + x*dz = 0 is exact.
Proof: Let (2x + y* 4 2xz) dx + 2xy dy + x* dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=2x+Yy*+ 2xz, Q=2xyand R =x

P aP _ _q OR_ oR
..a—y_Zy,E—Z 2y =0,-=2x and =
9P _ 09 09 _ R da_R_a_P
oy oax' oz 6y ax oz

- the given equation is exact is proved.
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Ex. Show that the equation (2x + y* + 2xz) dx + 2xy dy + x“dz = 0 is integrable.
Proof: Let (2x + y? 4 2xz) dx + 2xy dy + x* dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=2x+Yy*+2xz, Q= 2xy and R = X

. a_P — a_P — a_Q: 6_Q= a—R: a—R:
Toay y’az_z X 2y’62 0’6x 2xand6y 0
. p@2_ IR, Q@R _ 9P\ 0P 00
h P(az ay) * Q(ax 62) * R(ay dx
= (2x + Y+ 2x2) (0 - 0) + 2xy(2x — 2X) + X*(2y — 2y)
=0

Hence the given equation is integrable is proved.

Ex. Show that the equation yz*(x° - yz) dx + zx*(y* — xz) dy + xy*(z>-xy) dz = 0 is

integrable. Is it exact? Verify.
Proof: Let yz*(x*- yz) dx + zx*(y* — xz) dy + xy*(z>-xy) dz = 0 be the given equation,

comparing it with Pdx + Qdy + Rdz = 0, we get,
P = yZ2(x?- yz) = X?yz*— y*Z°, Q = 2x*(y* — xz) = x’zy* — x*2* and

R = xy*(2°-xy) = xy’Z*-x%y’

LOP 2.2 53 0P 500 22 0Q_ 2 ny2,20Q_ 22 5.3
"ay_XZ 2yz,az—2xyz 3yz,ax 2XZy 3XZ’az Xy —2X°2,
OR _ 2.2 3 JR _ 2_ay 22
- Y72 2xy” and ay—2xyz 33Xy

9Q OR R 0P P 9Q
ZP=—-")+0Q(——-—>)+R(———=

P(az ay) Q(ax az) R(ay 0x

= (XyZ2 - y*Z2%) (3y* — 2X°z - 2xyZ? + 3xHYP) + (Xzy? — X*22)(Y°Z* - 2xy° — 2XPyz

(2y2 y23)(2y2 23 2y2 32y2) (2y2 32)(y22 2y3 22y
+ 3y°7%) + (Xy*Z°-X°Y) ( XPZ° - 2yZ° — 2xzy? + 3x°Z°)

= (XAyZ2— y?2°) (AxX%Y* — 2X%2 - 2xyZ?) + (XPzy? — X°Z%)(4yPZ% - 2xy° — 2X°yzZ)

+ (XY*Z2-X3y°) (4x%Z% - 2y7° — 2xzy?)
= (X2 — y°Z°) (4X%Y° — 2X°7 - 2xyZ%) + (XPzy? — X*Z2°) (4y°Z° - 2xy° — 2x%yz)
+ (Xy*Z2-X2y°)(4x°Z° - 2y7° — 2xzy?)
= 4XNY* 77— AV 2%y + 2X°YPZ - 23y + 2xyP P+ Ay — Ayt -2xCyz
+ 22Xy 22— 2P A+ axCy 2R + AXYPZ - AxyRRE— 2xyP+ 2xy R — XAy A+ 2xCyz
=0
Hence the given equation is integrable is proved.
9P _ 0Q 9Q _ 4R

.- dR opP
But it is not exact - a—yia,gia—yandgia
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MTH-402(A): DFFERENTIAL EQUATIONS

Ex. Solve (y+ z) dx +dy + dz = 0.

Proof: Let (y+ z) dx + dy + dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=y+z,Q=1andR=1

0P 9P 90 (090 oR_( o oR_
Toay ’02_1’6)( 0’62 O’ax Oanday 0

0Q OR OR 0P P 0Q
SsP(—=——)+0Q(———)+ R(———
P(Oz ay) Q(ax 62) R((')y 0x

=(y+2)(0-0)+(0-1)+(1-0)
=0-1+1
=0

= The given equation is integrable.

Divide the given equation by (y + z), we get,
dy+dz -0
y+z

Integrating, we get,
x+log(y+z)=c
be the solution of given equation.

dx +

Ex. Solve xdy — ydx — 2x°zdz = 0.

Proof: Let xdy — ydx — 2x%zdz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=-y,Q=xand R =-2x’z

g a_P - a_P — a_Q = a_Q = a_R = a—R =
e 1,—=0- 1, 5 0, . —4xz and ™ 0
dQ OJR OR 0P P 0Q
SsP———)+0Q(———) + R(———
P(OZ ay) Q(ax 62) R(ay 0x

= (-y) (0 - 0) + x(-4xz —0) — 2x°z(-1-1)
=0-4X°z + 4x*z
=0

=~ The given equation is integrable.

Divide the given equation by x*, we get,

Xy-ydx _ 5sdz =0

x2
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MTH-402(A): DFFERENTIAL EQUATIONS

ie. d(g) —d(z) =0
Integrating, we get,

_7=¢
X

oy —Xz°= cX
be the solution of given equation.

Ex. Solve zydx = zxdy + y*dz.
Proof: Let zydx = zxdy + y?dz

i.e. zydx - zxdy - y?dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=zy,Q=-zxand R =—y?

Lo _ 0k 0 09 OR_ oR _ _
Toay Z, 0z y: 0x Z, 0z X, 0x 0and oy 2y
dQ OR JR 0P dP 4Q
ZPE=—D)+0(— -2+ R=—=
P(Oz Oy) Q(ax az) R(ay ax

= (zy) (-x +2y) - 2x(0 —y) - y*(z +2)
= -XyZ + 2%z + Xyz — 2y*z
=0
=~ The given equation is integrable.
Divide the given equation by y?z, we get,
ydx—zxdy B E -0
y y/
. X dz _
1. €. d(;)—;— 0
Integrating, we get,
X —
;T logz=c

~ X —Yylogz = cy
be the solution of given equation.

Ex. Solve xz°dx - zdy + ydz = 0.
Proof: Let xz’dx - zdy + ydz = 0 be the given equation,

comparing it with Pdx + Qdy + Rdz = 0, we get,
P=xz2,Q=-zandR=y

LoP
o

0% gy P 2 g R_ (o OR_
_O’az_ZXZ’ax_O’az_l'ax Oanday 1
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MTH-402(A): DFFERENTIAL EQUATIONS

0Q O0R OR 0P P  0Q
PG5+ QG — ) +RE -

0z ady O_y N ax
= (xz%) (-1-1) - z(0 —2xz) + y(0 - 0)
= -2xz* + 2x2* + 0
=0
=~ The given equation is integrable.
Divide the given equation by z2, we get,

zdy-ydz _
-—— = 0

Xdx
ie.2dx?) -d =0

i.e. d(x?)-2d() =0

Integrating, we get,

x*-2(3) =c

wXz-2y=cz

be the solution of given equation.

Ex. Solve (x-y)dx - xdy + zdz =0.

Proof: Let (x-y)dx - xdy + zdz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=xy,Q=-xandR=z
‘z)—sa: . ,ag—‘; - 0,63—3 =6-1, = =ao, ";—‘:az 0and g—‘; =0
“PGE =)+ QG —5) +RG. — 3

=(x-y)(0-0)-x(0 —0)+z(-1+1)
=0
=~ The given equation is integrable.
Rearrange the terms of given equation as:
Xdx - ydx - xdy + zdz=0
I.e. 2xdx — 2(ydx + xdy) + 2zdz =0
i.e. d(x%) —2d(xy) + d(z°) =0
Integrating, we get,
X~ 2xy+z°=¢
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MTH-402(A): DFFERENTIAL EQUATIONS

be the solution of given equation.

Ex. Solve (a— z)(ydx + xdy) + xydz = 0.

Proof: Let (a— z)(ydx + xdy) + xydz =0
I.e. (@a— z)ydx + (a— z)xdy + xydz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=(@—-2)y,Q=(a—z)xand R =xy

JOP P09 99  OR_ o OR_
Toay "oz y’ax ' 0z " 9x y ay
9Q 4R R 0P P 3Q
“P——)+0(———>)+R(———=—
(OZ Oy) Q(OX 62) (Oy 0x

=(@—2)y(x—Xx) + (@—2)x(y +y) + xy(a-z - a+z)
=-2(a—2z)xy+2(a—z)xy+0
=0

= The given equation is integrable.

Divide the given equation by xy(a - z), we get,
ydx+xdy + dz

=0
Xy a-z
e d(xy) ) d(z—a): 0
Xy Z—a

Integrating, we get,
log xy - log (z-a) = log ¢

ie.—~=¢
Z—a
. Xy = c¢(z-a)

be the solution of given equation.

Ex. Solve (X2 - yz) dx + (y? - zx) dy + (z* - xy) dz = 0.

Proof: Let (x* — yz) dx + (y* — zx) dy + (z° — xy) dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=x’—yz,Q=y*—zxand R =2 — xy

LOP_ 0P _ 0Q__,9Q_ _ OR__ o 4OR__
Toay "9z y’ax_ "9z ' ox y ay
apP 0Q a dR JdR dapP
A —Q’—Qz—and—z_
ady d0x 0z ady ox 0z
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MTH-402(A): DIFFERENTIAL EQUATIONS
=~ The given equation exacts and hence integrable.
Now we rearrange the terms as:
(xdx + y*dy + z°dz) —(yzdx + zxdy + xydz) = 0
~ (3x%dx + 3y*dy + 3z%dz) —3(yzdx + zxdy + xydz) = 0
~dOC+y? +2°) —=3d(xyz) =0
Integrating, we get,
X+y +22—3xyz=c
be the solution of given equation.

