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MTH 201: Ordinary Differential Equations 

Department of Mathematics - Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner  

MTH 201: Ordinary Differential Equations 

Unit-I Differential Equations of First Order and First Degree    No. of Hours: 8 

 a) Partial derivatives of first order.  

 b) Exact differential equations. Condition for exactness.  

 c) Integrating factor.  

 d) Rules for finding integrating factors.  

 e) Linear differential equations.  

 f) Bernoulli’s Equation. Equation reducible to linear form.  

Unit-II Differential Equations of First Order and Higher Degree   No. of Hours: 7  

 a) Differential equations of first order and higher degree.  

 b) Equation solvable for p.  

 c) Equation solvable for y.  

 d) Equation solvable for x.  

 e) Clairaut’s form.  

Unit-III Linear Differential Equations with Constant Coefficients   No. of Hours: 8 

 a) Linear differential equations with constant coefficients.  

 b) Complementary functions.  

 c) Particular integrals of f(D)y = X, where X = e
ax

, cos(ax), sin(ax), x
n
 , e

ax
V, xV with usual  

     notations.  

Unit-IV Linear Differential Equations with Variable Coefficients  No. of Hours: 7 

a) Homogeneous linear differential equations (Cauchy’s differential equations).  

 b) Example of Homogeneous linear differential equations.  

 c) Equations reducible to homogeneous linear differential equations (Legendre’s equations)  

 d) Example of Equations reducible to homogeneous linear differential equations  

Reference Books:  

1. Introductory Course in Differential Equations, by D. A. Murray, Orient Congman  

(India) 1967.  

2. Differential Equations, by G. F. Simmons, Tata McGraw Hill, 1972.  

Learning Outcomes:  

After successful completion of this course, the student will be able to:  

 a) understand basic concepts in differential equations  

 b) understand method of solving differential equations  

 

==x== 
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Unit-1: Differential Equations of First Order and First Degree 
========================================================= 

Partial Derivatives: 1) Let f(x,y) be a real valued function. If    
    

 (     )  (   )

 
  is 

exists and finite, then this limit is called partial derivative of f(x, y) w.r.t.x and it is 

denoted by fx(x, y) or 
  

  
 . 

2) Let f(x,y) be a real valued function. If    
    

 (     )  (   )

 
  is exists and 

finite, then this limit is called partial derivative of f(x, y) w.r.t.y and it is denoted by 

fy(x, y) or 
  

  
 . 

Remark:1) Partial derivative of f(x, y) w.r.t.x at point (a, b) is given by 

          fx(a, b) =    
    

 (     )  (   )

 
 

2) Partial derivative of f(x, y) w.r.t.y at point (a, b) is given by 

 fy(a, b) =    
    

  (     )   (   )

 
    

3)  
  

  
 and 

  

  
 are called first order partial derivatives. 

4) 
   

   
 , 

   

    
 , 

   

    
 and 

   

   
 are called second order partial derivatives. 

========================================================= 

Ex. If u = xy + e
x
 then find  

  

  
 ,  

  

  
  , 

   

   
 ,  

   

   
 and 

   

    
 

Solution: Let u = xy + e
x
  

   
  

  
  =  

 

  
(xy + e

x
) = y + e

x
 

   
  

  
  =  

 

  
(xy + e

x
) = x + 0 = x 

   
   

   
 = 

 

  
(
  

  
) = 

 

  
(y + e

x
) = 0 + e

x 
 = e

x
 

  
   

   
 = 

 

  
( 

  

  
) = 

 

  
(x) = 0 

   
   

    
  =  

 

  
(
  

  
) = 

 

  
(x) = 1 

========================================================= 

Ex. If u = x
3
 + y

3
 + 3xy then find  

   

   
 , 

   

   
 and 

   

    
 

Solution: Let u = x
3
 + y

3
 + 3xy 

   
  

  
  =  

 

  
(x

3
 + y

3
 + 3xy) = 3x

2
 + 0 +3y = 3x

2
 +3y 

   
  

  
  =  

 

  
(x

3
 + y

3
 + 3xy) = 0 + 3y

2
 +3x = 3y

2
 +3x 

   
   

   
 = 

 

  
(
  

  
) = 

 

  
(3x

2
 +3y) = 6x + 0 = 6x 

  
   

   
 = 

 

  
( 

  

  
) = 

 

  
(3y

2
 +3x) = 6y + 0 = 6y 

   
   

    
  =  

 

  
(
  

  
) = 

 

  
(3y

2
 +3x) = 0 + 3 = 3 

========================================================= 
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Ex. If u = e
x
 sinxy then find  

  

  
  and 

  

  
 at (0, 0). 

Solution: Let u = e
x
 sinxy 

   
  

  
  =  e

x
 sinxy +  ye

x
 cosxy 

and 
  

  
  =  xe

x
 cosxy 

  At point (0, 0). 

  
  

  
 = 0 and 

  

  
 = 0 

========================================================= 

Ex. If u = x
2
y + y

2
z + z

2
x  then find  

  

  
  , 

  

  
 and 

  

  
 at (1, 1, 1). 

Solution: Let u = x
2
y + y

2
z + z

2
x 

   
  

  
  = 2xy + 0 + z

2 
= 2xy+ z

2
 

  

  
  = x

2
 + 2yz + 0 = x

2
 + 2yz 

and 
  

  
  = 0 + y

2
 + 2zx = y

2
 + 2zx 

  At point (1, 1, 1). 

  
  

  
 = 2 + 1 = 3,  

  

  
 = 1 + 2 = 3 and  

  

  
 = 1 + 2 = 3 

========================================================= 

Ex. If u =  x
3
z + y

2
x - 2yz  then find  

  

  
  , 

  

  
 and 

  

  
 at (1, 2, 3). 

Solution: Let u =  x
3
z + y

2
x - 2yz 

   
  

  
  =  3x

2
z + y

2
 - 0 =  3x

2
z + y

2
 

  

  
  =  0 + 2yx - 2z =  2yx - 2z 

and 
  

  
  =  x

3
 + 0 - 2y =  x

3
 - 2y 

  At point (1, 2, 3). 

  
  

  
 = 9 + 4 =13  

 
  

  
 = 4 - 6 = -2  

and  
  

  
 = 1 - 4 = -3 

========================================================= 

Ex. If u =  log(tanx + tany + tanz), show that sin2x 
  

  
 + sin2y 

  

  
 + sin2z 

  

  
 = 2 

Proof: Let u =  log(tanx + tany + tanz) 

   
  

  
  = 

 

                  
 (      + 0 + 0) = 

     

                  
 

  sin2x 
  

  
 = 

     (     )

                  
 = 

         

                  
(

 

     
) = 

     

                  
 

  sin2x 
  

  
 =  
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Similarly sin2y 
  

  
  =  

     

                  
  

and sin2z 
  

  
  =  

     

                  
 

  By adding, we get, 

sin2x 
  

  
 + sin2y 

  

  
 + sin2z 

  

  
  

= 
     

                  
 + 

     

                  
 +

     

                  
 

= 
                    

                  
  

= 2 

Hence proved. 

========================================================= 

Ex. If u = (x
2
 + y

2
 + z

2
)

-1/2
 , prove that x

  

  
 + y

  

  
 + z

  

  
 = -u 

Proof: Let u =  (x
2
 + y

2
 + z

2
)

-1/2
 

   
  

  
  = - 

 

 
(x

2
 + y

2
 + z

2
)

-3/2
 (   + 0 + 0) 

  x 
  

  
 = -x

2
 (x

2
 + y

2
 + z

2
)

-3/2
 

Similarly y 
  

  
  =  -y

2
 (x

2
 + y

2
 + z

2
)

-3/2
 

and z 
  

  
  = -z

2
 (x

2
 + y

2
 + z

2
)

-3/2
 

  By adding, we get, 

x 
  

  
 + y 

  

  
 + z 

  

  
 = -(x

2
 + y

2
 + z

2
) (x

2
 + y

2
 + z

2
)

-3/2
 =-(x

2
 + y

2
 + z

2
)

-1/2 
 = -u 

Hence proved. 