Ex. Solve (y* + z°- x%)dx - 2xydy - 2xzdz = 0. (Oct. 2019)
Proof: Let (y? + z2 - x?)dx - 2xydy - 2xzdz = 0 be the given equation,

comparing it with Pdx + Qdy + Rdz = 0, we get,

P=y*+7°-x*, Q= —2xyand R = — 2xz

-a_P— a_P— a_Q:_ a_Q: a_R:_ a—R:
..ay—2y,az—22, ™ 2y, -~ O’ax Zzanday 0

“PGI=S)+ QG — ) +RE — 7
= (y* + 2%- x) (0 - 0) - 2xy(-2z — 22) - 2xz(2y+2y)
=0 + 8xyz — 8xyz
=0

=~ The given equation integrable.

Now we rearrange the terms as:

O+ ¥y + 29)dx — 2x%dx - 2xydy - 2xzdz = 0

i.e. (0C+ Y+ 29)dx — x(2xdx + 2ydy + 2zdz) = 0

ie. 0C+ Yy +Z2)dx—xd(x*+y*+2) =0

Dividing by x(x* + y* + z%), we get,

L ax d(x*+y?+22) _

X (x%2+y?%+z2)

ie dx _ d(x%2+y?+z?)

X (x2+y2+z2)

Integrating, we get,

logx = log(x? + y? + z2) + logc

aX=c(x? +y?+2%)
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MTH-402(A): DFFERENTIAL EQUATIONS

be the solution of given equation.

EX. Solve 2yzdx + zxdy — xy(1+z)dz = 0.

Proof: Let 2yzdx + zxdy — xy(1+z)dz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P=2yz, Q= zxand R = — xy(1+2)

apP JoP
n—=27,—=
dy 0z

“PGI=T+ QG — ) +RE -3
= (2yz)[x +x(1+2)] + zx[-y(1+2) - 2y) - xy(1+2)(2z-2)
= (2yz)(2x +xz) + zx(-yz — 3y) - xyz(1+2)
= 4xyz+2xyz® — Xyz? — 3XyzZ — XyZ — XyZ*
=0
=~ The given equation integrable.
Divide the given equation by xyz, we get,

2+ Y G+ 1)dz=0
X y z

Integrating, we get,
2logx + logy — logz — z = logc

0Q __ 9Q _  OR _ oR _
2y, —==2, ==X, —= -y(1+z) and - -X(1+2)

i.e. logx® + logy — logz — log e = logc

i.e. log (’Z(ZT’Z') = logc

X’y _
Tt C
i.e. x%y = cze’
be the solution of given equation.

Ex. Solve (2x% +2xy+2xz*+1)dx + dy + 2zdz = 0.

Proof: Let (2x* +2xy+2xz°+1)dx + dy + 2zdz = 0 be the given equation,
comparing it with Pdx + Qdy + Rdz = 0, we get,
P = 2x* +2xy+2xz°+1,Q = 1and R = 2z
9P _ . 9P aQ _

— 9Q 9Q _ 4 OR _ oR _
..ay—2x,az—4xz,ax—0,aZ O’ax Oanday 0
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MTH-402(A): DIFFERENTIAL EQUATIONS
PG =)+ QG — ) +RG — 3

= (2x% +2xy+xz°+1)(0 - 0) + (0 — 4xz) + 2z(2x-0)

=0 —4xz + 4xz

=0
=~ The given equation integrable.
Rearrange the given terms as:
2X(X +y+z°)dx + dx + dy + 2zdz = 0
Divide the given equation by (x+y+z?), we get,

dx+dy+2zdz
2XdX'+———jL—3—-:
X+y+z

i.e. d(x®) +

d(x+y+z2) _
X+y+z?

Integrating, we get,
x*+log (x+y+1z2)=c
be the solution of given equation.

Ex. Solve =—— dx - ——dy —tan"2dz =0
x2+y xZ+y X

1% dz=0 be the given equation,

comparing it with de + Qdy + Rdz = 0 we get,

x2+y2 '
0P (P4y?)-2y? ( y)aP_ y
ay (x2+y?2)2 (x2+y2)2 9z x2+y?’
aQ _ . (x2+y?)-2x? _ z(x*-y?) 0Q _ X
ox (x2+y2)2  (x24y2)2’ 9z x2+y?’

R_ 1 (=\__y ,q0R_ 1 (1)__x
ox 1+(X)2 (XZ) T x24y2 and ay 1+(§)2 (X) X2 +y?2
dR
P22+ QU - 2y 4 R - 28

yz[_x x]_xz[y_y:I

T x24y2l x24y2 x2+y2 x24y2 Lx24y2  x24y2
z(x%— Z(Xz—yz)

_tan()[z 242 2 22]
(x*+y ) (x°+y?)

=0
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MTH-402(A): DFFERENTIAL EQUATIONS

=~ The given equation is integrable.
Rearrange the given equation as:

Z[LEXyy tan™ dz =0

x2+y

e, zPYY) L an¥ dz =0
x2 X

+y?

— [

xdy—ydx dz
: +—
tan~1 - x2+y? ]

=0

i.e
Z

d(tan™1Y) 4
y-+ ==0
tan—1§ zZ

i.e.

Integrating, we get,

-1 Z

X

1Y -¢
X

log tan™" =+ logz = logc

< ztan™

be the solution of given equation.

Homogeneous Equation: If P, Q, R, are homogeneous functions of same degree of
variables x, y, z, then the Pfaffian differential equation Pdx + Qdy + Rdz =0
is called homogeneous equation.

Method of Solving Homogeneous Equation: If Pdx + Qdy + Rdz = 0 is homogeneous
equation, then find Px + Qy + Rz.

Case-i) If p = Px + Qy + Rz # 0, then

step-1) Find an L.F. % of given homogeneous equation.
2) Multiply given equation by i
3) Find d(p).
d(

4) Express given equation in the form Tp) + ...

5) By integrating we get, the solution.
Case-ii) If p=Px+ Qy + Rz =0, then
step-1) Verify given homogeneous equation is integrable.
2) Put x = zu and y = zv, hence dx = udz + zdu and dy = vdz + zdv into the equation.
3) case-a) If coefficient of dz is zero, then we get equation in two variables u and v,
regrouping and integrating we get solution.
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MTH-402(A): DFFERENTIAL EQUATIONS

4) case-b) If coefficient of dz is not zero, then we will be able to separate the
fuv)du+g(u, v)dv

equation into form o) 7 =0
5) Take p =f(u, v) and find d(p).
6) Express given equation in the form ;p ) + ... and rearrange the terms.

7) By integrating we get, the solution.

Remark: If Px + Qy + Rz # 0, then the homogeneous equation Pdx + Qdy + Rdz =0 is
always integrable. But if Px + Qy + Rz = 0, then it may or may not be integrable.

Ex. Solve z(z - y)dx + z(z + x)dy + x(x + y)dz =0
Proof: Let z(z - y)dx + z(z + x)dy + x(x + y)dz = 0 be the given homogeneous equation,
withP=2z(z-y),Q= z(z+x)and R=x(x +Y)
~p=Px+Qy+Rz=xz(z-y) +yz(z + X) + xz(X +Y)
= XZ% - Xyz + yZ2 + Xyz + X°2+ Xyz
= XZ%+ yz° + X’z + Xyz
= z(xz + yz + X2+ Xy)
=z(x+y)(z+x)#0
=~ The given equation is integrable.
Divide the given equation by z(x + y)(z + x), we get,

z(z-y) + z(z+x) 4 x(x+y) =0
Z(x+y)(z+x) Z(x+y)(z+x) Z(x+y)(z+x)
(z—y) 1 x _
" (x+y)(z+x) dx + (x+y) dy * z(z+x) dz=0
[(z+x)—(x+y)] 1 [(z+x)-z] ,_ _
(x+y)(z+x) * (x+y) dy * z(z+x) dz=0
. 1 1
e dx - ) dx + (— dy + - dz - (ZT dz =
. dx+dy _ dx+dz n E =0
(x+y) (z+x) z

d(x+y) z d(x+z)
(x+y) z (x+2)

Integrating, we get,
log(x+y)+logz=1log (x+z)+logc

DEPARTMENT OF MATHEMATICS, KARM. &. M. PATIL ARTS, COMMERCE AND K#AIL ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 13



MTH-402(A): DFFERENTIAL EQUATIONS

~(X+y)z=c(x +2)
be the solution of given equation.

Ex. Solve y(y + z)dx + x(x - z)dy + Xx(x + y)dz=0
Proof: Let y(y + z)dx + X(x - z)dy + x(x + y)dz = 0 be the given homogeneous equation,
WithP=y(y+2),Q=x(x-2)and R = x(X +Y)
W p=Px+Qy+Rz=xy(y+2z)+yx(X-2z)+zx(X +Y)
= xy® + Xyz + X%y - Xyz + X°z+ Xyz
= xy* + X%y + X’z + xyz
= X(y* + Xy + Xz +yz)
=X(X+y)y+2)#0
=~ The given equation is integrable.
Divide the given equation by x(x + y)(y + z), we get,

i.e. ﬁ dx + (x::)_é)ﬂ) dy + (yiz) dz=0
e O i W G 020
i.e. i dx - ﬁ dx + (yiz) dy - (xiy) dy + (yiz) dz=0

d_x _ dx+dy dy+dz —
x  (x+y) (y+2)
dx + d(y+z) _ d(x+y)

“x o (tz)  (xtY)
Integrating, we get,
log x +log (y +z) =log (x +y) + logc
~X(y+2z)=c(x+y)
be the solution of given equation.

i.e.

Ex. Solve (y* + yz)dx + (2> + zx)dy + (y*- xy)dz =0

Proof: Let (y*+ yz)dx + (z°+ zx)dy + (y*- xy)dz = 0
be the given homogeneous equation,
withP=y*+yz, Q=2+ zxand R = y*- xy
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MTH-402(A): DFFERENTIAL EQUATIONS

& p =Px+Qy+Rz=x(y +yz) +y(2"+ 2x) + 2(y* - xy)

= Xy® + Xyz + yz° + Xyz + Y’z - Xyz

= xy? + yz° + Y’z + xyz

= y(xy + Z° + yz + xz)

=y(x+2)(y +2) #0
=~ The given equation is integrable.
Divide the given equation by y(x+z)(y+z), we get,

L.e. (xiz) dx + y(yz+z) dy + (x+Z)_(;Cz+z) =

e g 2 gy o nl g
i.e. (xiz) dx + i dy - (yiz) dy + (xiz) dz - (yiz) dz=0
ety

d(x+z) + dy _ d(y+z)
(x+z) ¥y  (y+2)

Integrating, we get,

log (x +z) + logy =log (y + z) + logc
s (X+2z)y=c(y +2)

be the solution of given equation.

Ex. Solve (yz + z%)dx - xzdy + xydz = 0
Proof: Let (yz + z%)dx - xzdy + xydz = 0 be the given homogeneous equation,
withP=yz+27°, Q=-xzand R = xy
s p =Px+Qy + Rz = x(yz + 2°) + y(- x2) + 2(xy)
= Xyz + XZ° - Xyz + Xyz
= xyz + xz°
=xz(y+2z)#0
=~ The given equation is integrable.

DEPARTMENT OF MATHEMATICS, KARM. A. M. PATIL ARTS, COMMERCE AND KAl ANNASAHEB N. K. PATIL SCIENCE SR. COLLEGE, PIMPALNER 15



MTH-402(A): DFFERENTIAL EQUATIONS

Divide the given equation by xz(y + z), we get,

z(y+2) Xz xy —
xz(y+z) dx - xz(y+z) dy * xz(y+z) dz=0

. 1 Yy —
Le.— dx - i) dy + prowp dz=0

1 (y+2)~7]
gy + 22 gy =
oo Wt ey 9270

1 1
5+2) dy + > dz -

) 1 1
i.e.—dx+-dz-
X VA

.1
i.e.=dx-
X
1
v+2)

i.e.ldx- dz=0
X

dy+dz _

v+2)

(o, &yt 40t
x z (y+2)
Integrating, we get,

logx+logz=1log (y + z) + logc
~XZ=c(y +2)
be the solution of given equation.

Ex. Solve Z°dx + (z* - 2yz)dy + (2y* — yz — xz)dz = 0
Proof: Let Z%dx + (2% - 2yz)dy + (2y* — yz — xz)dz =0
be the given homogeneous equation,
with P =27% Q=12z"-2yzand R = 2y* — yz — xz and is integrable.
~ p=Px+Qy+Rz=xz2"+Vy(Z° - 2yz) + z(2y* — yz — X2)
= XZ2 + yz° - 2y%z + 22y - y7° - XZ*
=0
=~ To solve the given equation put x = zu and y = zv,
~ dx =udz + zdu and dy = vdz + zdv
=~ the given equation becomes
Z%(udz + zdu) + (2° - 2vz®)(vdz + zdv) + (2z°v* — z°v —uz?)dz = 0
i.e. 2°du + 22(1 - 2v)dv) + (Zu + Z°v - 222V7 + 222 — Z°v —uz®)dz = 0
i.e. 2°du + Z%(1 - 2v)dv) + 0dz = 0
le.du+(1-2v)dv=0
Integrating, we get,
u+v-vi=c
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MTH-402(A): DFFERENTIAL EQUATIONS

2
.'.£+X—y—:c
z z z?

ie. (x+y)z-y*=cZ’
be the solution of given equation.

Ex. Solve yzdx + 2zxdy — 3xydz =0

Proof: Let yzdx + 2zxdy — 3xydz = 0 be the given homogeneous equation,
with P =yz, Q =2zx and R =— 3xy and is integrable.
s~ p =Px+ Qy+ Rz =xyz+ 2yzx— 3zxy =0
=~ To solve the given equation put x =zuand y = zv,
~ dx =udz + zdu and dy = vdz + zdv
=~ the given equation becomes
vZ®(udz + zdu) + (2z°u)(vdz + zdv) - (3z°uv)dz = 0
i.e. vz°du + 2uz’dv + (uvz?® + 2Z°uv - 3z°uv)dz = 0
i.e. vz°du + 2uz’dv + 0dz = 0
I.e. vdu + 2udv =0

le.—+2—=0
Integrating, we get,
logu+2logv=logc

LuUvi=c
cox YA
le.~ (%) =c
i.e. xy’=cz’

be the solution of given equation.

Ex. Solve yZ2(x*— yz) dx + zx*(y* — xz) dy + xy*(z*—xy)dz =0
Proof: Let yz*(x*— yz) dx + zx*(y* — xz) dy + xy*(z*- xy) dz = 0
be the given homogeneous equation, which is integrable with
P = yz*(x*—yz), Q = zx*(y* — xz) and R = xy*(z*— xy)
~ Px + Qy + Rz = xyz*(xX*—yz) + yzx*(y* — xz) + zxy*(z*— xy)

= xyz (X’z — yz* + xy? — X’z + yz* — xy?)
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MTH-402(A): DFFERENTIAL EQUATIONS

=0

=~ To solve the given equation put X = zu and y = zv,
. dx =udz + zdu and dy = vdz + zdv
= the given equation becomes
vZ*(u?Z® — vz (udz + zdu) + Uz} (v*z? — uz®)(vdz + zdv) + uv?z*(z> — uvz?)dz = 0
i.e. Z°[(u*v — v®)(udz + zdu) + (UV* — U®)(vdz + zdv) + (uv*— uV?)dz] = 0
i.e. (Uv —VvA)zdu + (UV* — u®)zdv + (UPv - uv? + UAA- v + uv— uAV¥)dz = 0
i.e. (U*—v)vzdu + (V> — u)u’zdv = 0
i.e. uvdu—vAdu + uAvAdv — uPdv = 0
i.e. u” (vdu— udv) + u’v?dv - védu = 0
Dividing by u®v?, we get,
e S 4 dv -5 =0

v u
ie.d®)+dv+d()=0
Integrating, we get,
TR R

v 2 u2
S US+uve+ v =cuv

. x2 x ,y? Y _ (Y
le.(5) +- () +-=c0)(0)
i.e. X’z + xy* + yz° = cxyz

be the solution of given equation.

1) The differential equation of the form u.dx; + uxdx, + ...... +u,dx, =0 is called ......
differential equation in n independent variables Xx;, X,, ......, Xy,
A) Pfaffian B) Linear C) Homogeneous D) None of these
2) Pfaffian differential equation is also called ...... differential equation.
A) linear B) total C) homogeneous D) None of these
3) If P, Q, R, are functions of X, y, z, then the differential equation Pdx + Qdy + Rdz =0
is called ...... differential equation.
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A) simultaneous B) Pfaffian C) linear D) Non Linear
4) If there exists a function u(x, y, z), such that Pdx + Qdy + Rdz = du, then the Pfaffian
differential equation Pdx + Qdy + Rdz =0 is said to be ......
A) exact B) not exact
C) may or may not be exact D) None of these

5) Pfaffian differential equation Pdx + Qdy + Rdz =0 issaidto be ...... :
if the equation is exact or can be made exact.

A) not integrable B) integrable C) linear D) None of these
6) Statement ‘Every exact differential equation is integrable.’ is ......
A) true B) false
C) may be true or false D) None of these
7) Every exact differential equation is ......
A) not integrable B) integrable
C) may or may not integrable D) None of these
8) Statement ‘Every integrable differential equation is exact’ is ......
A) true B) false
C) may be true or false D) None of these
9) An integrable differential equation ......
A) is exact B) is not exact
C) may or may not exact D) None of these

10) If the Pfaffian differential equation Pdx + Qdy + Rdz = 0 satisfies the conditions

3—5 = g—i, Z—S = 3—5 and g—i = Z—I; , then given equation is......
A) exact B) not exact
C) may or may not exact D) None of these
11) If the Pfaffian differential equation Pdx + Qdy + Rdz = 0 is exact, then it satisfies the
conditions......
P _ 0 dQ _ OR R _ OP
A =51 B) >, =7 C)- == D) All above

12) If the differential equation Pdx + Qdy + Rdz = 0 is exact, then
0P _ 9Q 9Q _ 3R o OR _

dy 9x' 9z 9y  ox
oP oP 0z ay
A) P B) e C) o> D) o
13) The differential equation (yz + 2x) dx + (zx —2z) dy + (xy —2y) dz=0is ......
A) exact B) not exact
C) may or may not exact D) None of these
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14) The differential equation (x* — yz) dx + (y* — zx) dy + (z° — xy) dz =0 is......

A) exact B) not exact
C) may or may not exact D) None of these
15) The differential equation (yz — x%) dx + (zx —y®) dy + (xy —z®) dz =0 is......
A) exact B) not exact
C) may or may not exact D) None of these
16) The differential equation (2x + y* + 2xz) dx + 2xy dy + xX*dz =0 is......
A) exact B) not exact
C) may or may not exact D) None of these
17) The differential equation (y + z)dx + (z + X)dy + (x + y)dz=0is......
A) exact B) not exact
C) may or may not exact D) None of these
18) The differential equation (y+ z) dx +dy +dz=01is......
A) exact B) not exact
C) may or may not exact D) None of these
19) For the differential equation xdx + ydy + zdz = 0. Which of the following is true?
P _ 9 29Q _ oR OR _ 0P
m5=£ B£=E == D) All above

20) For the differential equation (y + z)dx + (z + x)dy + (x + y)dz = 0.
Which of the following is true?