========================================================= 

Ex. If u = log(x
3
 + y

3
 - x

2
y -xy

2
) , show that 

  

  
 + 

  

  
 =  

 

   
  

Proof: Let u =  log(x
3
 + y

3
 - x

2
y - xy

2
) 

   
  

  
  =  

 

                   
(3x

2
 + 0 - 2xy - y

2
) = 

           

                   
 

and 
  

  
  = 

 

                   
(0 + 3y

2
 + 0 - x

2 
- 2xy) = 

           

                   
 

  By adding, we get, 

  

  
 + 

  

  
 = 

                       

                  
  

= 
              

                  
  

= 
 (           )

(   )(           )
 

 
  

  
 + 

  

  
 = 

 

   
 

Hence proved. 
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Differential equation: An equation which contains the terms of derivatives is called  

differential equation. 

Order of Differential equation: An order of the highest ordered derivatives  

occurring in the equation is called the order of a differential equation. 

Degree of Differential equation: Power of the highest ordered derivative occurring  

in the differential equation when it is free from radical signs and fractional 

indices is called the degree of a differential equation. 

Homogeneous Function: A function f(x, y) is said to be homogeneous function of  

degree ‘n’ if  f(x, y) = x
n
F(

 

 
) 

Differential equation of First Order and First Degree: If M and N are functions  

of variables x and y then Mdx + Ndy = 0 is called differential equation of first 

order and first degree. 

Homogeneous Differential equation: If M and N are homogeneous functions of  

variables x and y of same degree then Mdx + Ndy = 0 or 
  

  
 = 

 (   )

 (   )
 is called  

homogeneous differential equation. 

Exact Differential equation: A differential equation of type Mdx + Ndy = 0 is  

called exact differential equation if there exist a function u(x, y) such that  

Mdx + Ndy = du. 

e.g. As 2xy
2
dx + 2x

2
ydy = d(x

2
y

2
) 

  2xy
2
dx + 2x

2
ydy = 0 is an exact differential equation. 

========================================================= 

Theorem: A necessary and sufficient condition for differential equation  

Mdx + Ndy = 0 to be exact is that  
  

  
 = 

  

  
  

Proof: Necessary condition:  Suppose Mdx + Ndy = 0 is exact. 

  there exist a function u(x, y) such that Mdx + Ndy = du …(1) 

But by total differentiation du = 
  

  
 dx + 

  

  
 dy…(2) 

From equation (1) and (2), we have 

M =  
  

  
 and N =  

  

  
 

  
  

  
 = 

   

    
 and 

  

  
 = 

   

    
 

But 
   

    
 = 

   

    
 

   
  

  
 = 

  

  
  

Sufficient condition:  Suppose Mdx + Ndy = 0 be a differential equation  

such that  
  

  
 = 

  

  
 

 Let us define f(x, y) = ∫    
 

          
 

   M = 
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 = 

   

    
  

   
  

  
 = 

   

    
 

   
  

  
 = 

   

    
  since  

  

  
 = 

  

  
 

   
  

  
 - 

   

    
 = 0 

   
 

  
 (N- 

  

  
) = 0 

Integrating both sides w.r.t. x, keeping y constant, we get, 

N- 
  

  
 = g(y), a function of y only. 

   N = 
  

  
 + g(y) 

  Mdx + Ndy = 
  

  
 dx +[

  

  
 + g(y)]dy 

     = d[f + ∫  ( )      

  Mdx + Ndy = 0 is an exact differential equation. 

========================================================= 

Remark: A general solution of exact differential equation Mdx + Ndy = 0 is  

     ∫    
 

          
  ∫(                           )   = c 

========================================================= 

Ex. Solve (2x
3
 + 3y)dx + (3x + y - 1)dy = 0 

Solution: Let (2x
3
 + 3y)dx + (3x + y - 1)dy = 0 be the given differential  

 equation, comparing it with Mdx + Ndy = 0, we get, 

M = 2x
3
 + 3y and N = 3x + y - 1 

  
  

  
 = 3     

  

  
 = 3 

  
  

  
 = 

  

  
  

  Given differential equation is exact . 

  It’s general solution is 

∫    
 

          
  ∫(                           )   = c 

 ∫ (        )  
 

          
  ∫(   )   = c 

  
 

 
 x

4
 + 3xy + 

 

 
 y

2
 - y = c. 

===========================================================

Ex. Solve (y
2
 - 2xy + 6x)dx - (x

2
 - 2xy + 2)dy = 0 

Solution: Let (y
2
 - 2xy + 6x)dx - (x

2
 - 2xy + 2)dy = 0 be the given differential  

 equation, comparing it with Mdx + Ndy = 0, we get, 

M = y
2
 - 2xy + 6x and N = -x

2
 + 2xy - 2 

  
  

  
 = 2y - 2x     

  

  
 = -2x + 2y 
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 = 

  

  
  

  Given differential equation is exact. 

  It’s general solution is 

∫    
 

          
  ∫(                           )   = c 

 ∫ (             )  
 

          
  ∫(  )   = c 

  xy
2
 - x

2
y + 3x

2
 - 2y = c. 

=========================================================== 

Ex. Solve 3yx
2
dx + (x

3
 + 8y)dy = 3ydx + 3xdy given that for x = 0, y = 1. 

Solution: Let 3yx
2
dx + (x

3
 + 8y)dy = 3ydx + 3xdy 

i.e. (3yx
2
 - 3y)dx + (x

3
 + 8y - 3x)dy = 0 be the given differential  

 equation, comparing it with Mdx + Ndy = 0, we get, 

M = 3yx
2
 - 3y and N = x

3
 + 8y - 3x 

  
  

  
 = 3x

2
 - 3     

  

  
 = 3x

2
 - 3 

  
  

  
 = 

  

  
  

  Given differential equation is exact . 

  It’s general solution is 

∫    
 

          
  ∫(                           )   = c 

 ∫ (         )  
 

          
  ∫(  )   = c 

  yx
3
 - 3xy + 4y

2
 = c 

Given that for x = 0, y = 1  

  0 - 0 + 4 = c 

  c = 4 

  Particular solution of given equation is 

yx
3
 - 3xy + 4y

2
 = 4  

===========================================================

Ex. Solve (sinx.cosy+e
2x

)dx+(cosx.siny+tany)dy = 0 

Solution: Let (sinx.cosy+e
2x

)dx+(cosx.siny+tany)dy = 0 be the given differential  

 equation, comparing it with Mdx + Ndy = 0, we get, 

M = sinx.cosy+e
2x

 and N = cosx.siny+tany 

  
  

  
 = - sinx.siny     

  

  
 = -sinx.siny 

  
  

  
 = 

  

  
  

  Given differential equation is exact . 

  It’s general solution is 

∫    
 

          
  ∫(                           )   = c 

 ∫ (             )  
 

          
  ∫        = c 

  -cosx.cosy + 
 

 
 e

2x
 + log secy = c. 



MTH-201: Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics - Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner 7 

Ex. Solve (cos2y - 3x
2
y

2
)dx+(cos2y - 2xsin2y - 2x

3
y)dy = 0 

Solution: Let (cos2y - 3x
2
y

2
)dx+(cos2y - 2xsin2y - 2x

3
y)dy = 0 be the given 

 differential  equation, comparing it with Mdx + Ndy = 0, we get, 

M = cos2y - 3x
2
y

2
 and N = cos2y - 2xsin2y - 2x

3
y 

  
  

  
 = - 2sin2y - 6x

2
y     

  

  
 = - 2sin2y - 6x

2
y 

  
  

  
 = 

  

  
  

  Given differential equation is exact . 

  It’s general solution is 

∫    
 

          
  ∫(                           )   = c 

 ∫ (             )  
 

          
  ∫         = c 

  x.cos2y - x
3
y

2
 +  

 

 
 sin2y = c. 

===========================================================

Integrating Factor: A function u(x, y) is said to be an integrating factor (I.F.) of 

non-exact differential equation Mdx + Ndy = 0 if Mudx + Nudy = 0 is exact. 

Rules of finding I.F.: 

Rule-I: If the differential equation Mdx + Ndy = 0 is homogeneous then 
 

     
 is 

 an I.F. if         0 

Proof: Let Mdx + Ndy = 0 is homogeneous differential equation. 

   M and N are homogeneous functions of same degree say n. 

   By Eulers theorem 

 x 
  

  
 + y 

  

  
 = nM and x 

  

  
 + y 

  

  
 = nN ……(1) 

Given that         0 

  Multipling by 
 

     
 to given equation, we get, 

 

     
 dx + 

 

     
 dy = 0 

 i.e. M1dx + N1dy = 0 where M1 = 

 

     
 , N1 = 

 

     
 

   
   

  
 = 

(     )
  

  
    ( 

  

  
      

  

  
)

(     ) 
 = 

  
  

  
          

  

  

(     ) 
 

 and 
   

  
 = 

(     )
  

  
    (     

  

  
   

  

  
)

(     ) 
 = 

  
  

  
          

  

  

(     ) 
 

    
   

  
 - 

   

  
 =  

  
  

  
          

  

  
     

  

  
          

  

  

(     ) 
 

=  
 ( 

  

  
    

  

  
 )    ( 

  

  
    

  

  
 )

(     ) 
 

=  
 (   )   (   )

(     ) 
  by (1) 

       = 0 

   
   

  
 = 

   

  
 

  M1dx + N1dy = 0 is exact. 

 
 

     
 is an I.F.of given equation is proved. 

=========================================================== 
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Ex. Solve (x + y)dx + (y - x)dy = 0 

Solution: Let (x + y)dx+(y - x)dy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = x + y and N = y - x 

  
  

  
 = 1     

  

  
 = -1 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But the given differential equation is homogeneous with  

      = (   )  (   )  =              =       0 

  I.F. = 
 

     
 = 

 

     
 

Multiplying given equation by 
 

     
 , we get, 

   

     
 dx + 

   

     
 dy = 0 which is exact 

  It’s general solution is 

∫
   

     
dx

 

          
  ∫     = c 

  ∫
 

     
dx

 

          
   ∫

 

     
dx

 

          
= c 

  
 

 
∫

  

     
dx

 

          
   ∫

 

     
dx

 

          
= c 

  
 

 
   (     )    

 

 
 tan

-1
(
 

 
) = c 

i.e  
 

 
   (     )   tan

-1
(
 

 
) = c  

===========================================================

Ex. Solve (xy - y
2
)dx - x

2
dy = 0 

Solution: Let (xy - y
2
)dx - x

2
dy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = xy - y
2
 and N = - x

2
 

  
  

  
 = x - 2y     

  

  
 = -2x 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But the given differential equation is homogeneous with  

      = (       )  (   )  =                  0 

  I.F. = 
 

     
 = 

 

    
 

Multiplying given equation by 
  

   
 , we get, 

  

   
(       )dx + 

 

   
    dy = 0  

i.e. (
 

 
 

 

 
)dx + 

 

  
 dy = 0 which is exact 

  It’s general solution is 

∫ (
 

 
 

 

 
)dx

 

          
  ∫     = c 

  log x  
 

 
  = c 

=========================================================== 
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Ex. Solve x
2
ydx - (x

3
+y

3
)dy = 0 

Solution: Let x
2
ydx - (x

3
+y

3
)dy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = x
2
y and N = - x

3
- y

3
 

  
  

  
 = x

2     
  

  
 = -3x

2 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But the given differential equation is homogeneous with  

      = (   )  (- x
3
- y

3)  =                0 

  I.F. = 
 

     
 = 

 

   
 

Multiplying given equation by 
  

  
 , we get, 

  

  
x

2
ydx + 

 

  
 (x

3
+y

3
)dy = 0  

i.e. ( 
  

  
)dx + (

  

  
 + 

 

 
) dy = 0 which is exact 

  It’s general solution is 

∫ ( 
  

  
)dx

 

          
  ∫

 

 
   = c 

  ( 
  

   
)+ log y = c 

=========================================================== 

Rule-II: If the differential equation Mdx + Ndy = 0 is of type  

f1(xy)ydx+f2(xy)xdy= 0 then 
 

     
 is an I.F. if         0 

Proof: Let given differential equation Mdx + Ndy = 0 is of type  

f1(xy)ydx+f2(xy)xdy= 0 

Given that         0 

  Multipling by 
 

     
 to given equation, we get, 

 

     
 dx + 

 

     
 dy = 0 

i.e. M1dx + N1dy = 0 where M1 = 

 

     
 = 

  (  ) 

  (  )     (  )  
 = 

  

 (     )
  and  

N1 = 
 

     
 = = 

  (  ) 

  (  )     (  )  
 = 

  

 (     )
 

   
   

  
 = 

 

 
 
(     )(    )     (          )

(     ) 
 = 

              

(     ) 
 = 

              

(     ) 
 

 and 
   

  
 = 

 

 
 
(     )(    )     (          )

(     ) 
 =  

              

(     ) 
 

    
   

  
 - 

   

  
 =  

                                

(     ) 
 

           = 0 

    
   

  
 = 

   

  
 

  M1dx + N1dy = 0 is exact. 

 
 

     
 is an I.F.of given equation is proved. 

=========================================================== 
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Ex. Solve y(xy+1)dx + (x
2
y

2
+xy+1)xdy = 0 

Solution: Let y(xy+1)dx + (x
2
y

2
+xy+1)xdy = 0 be the given differential equation  

of type f1(xy)ydx+f2(xy)xdy= 0 with M = (xy+1)y and N = (x
2
y

2
+xy+1)x 

  Mx-Ny =(xy+1)yx-(x
2
y

2
+xy+1)xy=x

2
y

2
+xy-x

3
y

3
-x

2
y

2
-xy=-x

3
y

3 0
 

  I.F. = 
 

     
 = 

 

     
 

Multiplying given equation by 
  

    
 , we get, 

  

    
y(xy+1)dx   

 

    
 (x

2
y

2
+xy+1)xdy = 0  

i.e. ( 
 

   
 

 

    
)dx + (  

 

 
 

 

   
 

 

    
) dy = 0 which is exact 

  It’s general solution is 

∫ ( 
 

   
 

 

    
)dx

 

          
  ∫( 

 

 
)   = c 

  
 

  
 

 

     
  log y = c 

=========================================================== 

Ex. Solve (x
2
y

2
+4xy+2)xdy + (x

2
y

2
+5xy+2)ydx = 0 

Solution: Let (x
2
y

2
+4xy+2)xdy + (x

2
y

2
+5xy+2)ydx = 0 be the given differential 

 equation of type f1(xy)ydx+f2(xy)xdy= 0 with  

M = (x
2
y

2
+5xy+2)y and N = (x

2
y

2
+4xy+2)x 

  Mx-Ny = (x
2
y

2
+5xy+2)yx (x

2
y

2
+4xy+2)xy 

= x
3
y

3
+5x

2
y

2
+2xy x

3
y

3 4x
2
y

2 2xy = x
2
y

2 0
 

  I.F. = 
 

     
 = 

 

    
 