A)Z—E:Z—g ?TS=Z_§ 0 =2 D) All above
21) The differential equation (2x + y* + 2xz) dx + 2xy dy + x*dz =0 is......
A) not integrable B) integrable
C) may or may not integrable D) None of these
22) The differential equation (y+ z) dx +dy +dz=0s......
A) integrable B) not integrable
C) may or may not integrable D) None of these

23) If the differential equation Pdx + Qdy + Rdz = 0 is (a — z)(ydx + xdy) + xydz = 0,

Aa-z B) (a—2)y C) (a—2)x D) xy
24) If the differential equation Pdx + Qdy + Rdz = 0 is (a — z)(ydx + xdy) + xydz = 0,

Aa-z B) (a—2)y C) (a—2)x D) xy
25) If the differential equation Pdx + Qdy + Rdz = 0 is zydx = zxdy + y*dz,

A) zx B) — zx C) zy D) y?
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26) If the differential equation Pdx + Qdy + Rdz = 0 is zydx = zxdy + yzdz,
A) zy B) — zx Q)Y D) -y*
27) If the differential equation Pdx + Qdy + Rdz = 0 is 2x?ydx + 3xy?dy + zdz = 0,
then the value of P is ......
A) 2x%y B) 3xy? C)z D) x°
28) If the differential equation Pdx + Qdy + Rdz =0 is
(yz+2x)dx + (zx—2z)dy + (xy—2y)dz=0,thenQ =......
A) yz + 2x B) zx -2z C) xy -2y D) None of these
29) If the differential equation Pdx + Qdy + Rdz =0 is
(yz—x) dx + (zx—y®) dy + (xy—2°) dz =0, thenR = ......
A)yz-x B) zx —y? C)xy-2° D)0
30) If the differential equation Pdx + Qdy + Rdz =0 is
(yz + xyz) dx + (zx + xyz) dy + (Xy + xyz) dz=0,then Q= ......
A) yz + Xyz B) zx + xyz C) xy + xyz D) Xy + Xyz +yz
31) If the differential equation Pdx + Qdy + Rdz = 0 is 2x?ydx + 3xy?dy + zdz = 0,

A) 2x B) 3xy? C)z D) x°
32) If the differential equation Pdx + Qdy + Rdz = 0 is 2x?ydx + 3xy*dy + zdz = 0,

A) 2x° B) 3xy? C)z D)0
33) If the differential equation Pdx + Qdy + Rdz = 0 is 2x%ydx + 3xy*dy + zdz = 0,

then ......

A) 2% B) 3y* C)z D) x°
34) If the differential equation Pdx + Qdy + Rdz = 0 is 2x?ydx + 3xy?dy + zdz = 0,
then R .
A) 2% B) 3y* C)z D)0
35) If the differential equation Pdx + Qdy + Rdz = 0 is 2x?ydx + 3xy°dy + zdz = 0,
then a—R =......
A) 2x B) 3y? C)z D)0

36) If the differential equation Pdx + Qdy + Rdz = 0 is 2x%ydx + 3xydy + zdz = 0,

A) % B) 3y? C)z D)0
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37) If the differential equation Pdx + Qdy + Rdz = 0 is (a — z)(ydx + xdy) + xydz = 0,

y
Aa-z B) (a—2)y C) (a—2z)x D) x
38) If the differential equation Pdx + Qdy + Rdz =0 is (a — z)(ydx + xdy) + xydz = 0,

AVa-z B) (a-2)y C)=y D)y
39) If the differential equation Pdx + Qdy + Rdz = 0 is (a — z)(ydx + xdy) + xydz = 0,
0Q _
then FinETTTES
Aa-z B) (a—2)x C) x D) —x
40) If the differential equation Pdx + Qdy + Rdz = 0 is (a — z)(ydx + xdy) + xydz = 0,
0Q _
then = e
Aa-z B) (a—2)x C) x D) —x
41) If the differential equation Pdx + Qdy + Rdz = 0 is zydx = zxdy + y*dz,
then—=......
A)z B)O C) -2y D) 2y
42) If the differential equation Pdx + Qdy + Rdz = 0 is zydx = zxdy + y?dz,
then Q ......
A) ~Z B) z C) -2y D) 2y
43) If the differential equation Pdx + Qdy + Rdz = 0 is zydx = zxdy + y°dz,
then —=......
A) X B) —x C) -2y D) 2y
44) To solve the equation (y + z)dx + dy + dz = 0, we divide the equation by ......
A)z B)y Cy+z D) xyz
45) To solve the equation xdy — ydx — 2x?zdz = 0, we divide the equation by ......
A) X’z B) X* C) xy D) xyz
46) To solve the equation zydx = zxdy + ydz, we divide the equation by ......
A) yz B) zy C) zx D) xyz
47) To solve the equation xz°dx - zdy + ydz = 0, we divide the equation by ......
A) xz° B) x C) 7 D) xyz

48) To solve the equation (y* + z°— x?)dx — 2xydy — 2xzdz = 0, we rearrange the terms
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by adding and subtracting ......

A) x%dx B) y?dx C) Z%dx D) xyz
49) Solution of equation ydx + xdy=01is ......
A)Xy=c B)yz=c C)zx=c D) xyz=c
50) Solution of equation yzdx + xzdy + xydz=01is ......
A)xy=c B)yz=c C)zx=c D)xyz=c
51) Solution of equation (y + z)dx +dy +dz=0is ......
A)x+log(y +z)=c B)logx+y+z=c
Cy+z=c D)x+y+z=c
52) If P, Q, R, are homogeneous functions of x, y, z, of same degree, then the Pfaffian
differential equation Pdx + Qdy + Rdz =0 is called ...... differential equation
A) simultaneous B) homogeneous C) linear D) Non Linear
53) The Pfaffian differential equation (X-y)dx - xdy + zdz=01s ...... equation.
A) homogeneous B) non homogeneous
C) may or may not homogeneous D) None of these
54) The Pfaffian differential equation 2(y + z)dx — (X + z2)dy + 2y —x + z)dz=0'is ......
A) homogeneous equation B) non homogeneous equation
C) simultaneous equation D) None of these
55) The differential equation (y? + z>— x?)dx — 2xydy — 2xzdz =0 is ...... equation.
A) not homogeneous B) homogeneous
C) may or may not homogeneous D) None of these
56) The differential equation yz*(x° - yz) dx + zx?(y* — xz) dy + xy*(z°-xy) dz=0
1S ...... equation.
A) simultaneous B) homogeneous C) linear D) Non homogeneous

57) If Pdx + Qdy + Rdz = 0 is homogeneous differential equation with
p =Px+ Qy + Rz # 0, then it is always integrable since it has an L.F.= ...

A) p B) % C)ef D) None of these

58) For homogeneous differential equation Pdx + Qdy + Rdz = 0,
if p=Px + Qy + Rz # 0, then the differential equation is always ......
A) integrable B) not integrable
C) may or may not integrable D) None of these
59) For homogeneous differential equation Pdx + Qdy + Rdz =0
if p=Px + Qy + Rz = 0, then the differential equation is ......
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A) integrable B) not integrable
C) may or may not integrable D) None of these
60) For homogeneous differential equation Pdx + Qdy + Rdz =0,
if p=Px + Qy + Rz = 0, then to solve this equation we put ......
A)x=zuandy =zv B)u=xzandv=yz
C)z=xuandz=yv D) None of these
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UNIT-4: DIFFERENCE EQUATIONS

Shift Operator: Shift operator E is defined as Ef(x) = f(x+h).
Note: E*f(x) = E[Ef(x)] = Ef(x+h) = f(x+2h), Similarly E*f(x) = f(x+3h) and so on,
In general E"f(x) = f(x+nh), where n is any real number.
Forward difference Operator: Forward difference operator A is defined as
Af(x) = f(x+h) - f(x).
Note: 1) Af(x) = f(x+h) - f(x) is called first forward difference of f(x) and
A"f(x) is called n™ forward difference of f(x).
i) Af(x) = f(x+h) - f(x) = Ef(x) - f(x) = (E - 1)f(x)
~A=E-1lieE=A+1
be the relation between shift operator and forward difference operator.

i . . Ay A%y A"y .
Difference Equations: A relation of the form F [X, v, Pt IRELEE , E] =0iscalled a
difference equation.
Note: i) If y = (x), then 2_1 _ f(x+h;—f(X) _ Ef(x)h—f(x) _ (E—lgf(x)’
A%y _ fGe+2h)-2f(e+h)+f (%) _ E2f(0)—-2Ef(0)+f(x) _ (E-D?f(x)
Ax? h2 h2 h2 '
and so on, ingeneral, i:?l' = (E_lﬁ:f(x). Where h is the interval of differencing.
i) If y = f(x), then a relation of the form
@ [X, f(X), f(x +h), f(x + 2h), ...... , f(x +nh)] =0is called a difference
equation.

Order of a difference equation: The difference between the largest and smallest
arguments for the function involved divided by h is called order of a difference

equation.
e.g. Order of a difference equation
@ [x,f(X), £+ h), £+ 2h), ..., fx +mh)] = 0is = =y

Solution of a difference equation: Any function which satisfies the given difference
equation is called solution of a difference equation.
Subscript Notation: y = f(x) is written in subscript form as yy = f(x) and yy., = f(x+nh).
e.g. 1) The difference equation f(x + 2h) — 5f(x + h) + 6f(x) = 0 is written in
subscript form as Yy., — 5yy+1 + 6yx = 0.
ii) A difference equation @[ x, f(x), f(x +h), f(x + 2h), ...... , f(x+nh)]=0
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IS written in subscript form as @ [ X, Vx, Vx+1s Y2 «-v--- , Yx+n] = 0.
Note: Difference equation @[ X, Yy, Yx+1, Yxt2s «---.- , Vx+n] = 0 1S also expressed as
@IX, Y Eyxs EYxs -...os E'Y] = 0.

Linear Difference Equation: An equation of the form
ag(X)E"yytai()E™ 1y, + a,(X)E™ Py, + ... +a,(X)Yx = R(X) i.e. D(E)yy = R(X) ...(1)
where ®(E) = ag(X)E" + a,(X)E™" + ay(X)E™2 + ... + an(X), ao(X) # 0 and
ai(x)(1=0,1,2,...... ) are constants, then the equation (1) is called a linear
difference equation with constant coefficients.

Non-Linear Difference Equation: If a difference equation is not of the form
®(E)yx = R(x), then the equation it is called a non-linear difference equation.

e.g.i) (E*—6E? +12) y, = 0 is a linear difference equation with constant coefficients.

ii) (x E?— XE + 4) y, = 4x + 1 is a linear difference equation with variable
coefficients.
i) y2 + v, v,.1=10x is a non-linear difference equation.

Formulation of Difference Equation: From the general solution of a difference
equation which contain k arbitrary constants, to find a difference equation, we
operate A, k times on this G.S. and eliminate these arbitrary constants.

Note: In this unit we take interval difference h =1
i.e. Ef(x) = f(x+1) & Af(X) = f(x+1) — f(X)

Ex. Given f(x) = ¢.3* + x.3*", find the corresponding difference equation.
Solution: Given solution f(x) = ¢.3* + x.3**, contain only one arbitrary constant,
S0 we operate A once on this f(x), we get,
Af(x) = f(x+1) — f(x) = ¢.3"* + (x+1).3*- ¢.3* - x.3**
= 3¢.3" + 3x.3'+3.3*"- ¢.3* - x.3**
=2¢.3" + (2x+3)3“*
= 2[f(x)- x.3'] + (2x+3)3** from given equation ¢.3" = f(x)- x.3**
~ f(x+1) — f(X) = 2f(X) - 2x.3°+ 2x.3*1+3*
i. e. f(x+1) — 3f(x) = 3* be the required difference equation.