Multiplying given equation by 
 

    
 , we get, 

 

    
(x

2
y

2
+5xy+2)ydx   

 

    
 (x

2
y

2
+4xy+2)xdy = 0  

i.e. (  
 

 
 

 

   
)dx + (  

 

 
 

 

   
) dy = 0 which is exact 

  It’s general solution is 

∫ (  
 

 
 

 

   
)dx

 

          
  ∫(

 

 
)   = c 

  xy+5log x- 
 

  
 4log y = c 

  xy- 
 

  
 log(x

5
y

4
) = c 

=========================================================== 

Ex. Solve ( 
 

 
 + y)dx + ( 

 

 
   x)dy = 0 

Solution: Let ( 
 

 
 + y)dx + ( 

 

 
   x)dy = 0 i.e.(1+xy)ydx + (1  xy)xdy = 0 be the 

 given differential equation of type f1(xy)ydx+f2(xy)xdy= 0 with  

M = (1+xy)y and N = (1  xy)x 

  Mx-Ny =(1+xy)yx (1  xy)xy= xy+x
2
y

2 xy+x
2
y

2
=2x

2
y

2 0
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  I.F. = 
 

     
 = 

 

     
 

Multiplying given equation by 
 

     
 , we get, 

 

     
 (1+xy)ydx + 

 

     
 (1  xy)xdy = 0  

i.e. (
 

    
 

 

  
)dx + (

 

    
 

 

  
) dy = 0 which is exact 

  It’s general solution is 

∫ (
 

    
 

 

  
)dx

 

          
  ∫( 

 

  
)   = c1 

  
  

   
 

 

 
       

 

 
 log y = c1 i.e. log(

 

 
) 

 

  
 = c where 2c1=c 

=========================================================== 

Rule-III: If   
 

 
 [

  

  
 - 

  

  
] is a function of x alone, say f(x) then e

ʃf(x)dx 
I.F. of   

        equation Mdx + Ndy = 0. 

Proof: Given differential equation is Mdx + Ndy = 0 ……(1) 

such that 
 

 
 [

  

  
 - 

  

  
] = f(x) 

  
  

  
 = 

  

  
 + Nf(x) ……(2) 

  Multipling by e
ʃf(x)dx

 to given equation, we get, 

  e
ʃf(x)dx

Mdx+
 
e

ʃf(x)dx 
Ndy= 0 

 i.e. M1dx + N1dy = 0 where M1 = e
ʃf(x)dx

M  and N1 = e
ʃf(x)dx 

N 

   
   

  
 = e

ʃf(x)dx
 
  

  
 and  

  
   

  
 = e

ʃf(x)dx
 
  

  
 + f(x)e

ʃf(x)dx
 N = e

ʃf(x)dx
[
  

  
 + Nf(x)] 

    
   

  
 = e

ʃf(x)dx
 
  

  
  by(2) 

   
   

  
 = 

   

  
 

  M1dx + N1dy = 0 is exact. 

  eʃf(x)dx 
is an I.F.of given equation is proved. 

===========================================================

Ex. Solve (x   y
2
)dx +2xydy = 0 

Solution: Let (x   y
2
)dx +2xydy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = x   y
2
 and N = 2xy 

  
  

  
 =  2y     

  

  
 = 2y

 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = 

 

   
 [    -   ] = 

  

 
  = f(x) 
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  I.F. = e
ʃf(x)dx

= e
-2log x 

= x
-2

= 
 

  
  

Multiplying given equation by 
 

  
 , we get, 

 

  
(x   y

2
)dx + 

 

  
 (2xy)dy = 0  

i.e. (
 

 
 

  

  
)dx + 

  

 
 dy = 0 which is exact 

  It’s general solution is 

∫ (
 

 
 

  

  
)dx

 

          
  ∫     = c 

   log x + 
  

 
 = c 

=========================================================== 

Ex. Solve (x
2
+ y

2
+x)dx +xydy = 0 

Solution: Let (x
2
+ y

2
+x)dx +xydy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = x
2
+ y

2
+x and N = xy 

  
  

  
 = 2y     

  

  
 = y

 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = 

 

  
 [    ] = 

 

 
  = f(x) 

  I.F. = e
ʃf(x)dx

= e
log x 

=    

Multiplying given equation by   , we get, 

 (x
2
+ y

2
+x)dx +  (xy)dy = 0  

i.e. (x
3
+  y

2
+x

2
)dx +   2

y dy = 0 which is exact 

  It’s general solution is 

∫ (          )dx
 

          
  ∫     = c1 

   
 

 
 x

4
+ 

 

 
  2 

y
2
 + 

 

 
 x

3
= c1 

i.e. 3x
4
+    2 

y
2
 +   x

3
= c where c = 12c1 

=========================================================== 

Ex. Solve (2y
2 
+ 3xy - 2y + 6x)dx +(x

2 
+ 2xy - x)dy = 0 

Solution: Let (2y
2 
+ 3xy - 2y + 6x)dx +(x

2 
+ 2xy - x)dy = 0 be the given differential  

equation, comparing it with Mdx + Ndy = 0, we get, 

M = 2y
2 
+ 3xy - 2y + 6x and N = x

2 
+ 2xy - x 

  
  

  
 = 4y            

  

  
 = 2x +2y -1

 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = 

 

(           )
 [                   ]  
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= 
(      )

 (      )
 = 

 

 
  = f(x) 

  I.F. = e
ʃf(x)dx

= e
log x 

=    

Multiplying given equation by   , we get, 

 (2y
2 
+ 3xy - 2y + 6x)dx +  (x

2 
+ 2xy - x)dy = 0  

i.e. (2xy
2
+ 3 2

y-2xy+6x
2
)dx + ( x3 

+ 2x
2
y - x

2
) dy = 0 which is exact 

  It’s general solution is 

∫ (                  )dx
 

          
  ∫     = c 

   x
2
y

2
+  3 

y - x
2
y +  x

3
= c 

===========================================================

Rule-IV: If   
 

 
 [

  

  
 - 

  

  
] is a function of y alone, say f(y) then e

ʃf(y)dy 
I.F. of   

     equation Mdx + Ndy = 0. 

Proof: Given differential equation is Mdx + Ndy = 0 ……(1) 

such that 
 

 
 [

  

  
 - 

  

  
] = f(y) 

  
  

  
 

  

  
 + Mf(y) ……(2) 

  Multipling by e
ʃf(y)dy

 to given equation, we get, 

 e
ʃf(y)dy

Mdx+
  
e

ʃf(y)dy 
Ndy= 0 

i.e. M1dx + N1dy = 0 where M1 = e
ʃf(y)dy

M  and N1 = e
ʃf(y)dy 

N 

    
   

  
 = e

ʃf(y)dy
 
  

  
 + f(y)e

ʃf(y)dy
 M = e

ʃf(y)dy
[ 

  

  
 + Mf(y)] 

    
   

  
 =  e

ʃf(y)dy
 
  

  
   by (2) 

and 
   

  
 = e

ʃf(y)dy
 
  

  
 

    
   

  
 = 

   

  
 

  M1dx + N1dy = 0 is exact. 

  eʃf(y)dy 
is an I.F.of given equation is proved. 