Ex. Given u, = ¢ 2 + ¢,3" + % , find the corresponding difference equation.

. . . 1 . .
Solution: Given solution uy = ¢,2" + ¢,3* + 5 contain two arbitrary constants,
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S0 we operate A twice on this uy, we get,
1

1
AUy = Uyaq — Uy = €125 + 0,3 + =028 -

=2¢,2" + 3¢,3" - ¢;2° - ¢, 3"
= 2"+ 2¢,3" ... (i)
A%Uy = 25 + 26,35 - 2% - 20,3
=2¢,2" + 6¢,3° - ¢;2° - 2¢,3"
=2 +4c,3¢ ... (i)
Now equation (i) — (i) gives,
A%Uy - Auy = C12° + 46,3 - €25 - 26,3% = 2¢,3"
From (i), we get,
Auy = ¢, 2% + A%, - Auy i.e. ¢ 2% = 2Auy - AU,
Hence from given equation, we have,
Uy = 2AUy - A%Uy + %(Azux - Auy) + %

3 1,2 1
== -= + =
ZAuX 2AuX >

3 1 1

= E (ux+1 - ux) - E (ux+2 - 2ux+1 + ux) + E

2ux = 3ux+1 - 3ux = Uy + 2ux+1 - U+ 1

~ Uyso - DUys1+ 6Uy = 1 be the required difference equation.

Ex. Form the difference equation corresponding to the family of curves y = ax? + bx - 3,
Solution: Given family of curves y, = ax*+ bx - 3 contain two arbitrary constants,

SO We operate A twice on this y,, we get,

Ay = Vo1 — Yy = a(x+1)*+ b(x+1) - 3 -ax*-bx + 3

=2axt+a+tb..... (1)

A%, =2a(x+1) +a+b-2ax-a-b
=2a

. q =142

La= . A%y,

Putting in (i), we get,
Ay, = XAy, + % A%y, + b
~ b = Ay, - XAy, - % A%y,

Hence from given equation, we have,
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Yx = XZ% A2yx + X(AYX - XAZyX - % AZYX) -3

o 2yx = X A%y, + 2XAyy - 2XPA%Y, - XAYY, — 6

5 2% = -(X° + X) A%y + 2XAyy — 6

S 2Yx = '(X2 +X) (Yxe2 =21 + Yx) + 2X(Yxe1-Yx) — 6

2 2% = (X7 + X) Vw2 +2(X° + X) Vo1 = (X7 + X) Yy + 2Xy01-2XYx — 6
2yx = '(X2 + X) Yx+2 +2(X2 + 2X) Yx+1 - (X2 + 3X) Yx— 6

a0+ X) Ve - 20 + 2X) Yirr + (G +3X + 2) Y+ 6=0

be the required difference equation.

Ex. Form the difference equation given that y, = A3" + B5", where A and B are arbitrary
constants.
Solution: Given equation y, = A3" + B5" ...... (1)
Yoo = A3™ + B5™ = 3A3" + 5B5" ... (ii)
& Yoo = A3 + B5™2 = 9A3" + 25B5" ... (iii)
Eliminating A and B from equations (i), (ii), (iii), we get,

v 1 1
Yns1 3 5|=0
Yn+2 9 25

i.e. yn(' 25yn+1+ 5yn+2 + 9yn+1' 3yn+2: 0
i.e. 2yn+2' 16yn+1+ BOYn: 0

i.e. Yn+2- 8yn+1+ 15yn: 0
be the required difference equation.

Ex. Form the difference equation corresponding to the following general solution:
a) Y = CiX° + CX + C3 b) y = (ci+ con)(-2)"
Solution: a) Given solution y, = CXP+ CoX+Cz ... (1)
contain three arbitrary constants ¢y, ¢, and cs, SO we operate A thrice on this yy,
we get
AYx = Vs - Y = Co(X+1)” + Co (X+1) + €5 - C1X° - CoX - Cq
=2C;X+Ci+Cy...... (2)
A?yy = [2C1(X+1) + C1 + Co] — [2C1X + €1 + €]
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& A3yy = 2¢; - 2¢4
& (E-1)3yx=0
~(E3-3E24+3E-1)yx=0
~ Vx+3 - 3yx+2 + 3yx+1 - Yx = 0 be the required difference equation.
b) Given solution y, = (C1+ ¢;n)(-2)" ey, =ci(-2)" + con(-2)" ...... (1)
contain two arbitrary constants c; and c;.
Yner = C1(-2)™ + ¢ (N+1)(-2)™ = -2¢4(-2)" - 2¢, (N+1)(-2)" ....... (ii)
& Vi = C1(-2)™2 + €, (N+2)(-2)™% = 4c4(-2)" + 4c, (n+2)(-2)" ... (iii)
Eliminating ¢, and ¢, from equations (i), (ii), (iii), we get,
Vn 1 n
Yarr —2 —2(m+1)|=0
Ynez 4 4(n+2)
I.e. y,,[-8n-16+8n+8] - y,,, 1 [ 4n+8-4n] + y,,.,[-2n-2+2n] =0
i.e. 'Zyn+2' 83’n+1' 8Yn= 0
i.e. yn+2+ 4'yn+1+ 4yn: 0
be the required difference equation.

Ex. Find the order of the difference equation yy., — 7y =5

Solution: Given difference equation is Yy., — 7yx =5
Here difference between the highest subscript and lowest subscript = x+2 —x =2
= order of given difference equation is 2.

Ex. Find the order of the difference equation Yy.4 — SYyy+> + 6y, = 0.

Solution: Given difference equation is Yy.4 — SYy+2 + 6y, = 0.
Here difference between the highest subscript and lowest subscript = x+4 —x =4
=~ order of given difference equation is 4.

Ex. Find the order of the difference equation A3yy + 2Ayx + Y, = X + 3.
Solution: Given difference equation is A3yx + 2Ayx + Yy =X + 3

i.e. (E-1)%, + 2(E-1)yx+ Yy =X +3

i.e. (E—3E*+3E -1)y, + (2E-2)y, + Y, = X + 3

1.€. Yx+3 = 3Yxw2 + 3Yxe1 - Yx + 2Yxs1 - 2Yx + Yx =X + 3
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Here difference between the highest subscript and lowest subscript = x+3 —x =3
=~ order of given difference equation is 3.

x(x—1)
2
x(x-1)

Ex. Show that y, = is a solution of the difference equation yy.1 - Yy = X.

Proof: We have y, =

+1
S Yx+l = x > )

Consider
I—HS = yx+1 - yx

_ (x+Dx ) x(x—-1)
T2 2

== Pxrlx+l]

=X
=RHS

Sy = @ Is a solution of the given difference equation is proved.

Ex. Show that y, = 1- % x=1,2,3,....isasolution of the first order difference equation
(X+1)yxs1 + Xy =2x-3,x=1,2,3, ...
Proof: We have y, = 1- % x=1,2,3,....

_ 2
" Y =1 x+1
Consider

LHS = (X+1)Yy+1 + XYy
_ 2 2
= (x+1)(1-—) +x(1- )
=xXx+1-2+x-2
=2x-3
= RHS

Yy =1- % x=1,2,3,....isasolution of the given difference equation is proved.

Ex. Show that y, = ¢, + ¢, 2" — X is a solution of the difference equation
Yxe2 — Y1 + 2yx =1
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Proof: We have y, = ¢, + ¢, 2* — X
Va1 =C G 2 — (x+1) = +2¢, 2 —x—1
& Yo = €L+ Cp 22— (x+2) = ¢y + 4C, 2° —x — 2
Consider
LHS = Yy — 3Yxe1 + 2V
=C;+4c; 2" —Xx—2-3[c; +2¢, 2" —x— 1] + 2[c; + ¢, 2" — X]
= +4C, 2 —X—2—30; —6Cy 2%+ 3X + 3 + 20, + 2¢, 2 — 2X
=1
= RHS
~ Yy = €1 + G 2°— X is a solution of the given difference equation is proved.

Second Order Homogenous Difference Equations: If a,#0, then yy., + a1yt ayx =0
is called second order homogenous difference equation.
General Homogenous Difference Equations:
If a, # 0, then Yyun + aYxen1 + @Yyen2 +..o. + anaYxe1 T anyx =0
is called n™ order homogenous difference equation.
Auxiliary Equations: When y, = m*, the auxiliary equation of general n™ order
homogenous difference equation is m" + a;m™* + a,m™* +...... + aym+a,=0
Remark: i) If m; and m, are distinct real roots of an auxiliary equation m?+a;m+a,=0
of given second order homogenous difference equation, then the solution is
Yx = Cimy+ Com;.
i) If m; and m, are equal real roots of an auxiliary equation m? + a;m + a, = 0
of given second order homogenous difference equation, then the solution is
Yx = (C1t+ Cox)my,
i) If m= a + if are the complex roots of an auxiliary equation
m? + a;m + a, = 0 of given second order homogenous difference equation,
then the solution is y, = p* (c,€0SX8+ C,SiNXH)

where p = /a? + 2%, 6 = tan'l(g) and c;, ¢, are constants.

iv) If my, m,, ..., m, are distinct real roots of an auxiliary equation of given n"
order homogenous difference equation, then the solution is
Yy = Comi+ comy + ... + comy;
v) If my, my, ..., my are equal real roots of an auxiliary equation of given n™
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order homogenous difference equation repeated k times, then the solution is

Yy = (C1F Cox + +++ + cpx® H)ym.

EX. Solve the difference equation Yy.s — 3Yx+2 — 10y, + 24y, = 0.
Solution: Given difference equation is Yy+z — 3Yx+2 — 10yys1 + 24y, = 0.

When we take y, = m*, the A.E.is

m®-3m?- 10m + 24 =0

(m-2)(m+3)(m-4)=0

~m = 2,-3,4 are the roots of an A.E.

Thus, the G.S. is

yx = C12¥ + C2(-5)* + C34~

Ex. Solve the difference equation Yy, — 7yy.1 + 12y, = 0.
Solution: Given difference equation is Yy, — 7Yy+1 + 12y, = 0.

When we take y, = m*, the A.E.is
m*>-7m+12=0

(m-3)(m-4)=0

~m = 3,4 are the roots of an A.E.
Thus, the G.S. is

yx = C13% + Cp4x

Ex. Solve the difference equation Yy.s — 4Yy+3 + 6Yyxi2 — 4Yyi1 + Yx = 0.
Solution: Given difference equation is Yy.s — 4Yy+3 + 6Yyxi2 — 4Yye1 + Yy = 0.

When we take y, = m*, the A.E.is
m*-4m®+6m*-4m+1=0

(m-1)°*=0

~m=1,1,1,1 are the roots of an A.E.

Thus, the G.S. is

yx = (C1+ C2x + C3x%4 C4x3).1x¥ = C1+ Cox + C3x2+4 C4x3

Ex. Solve the difference equation Yy.s — 8Yy+3 + 18yy.r — 27 y, = 0.
Solution: Given difference equation is Yy.4 — 8Yy+3 + 18y, — 27 y, = 0.

When we take y, = m*, the A.E.is
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- m'-8m+18m’-27=0

(m+1) (m-3)°=0 -~ m=-1,3,3,3 are the roots of an A.E.

Thus, the G.S. is

yx = C1(-1)*+ (Cz2 + C3x+ C4x2).3x
Ex. Solve the difference equation Yy.3 + Yy+» — 8Yy+1 - 12y, = 0.
Solution: Given difference equation is Yy.3 + Yy+2 — 8Yy+1 - 12y, = 0.

When we take y, = m*, the A.E.is

m*+m?-8m-12=0

(m-3) (M?+4m+4)=0

(M-3)(M+2)°=0

~m=3,-2,-2 are the roots of an A.E.

Thus, the G.S. is

yx = C13%+(Cz + C3x).(-2)*

Ex. Solve the difference equation 2yy., — 5yy.1 + 2y, = 0. Also find the particular solution
satisfying the initial conditions y,=0and y; = 1.

Solution: Given difference equation is 2yy., — Syx+1 + 2yy = 0.
When we take y, = m*, the A.E.is
2m*-5m+2=0
2m-1)(m-2)=0
om= % 2 are the roots of an A.E.
Thus, the G.S. is
Vx = C1(§)X + C22x
When x = 0 and x = 1, we get,
Yo=Ci+ C;=0andy; == C, +2C, = 1

Solving these, we get C; = - % and C, = %

= The particular solution is yx = - g (%)X + § 2%

Ex. Solve the difference equation 9y,., — 6,1 + Yx = 0. Also find the particular solution
satisfying the initial conditions y,=0and y; = 1.

Solution: Given difference equation is 9yy., — 6Yy+1 + Yx = 0.
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When we take y, = m*, the A.E.is
om’-6m+1=0

(3m-1)°=0

om= %, § are the roots of an A.E.
Thus, the G.S. is

s = (C1 +C2) )

When x = 0 and x = 1, we get,
Yo=Ci=0andy; = (Ci+Cp) =1
Solving these, we get C;=0and C, =3

«. The particular solution is yy = 2(§)xx

Ex. Solve the difference equation yy., + Yy = 0 withyo=0and y, = 1.
Solution: Given difference equation is yy., +yx = 0.

When we take y, = m*, the A.E.is
m°+1=0
sm=+i= cosg +isin§ are the roots of an A.E. with p =1 and 8= g

Thus, the G.S. is

yx = C1cos§x + C, singx

When x = 0 and x = 1, we get,
YVo=Ci=0andy;=C,=1

= The particular solution is yx = sin%x

Ex. Solve y,.1 - 2y4cosa + Yy, = 0.
Solution: Given difference equation is Yy - 2y,CoSa + Yy.1 = 0.

When we take y,.; = m*, the A.E.is
m?—2mcosa+1=0
m = 2cosa+vV4cos?a—4

2
withp=1and 8=«
Thus, the G.S. is

yx = Cicosax + C, sinax

= cosa + i Sina are the roots of an A.E.
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Ex. Solve the difference equation 3yy., — 6yy.1 + 4yx = 0. Also find the particular solution
satisfying the initial conditionsy,=0andy; =1
Solution: Given difference equation is 3yy., — 6Yy.1 + 4y, = 0.
When we take y, = m*, the A.E. is

3m?-6m+4=0
_ 6+V36-48 _ L,-2 T ..
m=————= 1+ N —\E(cos +151n6) are the roots of an A.E.
with p = Tand 9——

Thus, the G.S. is
2 T . T
Vx = (ﬁ) (C1cosgx + Czsmg x)

Fibonacci Sequence: A sequence of type 0,1, 1,2,3,5,8, ....... i

sequence. which is formulated in difference equation form as

Vet = Y+ Yt 180 Yz - Vo1 - Yx = 0 i€ (E>-E— 1)y, = Owithyo=0andy; = 1

is called Fibonacci difference equation.
Formulation of Fibonacci difference equation:

Fibonacci sequence 0, 1, 1,2, 3,5, 8, .......

form as Yys1 = Yy + Yyt 1.6 Yy - Yor1 - Yx =0 withyg=0andy; =1
Method of solving Fibonacci difference equation:

Let. Yyuo - Vi1 - Yx =0 i.e. (E°-E—-1)y,=0withy,=0andy, =1

be the Fibonacci difference equation.

When we take y, = m*, the AE. is

m’—-m-1=0

1+v1+4
SN = >

~ The G. S. of the glven Fibonacci difference equation is

is formulated in difference equation

- + £ are the roots of an A.E.

[N

Vo= 6l + D)+ ol — Dy
i.e. Y = [Cu(1 + VB + co(1 — V)]
Now yo = 0 and y; = 1 gives
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1= [ea(1 +35) + el = V)

= % [c14c1V5 + Co—cyV/5]

1= g [c1 —¢]

ie.c,—c, = % ...... (ii)
Adding equation (i) and (ii), we get,
2c1=\/2—g i.e. c1=%
Putting in (i), we get, c,= — %
~ Required particular solution of Fibonacci difference equation is
Yx = g7 [ (1 +V5Y - = (1 = V5)

ey, = % [(1+V5)*- (1 —5)].2*

Theorem: If y,&”, y,§2>, ....y,g’” are any n solutions of n" order homogeneous linear
difference equation with constant coefficients (aE" + a;E™™* +.....+ a,)yy = 0,

i.e. AgYx+n + aA1Yx+n-1 + aA2Yx+n-2 .. + aAn-1Yx+1 + adnyx = 0,
then combination xly,?) + xzy,§2>+ et ?\ny,gn) Is also solution,
where A, A,, ...., A,, are arbitrary constants.
Proof: As y,ﬁ”, y,§2>, ....y,§"> are any n solutions of the given homogeneous linear
difference equation agyy.+n + @1Yxen1 + @Yxin2 *...... + ap1Yyr1 T ayx =0
1 1 1 1 1
aoy,g +)n + aly,E +)n_1 + azy,g +)n_2+ ...... + an_ly,g +)1 +ayP=0.... (1)
2 2 2 2 2
agy,g +)n + 313/,5 +)n_1 + azy,g +)n_2+ ...... + an_ly,g +)1 + a, ,5 )=0...... (2)
aoyg)n + alyygﬂ_l + aZY;E?n—f ...... + an_lygg?1 + any,gn)= 0...... (n)
Multiplying equation (1) by A4, (2) by 2A,, ...., (n) by A,, and adding we get
1 1 1 1 1
M [aoy,§+)n + aly3£+)n—1 + a2yp§+)n—2+ °°°°°° + an-lyag+)1 + any; )]

2 2 2 2 )
A [a0y35+)n + a1y9§+)n—1 t aZy9£+)n—2+ ------ + an-1y35+)1 + an)’;g )] + ...
+aoyyin + 8Vgpno + 8y inog e T AnaVers + a0y 1= 0
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MTH-402(A): DIFFERENTIAL EQUATIONS
H A (1) A (2) + A (n) + A (1) A (2) + A (n)
I.€. a.o[ 1Yx+n + 2Vx4n ™ .- -+ nyx+n] 3.1[ 1Yx+n—-1 + 2. .t n ]

x+n—-1 - yx+n—1
1 2
+ a2[7\1y,£+)n_2 + A2y£+)71_2+ et )\nygzl_z]wL ......

+anA v + 4, yP+ 4+ 4,y™M] =0

Aly,gl) + Azy,EZ)Jr st xny,ﬁ"‘) Is solution of given difference equation is proved.

Theorem: If Y is a solutions of n™ order homogeneous linear difference equation with

constant coefficients agyyx+n * a1Yx+n1 + @Yxen2 t...... +apyx =0, and
Y is a solutions of non-homogeneous linear difference equation with constant
coefficients agyy+n + a1Yxen1 + AYxen2 Te... .. + apYix = Ry
then Y+Y" is a solution of agyyin + a1Yxen1 + @Yxen2 ... +anyy = Ry
Proof: As Y is a solutions of the given homogeneous linear difference equation
dgYx+n + A1Yx+n-1 + A2Yx+n-2 +o.. + anyx =
S AYyin T A Yy T Y xno oo, +a,Yy=0...... (1)
Also Y is a solutions of the non-homogeneous linear difference equation
aoYx+n t @1Yx+n-1 T @2Yxan2 T...... +anyx = Ry
SaoYyan taYyino Y Y ot +aYy =Ry ...... (2)
Adding equation (1) & (2), we get
A Yxen a1 Yxn1 + 32y Teonn +a, Yy
+a0Yyn + &1 Ygqn—1 + 82 Yein_ot----.. + anYy = Ry
A0 (Yyrn+Ysin) T @1(YurnatYain—1) + @2(YxenotYein_2)t...... + an(YxtYy) = Ry
Hence Y+Y' is a solution of aoYx+n T A1Yxen1 T @Yxn2 ... + apyy = Ry
IS proved.