=========================================================== 

Ex. Solve (y
4 
+ 2y)dx +(xy

3 
+ 2y

4
 - 4x)dy = 0 

Solution: Let (y
4 
+ 2y)dx +(xy

3 
+ 2y

4
 - 4x)dy  = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = y
4 
+ 2y and N = xy

3 
+ 2y

4
 - 4x 

  
  

  
 = 4y

3        
  

  
 = y

3
 - 4

 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = 

 

(       )
 [              ]  

= 
(      )

 (    )
 = 

  

 
  = f(y) 
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  I.F. = e
ʃf(y)dy 

= e
-3log y 

= y
-3 

= 
 

  
 

Multiplying given equation by 
 

  
 , we get, 

 

  
(y

4 
+ 2y)dx + 

 

  
(xy

3 
+ 2y

4
 - 4x)dy = 0  

i.e. (y
 
+ 

 

  
)dx + ( x 

+ 2y - 
  

  
) dy = 0 which is exact 

  It’s general solution is 

∫ (    
 

  
)dx

 

          
  ∫      = c 

   (y
 
+ 

 

  
)x+ y

2 
= c 

=========================================================== 

Ex. Solve (3x
2
y

4 
+ 2xy)dx +(2x

3
y

3 
- x

2
)dy = 0 

Solution: Let (3x
2
y

4 
+ 2xy)dx +(2x

3
y

3 
- x

2
)dy = 0 be the given differential equation,  

comparing it with Mdx + Ndy = 0, we get, 

M = 3x
2
y

4 
+ 2xy and N = 2x

3
y

3 
- x

2
 

  
  

  
 = 12x

2
y

3         
  

  
 = 6x

2
y

3
 - 2x

 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = 

 

(          )
 [                      ]  

= 
(         )

 (        )
 = 

  

 
  = f(y) 

  I.F. = e
ʃf(y)dy 

= e
-2log y 

= y
-2 

= 
 

  
 

Multiplying given equation by 
 

  
 , we get, 

 

  
(3x

2
y

4 
+ 2xy)dx + 

 

  
(2x

3
y

3 
- x

2
)dy = 0  

i.e. (3x
2
y

2 
+ 

  

 
)dx + (  x

3
y - 

  

  
) dy = 0 which is exact 

  It’s general solution is 

∫ (        
  

 
)dx

 

          
  ∫     = c 

   x
3
y

2
+ 

  

 
 = c 

=========================================================== 

Linear Differential Equation: A differential equation of type  
  

  
 + Py = Q  

where P and Q are functions of x alone is called linear differential equation. 

Method of Solving Linear Differential Equation:  

Let 
  

  
 + Py = Q i.e. (Py - Q)dx + dy = 0……(1) be a linear differential equation 

M = (Py - Q) and N = 1 

Where P and Q are functions of x alone. 
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 = P     

  

  
 = 0 

  
  

  
  

  

  
  

  Given differential equation is not exact. 

But  
 

 
 [

  

  
 - 

  

  
] = P = f(x) 

  I.F. = e
ʃf(x)dx

= e
ʃPdx 

 

Multiplying equation (1) by e
ʃPdx

 , we get, 

e
ʃPdx

(Py - Q) dx + e
ʃPdx

dy = 0  

which is exact 

  It’s general solution is 

∫      (      )   
 

          
  ∫     = c 

   ∫          - ∫          = c 

         = ∫          + c 

be the general solution of linear differential equation. 

=========================================================== 

Remark: If linear differential equation is of type 
  

  
 + Px = Q  

where P and Q are functions of y alone, then it’s G. S. is        = ∫          + c 

=========================================================== 

Ex. Solve 
  

  
 + 2ytanx = sinx 

Solution: Let 
  

  
 + 2ytanx = sinx be the given differential equation, which is linear 

 differential equation, with P = 2tanx and Q = sinx 

  I.F. = e
ʃPdx 

= e
ʃ2tanxdx

 = = e
2logsecx

 = sec
2
x 

  General solution of given equaion is 

       = ∫          + c 

i.e. ysec
2
x = ∫              + c 

        = ∫             + c 

  ysec
2
x = secx + c 

=========================================================== 

Ex. Solve 
  

  
 + 

 

    
 = 2sinx.cosx, given that y = 0 when x = 

 

 
 

Solution: Let 
  

  
 + 

 

    
 = 2sinx.cosx be the given differential equation,  

which is linear differential equation,  

with P = 
 

    
 = cotx and Q = 2sinx.cosx 

  I.F. = e
ʃPdx 

= e
ʃcotxdx

 = = e
logsinx

 = sinx 

  General solution of given equaion is 

       = ∫          + c 

i.e. ysinx = ∫                  + c 
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        = 2∫             + c 

  ysinx = 
 

 
 sin

3
x + c 

Given that y = 0 when x = 
 

 
 

  0 = 
 

 
  + c i.e. c = - 

 

 
 

  Particular solution of given equaion is 

y.sinx = 
 

 
 sin

3
x - 

 

 
 

===========================================================

Ex. Solve x.cosx. 
  

  
 + (xsinx+cosx)y = 1 

Solution: Let x.cosx. 
  

  
 + (xsinx+cosx)y = 1 

i.e. 
  

  
 + (     

 

 
 ) y = 

    

 
  be the given differential equation,  

which is linear differential equation, with P =      
 

 
   and Q = 

    

 
 

NowʃPdx = ʃ(     
 

 
)dx = logsecx+logx=logxsecx  

  I.F. = e
ʃPdx 

= e
logxsecx

 = xsecx  

  General solution of given equaion is 

       = ∫          + c 

i.e. yxsecx = ∫       
    

 
   + c 

        = ∫         + c 

  xysecx = tanx + c 

===========================================================

Ex. Solve  
  

  
 + x

2
y = x

5 

Solution: Let 
  

  
 + x

2
y = x

5  
be the given differential equation,  

which is linear differential equation, with P = x
2
   and Q = x

5 

NowʃPdx = ʃx
2
dx = 

 

 
 x

3 

  I.F. = e
ʃPdx 

=  
 

 
  

 

  General solution of given equaion is 

       = ∫          + c 

i.e. y 
 

 
  

 = ∫  
 

 
  

       + c 

In integration put 
 

 
   = t       = 3t   3  dx= 3dt i.e.  dx = dt   

  y 
 

 
  

 = ∫         + c 

   = 3[t  - ∫       + c 

   = 3[t  -   ] + c 

   =   [3t-  ] + c 

  y 
 

 
  

 =  
 

 
  

(x
3
-  ) + c 



MTH-201: Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics - Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner
 17 

Ex. Solve (1+x
2
) 

  

  
 + 2xy -1 = 0 

Solution: Let (1+x
2
) 

  

  
 + 2xy -1 = 0  

i.e.  
  

  
 + 

  

    
 y= 

 

    

  
be the given differential equation,  

which is linear differential equation, with P = 
  

    
   and Q = 

 

    

 

NowʃPdx = ʃ
  

    
dx = log(1+x

2
) 

  I.F. = e
ʃPdx 

=     (    ) = 1+x
2
 

  General solution of given equaion is 

       = ∫          + c 

i.e. y(    ) = ∫(    ) 
 

    
    + c 

= ∫    + c 

  y(    ) = x + c 

=========================================================== 

Bernoulli’s Differential Equation: A differential equation of type  
  

  
 + Py = Qy

n
  

where P and Q are functions of x alone is called Bernoulli’s differential equation. 

Method of Solving Bernoulli’s Differential Equation:  

Consider the Bernoulli’s equation 

 
  

  
 + Py = Qy

n
 ……(1) 

where P and Q are functions of x alone 

Multiplying equation (1) by y
-n

 we get, 

y
-n   

  
 + Py

1-n
 = Q 

 Put y
1-n

 = v   (1-n)y
-n   

  
 = 

  

  
 i.e.y

-n   

  
 = 

 

(   )

  

  
 

   
 

(   )

  

  
 + Pv = Q   

  
  

  
 + (   )Pv = (   )Q 

  
  

  
 + P1v = Q1 

 Which is linear differential equation, where P1 = (   )P and Q1= (   )Q 

  I.F. =        

  General solution of given equaion is 

        = ∫            + c 

i.e.      (   )    = ∫  (   )    (   )Q   + c 

=========================================================== 

Remark:1) Bernoulli’s  differential equation may be is of type 
  

  
 + Px = Qx

n
  

where P and Q are functions of y alone. 