Non-Homogenous Linear Difference Equations: If a,#0, then yy., + a1Yx1t+ aryy = f(X)
is called second order homogenous linear difference equation.

General Non-Homogenous Difference Equations:
If ao# 0, then (aoE" + a;E™" + a,E™* + ...... + ap)yx = f(X) i.e. P(E)yx = f(X)
is called n™ order non-homogenous linear difference equation.

Remark: i) If ®(a) # 0, then particular solution of non-homogenous linear difference

X

i = 2¥jg L _X= @
equation ®(E)y, =a" is 362 - 5@

i) If ®(a) = 0i.e. (E) = (E-a)"P(E) with y(a) # 0, then particular
solution of non-homogenous linear difference equation ®(E)y, =a" is
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1 x_ 1 X x(x-1)(x-2)..(x—n+1)a*™ "
®(E)  (F-a)"$(E) niy(a)
1) If non-hnomogenous linear difference equation is of type ®(E)yy = f(X),

where f(x) is polynomial in x of degree r, then its particular solution is

@ %)= e f(x)

We expand in ascending powers of A and operate on f(x).

1+4)
iv) If non—homogenous linear difference equation is of type ®(E)y, = a*f(x),
f(x)

hen i rticular solution is ——a* f(x
then its particular solution is (E)a x) = aq)(E)

v) If non-homogenous linear difference equation is of type CD(E)yX = cosax,

then its particular solution is Tcosax Real part of ﬁ e

vi) If non-homogenous linear difference equation is of type CD(E)yX = sinax,

. . . . 1 .
then its particular solution is ﬁsmax Imaginary part of ﬁ e

Ex. Solve the following difference equations:
a) i1 - 3Yx =1 b) Yx+1-3yx =0, y0 =2
Solution: a) Let yy.1 -3y,=1 ie. (E-3)yy=1
be the given non-homogeneous linear difference equation.
When we take y, = m*, the A.E.is
m-3=0
~m = 3 is the roots of an A. E.
~ The G. S. of reduced homogeneous difference equation is

Yy =C 3
Now particular solution of given non-homogeneous equation is
P.S.= (E_3)1
— 1 .x
(B-3)

1

T -3
1

2
Hence G.S. of given equation is y, = G.S. + P.S.
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i.e.yx=03x—§
b) Let yys1 -3y, =0i.e. (E-3)y,=0

be the given homogeneous linear difference equation.
When we take y, = m*, the A.E.is

m-3=0

~m = 3 is the roots of an A. E.

~ The G. S. of given homogeneous difference equation is
yx = €3

Now yo =2 givesc3’=2i.e.2=c¢

Hence particular solution of given equation is

Yy = 2.3%

Ex. Solve the following equation yy., — 3yyx+1 + 2yx = 1.
Solution: Let Yo — 3yys1 + 2yx =1

i.e. (E°~3E +2)y,=1

be the given non-homogeneous linear difference equation.

When we take y, = m*, the AE. is

m?-3m+2=0

(m-1)(m-2)=0

.~ m=1, 2 are the roots of an A.E.

Thus, the G.S. of reduced homogeneous equation is

yx = Cy + C2"

Now particular solution of given non-homogeneous equation is

-t
P.S. = (E2-3E+2)
1

—_ 1 ax
(E-1)(E-2)
X

(1-2)
= -X

Hence G.S. of given equation is y, = G.S. + P.S.
i.e.yx=Ci+C2" —x

EX. Solve Yy — 3Yye1 + 2y = a%, where a is some constant
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Solution: Let Yy — 3Yys1 + 2y, =
i.e. (E°— 3E + 2)y, = a*, where a is some constant
be the given non-homogeneous linear difference equation.
When we take y, = m*, the A.E. is
m*-3m+2=0
(m-1)(m-2)=0
~m=1, 2 are the roots of an A.E.
Thus, the G.S. of reduced homogeneous equation is

Yy = C.+ C22X
Now particular solution of given non-homogeneous equation is

-1 X
P.S. = (E2—3E+2)a

-1

T EDE-2)°

=———whena#1anda#2

(a-1)(a-2)

3 _ 1 X — 1 P -
Ifa=1,thenP.S. = (E2-3E+2)"  (E-1)(E-2)"  11(1-2)

_ _ 1 X _ 1 X _ x2%1 _ x-1
Ifa=2,thenP.S. = (F2-3E+2)°  E-D(E-2° _1@-1 X2

Hence complete solution of given equation is y, = G.S. + P.S.

) _ y a
i.e.yy=C;+ C,2 +m when a#1 and a #2
yx = C1+ Cp2° -X when a=1
yx = Cp+ C2* + x2*! when a =2

EX. SOIVE Yysp — 4Yyu1 + 4y =3+ 2" + 4,
Solution: Let Yy, — 4yye1 + 4y, =3+ 2" + 4.
i.e. (E°—4E +4)y, =3+ 2+ 4
be the given non- homogeneous linear difference equation.
When we take y, = m*, the A.E. is
m?-4m+4=0

(m-2)*=0
~.m =2, 2 are the roots of an A.E.
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Thus, the G.S. of reduced homogeneous equation is
Yx = (C1+ Cpx) 2°

Now particular solution of given non-homogeneous equation is
1

PS.=—————(3"+2"+4)

(E2 —4E+4)

(3" +2°+4.19

(E 2)2

= 5O T @ o
3% +x(x—1)2x 2+ 4.1%
(3-2)2 2! (1-2)2
=3 +x(x—1)2*3+4
Hence G.S. of given equation is y, = G.S. + P.S.

ey, =(Ci+CX) 2%+ 3+ x(x —1)2* 3 +4

(4.1

EX. Solve Yyio — 4Yy4q + 3y, = 3 + 1.
Solution: Let Yy, — 4Yye1 + 3y, = 3+ 1.
ie (E°—4E+3)y,=3"+1
be the given non- homogeneous linear difference equation.
When we take y, = m*, the A.E. is
m?-4m+3=0
(m-1)(m-3)=0
~ m=1, 3 are the roots of an A.E.
Thus, the G.S. of reduced homogeneous equation is

Yy = C1 + C23X
Now particular solution of given non-homogeneous equation is
— 1 X
P.S. = —(E2_4E+3)(3 +1)
— 1 X X
a (13—1)(13—3)(3 +1)
1 (V4 1

— 71X
- (E—1)(E-3)\3) (E—1)(E-3)\1)

x3x—1 N xlx—l

11(3-1) 1!(1-3)
_ x3x—1

T2

X
2
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_1 X(3X-1_1)
Hence G.S. of given equatlon iIsy,=G.S. +P.S.
i.e. Y= Cat Cp8"+ - L x(3¥%-1)
EX. Solve Yy — 4Yy4q + 4y, = 3 + 2%
Solution: Let Yy, — 4Yye1 + 4y, = 3X + 2%
i.e. (E°— 4E + 4)y, = 3x + 2%
be the given non- homogeneous linear difference equation.
When we take y, = m*, the A.E.is
m?-4m+4=0
(m-2)°=0
~m=2, 2 are the roots of an A.E.
Thus, the G.S. of reduced homogeneous equation is
Yy = (C1 + Cox) 2"
Now particular solution of given non-homogeneous equation is
P.S. = —(3x + 2%

(E2 —4E+4)

(3x + 29

(E 2)2
— 1 X
T (1+A- 2)2( X)+ (E- 2)2(2)

_ 3 + x(x—1)2%"2
(A-1)2 2!
= 3(1 — Ay + X2

=3(1+2A + - )X + x(x — 1)2%73
=3(x+2(x+1—x) + ) +x(x — 1)2*73
=3X+6+x(x—1)2*3
Hence G.S. of given equation is y, = G.S. + P.S.
ie. Y, =(Ci+CX)2"+3x +6 +x(x —1)2*3
EX. Solve Uy — Suy.q + 6uy, = 36
Solution: Let Uys» — 5uy4q + 6U, = 36
i.e. (E°~5E + 6)u, = 36
be the given non- homogeneous linear difference equation.
When we take y, = m*, the A.E. is
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- m-5m+6=0
(m-2)(m-3)=0
.~ m =2, 3 are the roots of an A.E.
Thus, the G.S. of reduced homogeneous equation is
Yy = C12"+ C,3"
Now particular solution of given non-homogeneous equation is

P.S.=—L(36)

(E2-5E+6)
=Enasl)
— 36
1-2)(1-3)
=18
Hence G.S. of given equation is y, = G.S. + P.S.
i.e.yy=C12%+ C,3"+ 18
EX. Solve y,., — 5yx+1 + 6y = 2. Also find the solution satisfying the initial conditions
Yo=landy; =-1
Solution: Let Yy+p — Byys1 + 6yy =2
i.e. (E*—5E + 6)y, =2
be the given non- homogeneous linear difference equation.
When we take y, = m*, the A.E. is
m’-5m+6=0
(m-2)(m-3)=0
~ m =2, 3 are the roots of an A.E.
Thus, the G.S. of reduced homogeneous equation is
Yy = C12°+ C,3"
Now particular solution of given non-homogeneous equation is

PS.=——~ (2

(E2- 5E+6)
2

- (E—Z)(E—3)(1)
2

= 1-2)(1-3)
=1
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MTH-402(A): DFFERENTIAL EQUATIONS

Hence G.S. of given equation isy, = G.S. + P.S.
i.e.yy=C 2%+ C,3"+1

By using initial conditions yo = 1 and y; = -1, we get
Ci2°+C,3°+1=1ie.C;+C,=0

& C2'+C3 +1=-1i.e. 2Cy+3C,=-2
Solvingwe get C;=2and C,=-2

Hence the solution is y, = 2°*—2.3* + 1

EX. Solve the following non-homogeneous linear difference equations:
1) Yiez - 4yx = 9X° b) Ay, + A?y, = sinx
Solution: i) Let yy.s - 4y, = 9% i.e. (E- 4) y, = 9%°
be the given non-homogeneous linear difference equation.
When we take y, = m*, the A.E. is
-4=0
i.e. (m—2) (m+2)=0
~m =2, -2 are the roots of an A. E.
~ The G. S. of reduced homogeneous difference equation is
Yx = C12° + Cy(-2)*
Now particular solution of given non-homogeneous equation is
P.S. e 4)(9x )