2) If given differential equation  is of type f'(y)
  

  
 + Pf(y) = Q 
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where P and Q are functions of x alone, then to reduce it into   

          lineardifferential equation by putting f(y) = v and then solve. 

3) If given differential equation  is of type f'(x)
  

  
 + Pf(x) = Q 

where P and Q are functions of y alone, then to reduce it into   

          lineardifferential equation by putting f(x) = v and then solve. 

=========================================================== 

Ex. Solve  
  

  
 + xy = x

3
y

3 

Solution: Let  
  

  
 + xy = x

3
y

3 
be the given differential equation,  

which is in the form of Bernoulli’s equation.  

Multiplying equation (1) by y
-3

 we get, 

y
-3   

  
 + xy

-2
 = x

3 

 Put y
-2

 = v   -2y
-3   

  
 = 

  

  
 i.e.y

-3   

  
 = 

  

 

  

  
 

   
  

 

  

  
 + xv = x

3
   

  
  

  
 -2xv = -2x

3
 

 Which is linear differential equation, with P = -2x and Q= -2x
3
 

  I.F. =      =   (   )  =    
 

  General solution of given equaion is 

       = ∫          + c 

i.e.         
= ∫     

( 2  )   + c 

  = ∫     
(   )(    ) + c 

In integration put     = t     -2xdx= dt   2xdx= -dt 

          
 = ∫     (   ) + c 

         =  ∫        + c 

=  [t  - ∫       + c 

         =  [t  -   ] + c 

         =    (t -1) + c 

         =   (1-t) + c 

          
 =     

(1+  ) + c 

i.e. 1 = (1+  ) y
2 
+ cy

2   
 

=========================================================== 

Ex. Solve  xy - 
  

  
 = y

3    
 

Solution: Let xy - 
  

  
 = y

3    
i.e.  

  

  
 - xy = -y

3     
be the given differential  

equation, which is in the form of Bernoulli’s equation.  

Multiplying equation (1) by y
-3

 we get, 

y
-3   

  
 - xy

-2
 = -     
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 Put y
-2

 = v   -2y
-3   

  
 = 

  

  
 i.e.y

-3   

  
 = 

  

 

  

  
 

   
  

 

  

  
 - xv = -    

   

  
  

  
 +2xv = 2    

 

 Which is linear differential equation, with P = 2x and Q= 2    
 

  I.F. =      =   (  )  =   
 

  General solution of given equaion is 

       = ∫          + c 

i.e.        
= ∫    

(2    
)   + c 

  = 2x + c 

      
 = 2xy

2 
+ cy

2
 

=========================================================== 

Ex. Solve 
  

  
 - ytanx+y

2
secx = 0 

Solution: Let 
  

  
 - ytanx+y

2
secx = 0 i.e.  

  

  
 - ytanx = -y

2
secx

 
be the given  

differential equation, which is in the form of Bernoulli’s equation.  

Multiplying equation (1) by y
-2

 we get, 

y
-2   

  
 - y

-1
tanx = -secx

 

 Put y
-1

 = v   -y
-2   

  
 = 

  

  
 i.e.y

-2   

  
 =  

  

  
 

    
  

  
 - vtanx = -secx   

  
  

  
 +vtanx = secx 

 Which is linear differential equation, with P = tanx and Q = secx 

  I.F. =       =   (    )  =        = secx 

  General solution of given equation is 

       = ∫          + c 

i.e.     secx= ∫ secx(    )   + c 

  = ∫         + c 

        secx = tanx + c 

   secx = (tanx + c)y 

=========================================================== 

Ex. Solve  tany 
  

  
 + tanx = cosy cos

2
x 

Solution: Let  tany 
  

  
 + tanx = cosycos

2
x i.e.secytany 

  

  
 + secytanx = cos

2
x 

 
be the given differential equation in the form f'(y)

  

  
 + Pf(y) = Q  

with f(y) = secy.   

  Put f(y) = v i.e. secy = v   secytany 
  

  
 = 

  

  
  

   
  

  
 + vtanx = cos

2
x   
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 Which is linear differential equation in v and x, with P = tanx and Q = cos
2
x 

  I.F. =      =         =          = secx 

  General solution of given equaion is 

       = ∫          + c 

i.e.     secx= ∫ secx(     )   + c 

   ∫    x   + c 

       secx = sinx + c 

=========================================================== 

Ex. Solve  
  

  
 - 

    

   
 = (1+x)e

x
 secy 

Solution: Let  
  

  
 - 

    

   
 = (1+x)e

x
 secy i.e.cosy 

  

  
 - 

    

   
 = (1+x)e

x
  

 
be the given differential equation in the form f'(y)

  

  
 + Pf(y) = Q  

with f(y) = siny.   

  Put f(y) = v i.e. siny = v   cosy 
  

  
 = 

  

  
  

   
  

  
 - 

 

   
 = (1+x)e

x
   

 Which is linear differential equation in v and x, with P = 
  

   
 and Q = (1+x)e

x
 

  I.F. =      =   
  

   
  

 =       (   ) = 
 

(   )
 

  General solution of given equaion is 

       = ∫          + c 

i.e.
    

(   )
= ∫

 

(   )
(   )     + c 

   ∫      + c 

  
    

(   )
 =    + c 

=========================================================== 

Multiple Choice Questions 
========================================================= 

1) If    
h  0

  (        )   (      )

 
  is exists, then it is denoted by … 

  A) fx(x, y)  B) fy(x, y)  C) fx(a, b)  D) fy(a, b) 

2) If    
   0

  (        )   (      )

 
 is exists, then it is denoted by … 

  A) fx(x, y)  B) fy(x, y)  C) fx(a, b)  D) fy(a, b) 

3) Partial derivative of f(x, y) w.r.t.x at point (a, b) is given by fx(a, b) = … 

     A)     
    

  (        )   (      )

 
  B)     

    

 (        )  (      )

 
  

 C)    
    

 (        )  (      )

 
   D)     

    

  (        )   (      )

 
 

4) Partial derivative of f(x, y) w.r.t.y at point (a, b) is given by fy(a, b) = … 

  A)     
    

  (        )   (      )

 
   B)     

    

 (        )  (      )
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C)     
    

 (        )  (      )

 
   D)     

    

  (        )   (      )

 
 

5) If u = e
x
 sinxy then 

  

  
 at (0, 0) is … 

A) -1   B) 1   C) 0   D)  
 

 
 

6) If u = e
x
 sinxy then 

  

  
 at (0, 0) is … 

A) -1   B) 1   C) 0   D)  
 

 
 

7) If u = x
2
y + y

2
z + z

2
x   then 

  

  
 at (1, 1, 1) is … 

A) 5   B) 4   C) 3    D) 2  

8) If u = x
2
y + y

2
z + z

2
x   then 

  

  
 at (1, 1, 1) is … 

A) 5   B) 4   C) 3    D) 2  

9) If u = x
2
y + y

2
z + z

2
x   then 

  

  
 at (1, 1, 1) is … 

A) 5   B) 4   C) 3    D) 2  

10) If u = x
3
z + y

2
x - 2yz   then 

  

  
 at (1, 2, 3) is … 

A) 11   B) 12   C) 13    D) 14  

11) If u = x
3
z + y

2
x - 2yz   then 

  

  
 at (1, 2, 3) is … 

A) 1   B) -2   C) 13    D) 4  

12) If u = x
3
z + y

2
x - 2yz   then 

  

  
 at (1, 2, 3) is … 

A) -3   B) -2   C) 13    D) 4  

13) If u = xy + e
x
 then 

  

  
  is … 

A) xy + e
x
  B) y + e

x
  C) x    D) 0  

14) If u = xy + e
x
 then 

  

  
  is … 

A) xy + e
x
  B) y + e

x
  C) x    D) 0  

15) If u = xy + e
x
 then 

   

   
  is … 

A) xy + e
x
  B) y + e

x
  C) e

x
    D) 0  

16) If u = xy + e
x
 then 

   

   
  is … 

A) 0   B) y + e
x
  C) x    D) y 

17) If u = xy + e
x
 then 

   

    
  is … 

A) 0   B) 1   C) x    D) y 

18) If u = xy + e
x
 then 

   

    
  is … 

A) 0   B) 1   C) y+e
x
   D) e

x 

19) If u = log(tanx + tany + tanz) then sin2x 
  

  
 + sin2y 

  

  
 + sin2z 

  

  
 = … 

A) -1   B) 0   C) 1   D) 2 
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20) If u = (x
2
 + y

2
 + z

2
)

-1/2
 , then x 

  

  
 + y 

  

  
 + z 

  

  
 = … 

A) -u   B) u   C) 0   D) 1 

21) If u = log(x
3
 + y

3
 - x

2
y -xy

2
) , then 

  

  
 + 

  

  
 =      

A) 
  

   
  B) 

 

   
  C) 

 

   
  D) 0 

22) If M and N are the functions of variables x, y then a differential equation  

Mdx + Ndy = 0 is called …… differential equation 

A) first order and first degree  B) first order and higher degree  

C) second order and first degree D) None of these 

23) If M and N are the homogeneous functions of variables x, y of same degree then 

a differential equation Mdx + Ndy = 0 is called …… differential equation 

A) non-homogeneous    B) exact   

C) homogeneous     D) None of these 

24) A differential equation Mdx + Ndy = 0 is exact, if there exist function u(x, y) 

such that …. 

A) Mdx + Ndy = x    B) Mdx + Ndy = y  

C) Mdx + Ndy = u    D) Mdx + Ndy = du 

25) A differential equation Mdx + Ndy = 0 is exact if ……. 

A) 
  

  
 = 

  

  
   B) 

  

  
 ≠ 

  

  
   C) 

  

  
 = 

  

  
   D) 

  

  
 = 

  

  
  

26) A differential equation Mdx + Ndy = 0 is homogeneous differential equation 

then I.F. is …. 

A) 
 

     
  B) 

 

     
  C) 

 

     
  D) 

 

     
 

27) A differential equation Mdx + Ndy = 0 is of type f1(xy)ydx + f2(xy)xdy = 0 

 then I.F. is …. 

A) 
 

     
  B) 

 

     
  C) 

 

     
  D) 

 

     
 

28) If   
 

 
 [

  

  
 - 

  

  
] is a function of x alone, say f(x) then I.F. of  equation 

Mdx + Ndy = 0 is …. 

A) e
ʃf(y)dy

  B) e
ʃf(x)dx

  C)e
ʃf(z)dz

  D) e
ʃf(x)dy

  

29) If   
 

 
 [

  

  
 - 

  

  
] is a function of y alone, say f(y) then I.F. of  equation  

Mdx + Ndy = 0 is …. 

A) e
ʃf(y)dy

  B) e
ʃf(x)dx

  C)e
ʃf(z)dz

  D) e
ʃf(y)dx

 

30) A differential equation of type  
  

  
 + Py = Q where P and Q are functions of x 

alone is called ……. 

A) non-linear differential equation B) homogeneous differential equation  

C) linear differential equation  D) Bernoulli’s equation 
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31) A differential equation of type  
  

  
 + Px = Q where P and Q are functions of y 

alone is called ……. 

A) non-linear differential equation B) homogeneous differential equation  

C) linear differential equation  D) Bernoulli’s equation 

32) A differential equation of type  
  

  
 + Py = Q.y

n
 where P and Q are functions of x 

alone is called ……. 

A) non-linear differential equation B) homogeneous differential equation  

C) linear differential equation  D) Bernoulli’s equation 

33) A differential equation of type  
  

  
 + Px = Q.x

n
 where P and Q are functions of y 

alone is called ……. 

A) non-linear differential equation B) homogeneous differential equation  

C) linear differential equation  D) Bernoulli’s equation 

34) I.F. of a linear differential equation of type  
  

  
 + Py = Q where P and Q are 

functions of x alone is ….. 

A) e
ʃ P dy

  B) e
ʃ P dx

   C) e
ʃ P dz

  D) e
ʃ Q dx

 

35) I.F. of a linear differential equation of type  
  

  
 + Px = Q where P and Q are 

functions of y alone is ….. 

A) e
ʃ P dy

  B) e
ʃ P dx

   C) e
ʃ P dz

  D) e
ʃ Q dy

 

36) I.F. of differential equation  (x + y)dx + (y - x) dy = 0 is ….. 

A) 
 

     
  B) 

 

     
   C) 

 

   
  D) 1 

37) I.F. of differential equation  
  

  
 + 2y tanx = sinx is ….. 

A) sec
2
x  B) logsecx   C) tanx  D) sinx 

38) I.F. of differential equation  
  

  
 + 

 

 
 = x

3
 is ….. 

A) x
3
   B) x

2
    C) x   D) 

 

 
 

39) To solve a differential equation of type f'(y) 
  

  
 + Pf(y) = Q where P and Q are 

functions of x alone, we put ….. 

A) f(x) = v  B) f'(x) = v   C) f(y) = v  D) f'(y) = v 

40) To solve a differential equation of type f'(x) 
  

  
 + Pf(x) = Q where P and Q are 

functions of y alone, we put ….. 

A) f(x) = v  B) f'(x) = v   C) f(y) = v  D) f'(y) = v 

========================================================= 
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Unit-2: Differential Equations of First Order and Higher Degree 
========================================================== 

Definition: An equation F(x, y, p) = p
n 
+ A1p

n-1 
+ A2p

n-2 
+……+ An-1p + An = 0  

is called differential equations of first order and higher degree.  

Where  A1, A2, ……,An-1, An are functions of x and y and p  
  

  
 

========================================================== 

Equation Solvable for p:  

An equation F(x, y, p) = p
n 
+ A1p

n-1 
+ A2p

n-2 
+…+ An-1p + An = 0 is said to be 

solvable for p if it factorized into n linear factors. 

========================================================== 

Method of finding the solution of equation solvable for p: 

Let an equation F(x, y, p) = p
n 
+A1p

n-1 
+ A2p

n-2 
+…+ An-1p + An = 0  

is solvable for p. 

   F(x, y, p) is factorized into n linear factors say  

F(x, y, p) = (p-f1)(p-f2)……(p-fn) where f1, f2, ……, fn are functions of x, y 

  From given equation, we have, 

(p-f1)(p-f2)……(p-fn) = 0 

⇒ p-f1 = 0 or p-f2 = 0 or ……, p-fn = 0 

⇒ 
  

  
 - f1 = 0, 

  

  
 - f2 = 0, ……, 

  

  
 - fn = 0 

⇒ 
  

  
 = f1(x, y), 

  

  
 = f2(x, y), ……, 

  

  
 = fn(x, y) 

be the differential equations of first order and first degree. 

Solving these equations, we get general solutions as 

 1(x, y, c1) = 0,  2(x, y, c2) = 0,…..,  n(x, y, cn) = 0. 

As order of given equation is one,  

  replace arbitrary constants c1, c2,……,cn by single constant c. 

 1(x, y, c) = 0,  2(x, y, c) = 0,…..,  n(x, y, cn) = 0  

be the general solutions of linear factors. 

  General solution of given equation is   

 1(x, y, c) 2(x, y, c)     n(x, y, c) = 0. 