— 1 2
B (1+A)2—4( X)
9

= )

—3+2A+A2

= — (X))

[1- ( A+ AZ)

= —3[1+CA+ 240 + CA+ A + 1<)
= -3[1+2 A+ 1A% 2A% )00

= —3[x+2 (2%) +2(2) + 0]

= -3x°- 4X - E

Hence G.S. of glven equation isy, = G.S. + P.S.
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i.e. Y = C12° + Cy(-2)* -3X°- 4x - =

i) Let Ay, + A%y, = sinx
l.e. (A + A?)y, =sinx
i.e. (E-1+E2-2E+1)y, = sinx
I.e. (E2 - E)yx = sinx
be the given non-homogeneous linear difference equation.
When we take y, = m*, the AE. is
m’-m=0
.e.m(m-1)=0
~m=0, 1 are the roots of an A. E.
~ The G. S. of reduced homogeneous difference equation is
yx = C10" + Cy(1)"
i.e. Yy =C,where C,=C
Now particular solution given non-homogeneous equation is

_ 1
P.S.=

= Imaginary part of ﬁ(ei")

(sinx)

= Imaginary part of (Ezl_E)(ei)X

eix
(ezi_ei)
i(x-1)

= Imaginary part of

= Imaginary part of =

(e’-1)
_ . ei(x—l) (e—i_l)
= Imaginary part of oD X e D)

el(x—2)_,i(x—1)

= Imaginary part of AoeieD)

cos(x—2)+isin(x—2)—cos(x—1)—isin(x—1)

= Imaginary part of [

_ sin(x—2)-sin(x—-1)

B 2—2cos1

_ sin(x—2)-sin(x—-1)

B 2(1-cosl)
Hence G.S. of given equation is y, = G.S. + P.S.
sin(x—2)-sin(x—1)

2(1—cos1)

]

2—cosl—isinl—cos1+isin1

l.e.yy=C+
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MULTIPLE CHOICE QUESTIONS [MCQ’S]

1) Shift operator is denoted by E and defined as Ef(x) = ......

A) f(x-h) B) f(x) C)f(x+h) D) None of these
2) If E is a shift operator, then E"f(x)=......
A) f(x + nh) B) f(x) C) f(x — nh) D) None of these

3) Forward difference operator is denoted by A and defined as Af(x) = ......
A) f(xth) —f(x) B)f(x)-f(x+h) C)f(x+ h)+ f(x)D) None of these
4) If A is a forward difference operator, then A*f(x) = ......
A) f(x+2h) — f(x) B) f(x + 2h) - 2f(x + h) + f(X)
C) f(x + 2h) + 2f(x + h) + f(x) D) None of these
5) If A is a forward difference operator, then A%(x) = ......
A) f(x + 3h) + 3f(x + 2h) + 3f(x+ h) + f(x) B) f(x + 2h) - 2f(x + h) + f(X)
C) f(x + 3h) — 3f(x + 2h) + 3f(x + h) — f(x) D) None of these
6) Relation between forward difference operator A and shift operator E is ......

A)A=E-1 B)A=E+1 C)A=1-E D) None of these
2 n
7) A relation of the form F [ X, v, A—y,A—i, ...... , A—y] =(iscalleda......
Ax " Ax Ax™
A) differential equation B) difference equation
C) linear equation D) None of these

8) For y = f(x) the relation of the form ¢[ x, f(x), f(x+h), f(x+2h), ..... f(x+nh)] is called a

A) differential equation B) linear equation
C) difference equation D) None of these
9) If E and A are shift and forward difference operators respectively and h is interval

difference, then 22 = ...
Ax™

A) —Enﬁx) B) —(E_lz:f &) C) —(E“:l:f ) D) None of these
10) The difference between the largest and smallest arguments for the function involved
divided by h is called ...... of a difference equation.
A) order B) solution C) root D) None of these

11) The order of the difference equation f(x + 2h) = 5f(x + h) + 6f(x) =0is ...
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Al B) 2 C)3 D) None of these

12) Order of a difference equation @[ x, f(x), f(x + h), f(x + 2h), .....f(x + nh)] =0

1S ......

Al B) n-1 C)n D) None of these
13) The order of the difference equation yy., — 7Yy =51is ......

Al B) 2 C)3 D) None of these
14) The order of the difference equation Yy.4 — 5Yyy+1 + 6y, =0.1s ......

A4 B)5 C)6 D) None of these
15) The order of the difference equation A%y, + 3Ay, =X s ......

Al B) 2 C)3 D) None of these
16) The order of the difference equation A3y, + 2Ay, + Yy, =X+ 31is ......

Al B) 2 C)3 D) None of these
17) The order of the difference equation A3y, + A%y, + Ay, +y,=01is ......

Al B) 2 C)3 D) None of these

18) The difference equation f(x + 2h) —5f(x + h) + 6f(x) =0 is written in
subscript formas ......

A) yx+2 - 5yx-l + 6yx = 0 B) yx+2 - 5yx+1 + 6yx-l = O
C) Yys2 — BYys1 + 6y, =0 D) None of these
19) The difference equation Ay - 2y, = 3 is written in subscript formas ......
A)Vir1 —2Yk=3 B)Yis1 —3¥k=3 C) Yie1 —Yk=3 D) Yis1 + Yi=3
20) The difference equation A3y, - A2y, + Ay, + yi = 0 is written in subscript form as ...
A) Vi3 - Yo + 6yt =0 B) Yi+s - 2Yke2 + 2Yike1 =0
C) Visz - Yir2 + Vet T Yk =0 D) None of these
21) yy = X(XZ_ D is the solution of the difference equation ......
A) Vi1 + 2y, =0 B) Yxs1 T Yx =0
C) Yye1 - Yx = X D) None of these
22) yy=1— z is the solution of the difference equation ......
A) (X+1)yya1 + Xyx = 2X - 3 B) (X+1)Yxs1 + Xyx = 2X
C) (X*+1)yy1 + Xyx =0 D) None of these

23) y, = C; + C,2* - x is the solution of the difference equation ......
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A) Vyi2 - 3Yxe1 + 2y =0 B) Yxi2 - 3Yxe1 + 2¥x =1
C) Vye2 = 3Yya1 T 2Y4 = X D) None of these
24) An equation of the form ao(K)E"yi+a1(K)E™yk + ax(K)E™ 2yt ... +ay(K)yk = R(K),
(k) #0and ak) (i=0,1,2, ...... ) are constants, is called a ...... with constant
coefficients.
A) linear differential equation B) linear difference equation

C) non-linear difference equation D) None of these

25) (E*—6E*+12) yy=01isa...... with constant coefficients.
A) linear difference equation B) linear differential equation

C) non-linear difference equation D) None of these

26) (KE?—KE +4) y,=4k + 1isa ...... with a variable coefficient.
A) linear difference equation B) linear differential equation

C) non-linear difference equation D) None of these

27) yZ + yiyr+1=10kisa ......
A) linear difference equation B) linear differential equation
C) non-linear difference equation D) None of these

28) If the solution of difference equation contains n arbitrary constants, then order of
difference equation is ......

An-1 B)n C)n+1 D)n+2

29) The order of the difference equation formed from the solution y, = A3"+ B5" is ......
A) 2 B) 1 C)o D) 3

30) The order of the difference equation formed from the solution y, = ax® + bx - 3 is ...
Al B) 2 C)3 D) 4

31) If a, # 0, then yy., + a1yys1 + @2y, =0 is called ...... difference equation
A) homogenous B) non- homogenous
C) linear D) None of these

32) If a, # 0, then Yy + a1Yyen1 + @Yxeno ... + an1Yyxer + anyx = 0 is called n™ order
...... difference equation
A) homogenous B) non- homogenous
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C) linear D) None of these

33) If m; and m, are distinct real roots of an auxiliary equation of the difference
equation, then the solutiony, = ......
A) cymi+ comy B) cix™1*+ cpx™2*
C) (my + my)x D) None of these
34) If an auxiliary equation m? + a;m + a, = 0 of given second order homogenous

difference equation has equal real roots m; and m,, then the solution isy,=......
A) cymi+ comy B) cix™1*+ cox™2*
C) (c; + cyx) m¥ D) None of these
35) If m = a + if are the complex roots of an auxiliary equation m® + a;m + a, = 0 with
p=+a*+p? 0= tan'l(g) and ¢y, C, are constants, of given second order
homogenous difference equation, then the solution is y, = ...

A) p* (c,c08X0+ cysecxd) B) p* (c1€0SXB+ C,Sinx0)
C) p* (cicosecxf+ c,SinxH) D) None of these
36) If my, m,, ..., m, are distinct real roots of an auxiliary equation of given n"
order homogenous difference equation, then the solution is
A) cymi+comi + ... + cmy B) cix™1%*+ cox M2 + ...+ Cx™KX
C) (c; + cpx+ ... + cx* ) m¥ D) None of these
37) If my, m,, ..., my are equal real roots of an auxiliary equation of given n™ order
homogenous difference equation repeated k times, then the solution is
A) cymi+ceomi+ ... + cyumy B) cix™1¥, Cox™2¥ + | + g iX
C) (¢1 + cox+ ... + cx® )y m¥ D) None of these
38) The solution of the difference equation Yys» — 7Yx+1 + 12y, =0 iS Yy = ......
A) cym3, coms B) €,3%, C,4*
C) (3*+4%)x D) None of these
39) The solution of the difference equation 2y, — 5yxs1 + 2y, =0 Sy, = ......
A) C127%+ ¢ 2% B) c;2*+ ¢,5*
C) c127%+ ¢,5% D) None of these
40) The solution of the difference equation 9y, — 6y + Yx =0 iS Yy, =......
A) C137%+ 4% B) c;3*+ c47*
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C) (c1+ cx)37™ D) None of these

41) The solution of the difference equation yy+» — 6Yx+1 + 8yx =0isyx=......
A) c137F+ ¢ 4% B) c.2K+ ¢ 4%
C) (c1+ c,k)3* D) None of these

42) The solution of the difference equation 16Yy.» — 8Yi+1 + Yk =0isyx=......
A) c137F+ ¢ 4% B) 12K+ ¢ 4k
C) (ci+ ck)4™ D) None of these
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