========================================================== 

Ex. Solve p
2 
- 8p + 12 = 0 

Solution: Let p
2 
- 8p + 12 = 0  

i.e. (p - 2)(p - 6) = 0  

be the given differential equation, which is solvable for p  

  p - 2 = 0 or p - 6 = 0 

 i.e. 
  

  
 - 2 = 0 or 

  

  
 - 6 = 0 

  dy = 2dx or dy = 6dx 

Integrating, we get, 

y = 2x + c or y = 6x + c 
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i.e. 2x - y + c = 0 or 6x - y + c = 0 

   The G. S. of given equation is 

(2x - y + c) (6x - y + c) = 0 

========================================================== 

Ex. Solve p
2 
- 7p + 10 = 0 

Solution: Let p
2 
- 7p + 10 = 0  

i.e. (p - 2)(p - 5)=0  

be the given differential equation, which is solvable for p  

   p - 2 = 0 or p - 5 = 0 

 i.e. 
  

  
 - 2 = 0 or 

  

  
 - 5 = 0 

  dy = 2dx or dy = 5dx 

Integrating, we get, 

y = 2x + c or y = 5x + c 

i.e. 2x - y + c = 0 or 5x - y + c = 0 

   The G. S. of given equation is 

(2x - y + c) (5x - y + c) = 0 

========================================================== 

Ex. Solve p(p-y) = x(x+y) 

Solution: Let p(p-y) = x(x+y)  

i.e. p
2
-py-x(x+y) = 0  

i.e. (p+x)(p-x-y) = 0  

be the given differential equation, which is solvable for p  

  p + x = 0 or p - x - y = 0 

 i.e. 
  

  
 + x = 0 or 

  

  
 - x - y = 0 

i) Consider 
  

  
   x     

  dy + xdx = 0  

Integrating, we get, 

y + 
 

 
 x + c1 = 0  

i.e. 2y + x + c = 0……(1) where 2c1 = c 

ii) Consider 
  

  
 - y = x 

Which is linear differential equation with P = -1 and Q = x having G.S. 

y      = ʃ     Qdx + c 

i.e. y         = ʃ        xdx + c 

  y    = ʃ   xdx + c 

  y    = -x   - ʃ     )dx + c 

  y    = -x        + c 

  y = -x   + c    

  x+y+1- c   = 0 …… (2) 

From equation (1), (2) the G. S. of given equation is 

(x + 2y + c) (x+y+1- c  ) = 0 

========================================================== 
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Ex. Solve 
 

 
 - p = 

 

 
 - 
 

 
 

Solution: Let 
 

 
 - p = 

 

 
 - 
 

 
  

i.e. 
    

 
 = 

     

  
   

i.e. 
    

 
 = 

     

  
 

i.e. xyp
2
-xy-(x

2
-y

2
)p = 0 

i.e. xyp
2
-x

2
p+y

2
p-xy = 0 

i.e. (yp-x)(xp+y) = 0  

be the given differential equation, which is solvable for p  

  yp - x = 0 or xp + y = 0 

i) Consider yp - x = 0 i.e.y 
  

  
 x     

  ydy - xdx = 0  

Integrating, we get, 
 

 
 y

2
 - 
 

 
 x2

 = c1  

i.e. y
2
 - x2

 - c = 0……(1) where 2c1 = c 

ii) Consider xp + y = 0 i.e.x 
  

  
 + y = 0 

   
  

 
 + 

  

 
 = 0 

Integrating, we get, 

logy + logx = logc 

  log(xy) = logc 

  xy = c 

  xy - c = 0 …… (2)
 

From equation (1), (2) the G. S. of given equation is 

(y
2
 - x2

 - c) (xy - c) = 0 

========================================================== 

Ex. Solve x
2
(
  

  
  + xy 

  

  
 - 6y

2
 = 0 

Solution: Let x
2
(
  

  
  + xy 

  

  
 - 6y

2
 = 0 

i.e. x
2
p

2
+ xyp - 6y

2
 = 0   

i.e. (xp-2y)(xp+3y) = 0  

be the given differential equation, which is solvable for p  

  xp - 2y = 0 or xp + 3y = 0 

i) Consider xp - 2y = 0 i.e.x 
  

  
        

   
  

 
 - 2 

  

 
 = 0  

Integrating, we get, 

logy -   logx = logc  
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  log 
 

  
 = logc 

   
 

  
 = c 

   y - cx
2
 = 0 …… (1) 

ii) Consider xp + 3y = 0 i.e. x 
  

  
 + 3y = 0 

   
  

 
 +3 

  

 
 = 0 

Integrating, we get, 

logy +3logx = logc 

  log(x
3
y) = logc 

  x
3
y = c 

  x
3
y - c = 0 …… (2)

 

From equation (1), (2) the G. S. of given equation is 

(y - cx
2
) (x

3
y - c) = 0 

========================================================== 

Equation Solvable for y: An equation F(x, y, p) = 0, where p = 
  

  
 is said to be  

solvable for y if it can be expressed as y = f(x, p). 

========================================================== 

Method of finding the solution of equation solvable for y: 

Let an equation F(x, y, p) =  0 …… (1)  is solvable for y. 

   it  expressed as y = f(x, p) …… (2)  

Differentiating equation (2) w.r.t. x, we get, 

 
  

  
 = 

  

  
 + 

  

  
.
  

  
 

  p = 
  

  
 + 

  

  
.
  

  
 …… (3)  

Equation (3) is the differential equation of first order and first degree in p 

 and x. Solving it, we get general solution as 

 (x, p, c) = 0 …… (4) 

Eliminating p from given equations (1) and (4) we get required general 

 solution of equation (1).   

If elimination of p from given equations (1) and (4) is not possible, then 

 equations (1) and (4) represent general solution of equation (1) with p as 

 parameter. 

========================================================== 

Ex. Solve px - x
4
 p

2
 = -y 

Solution: Let px - x
4
 p

2
 = -y i.e. y = -px + x

4
 p

2
 …… (1) 

be the given differential equation, which is solvable for y.  

 Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = -p - x 

  

  
 + 4x

3
p

2
+ 2x

4
p 
  

  
 

  p = -p + 4x
3
p

2
- x 

  

  
 (1- 2x

3
p)   

  2p -  4x
3
p

2
+ x 

  

  
 (1- 2x

3
p) = 0 
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  2p(1 - 2x
3
p)

 
+ x 

  

  
 (1 - 2x

3
p) = 0 

  (1 - 2x
3
p) (2p

 
+ x 

  

  
 ) = 0 

We reject the factor (1 - 2x
3
p) which does not contain 

  

  
. 

  Consider (2p
 
+ x 

  

  
 ) = 0 

  2
  

 

 
+ 
  

 
  = 0 

Integrating, we get, 

2logx + logp = logc  

  x
2
p  = c 

  p = 
 

  
 …… (2) 

Eliminating p from given equations (1) and (2), we get,  

y = -x(
 

  
)+ x

4
 (
  

  
) i.e. y = - 

 

 
 + c

2
 

be the required general solution of equation (1). 

========================================================== 

Ex. Solve y = 2px + x
2
 p

4 

Solution: Let y = 2px + x
2
 p

4
 …… (1) 

be the given differential equation, which is solvable for y.  

 Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = 2p + 2x 

  

  
 + 2xp

4
+ 4x

2
p

3
 
  

  
 

  2p + 2x 
  

  
 + 2xp

4
+ 4x

2
p

3
 
  

  
 = p   

  p + 2xp
4 
+ 2x 

  

  
 + 4x

2
p

3
 
  

  
 = 0 

  p(1 + 2xp
3
)

 
+ 2x 

  

  
 (1 + 2xp

3
) = 0 

  (1 + 2xp
3
)(p

 
+ 2x 

  

  
 ) = 0 

We reject the factor (1 + 2xp
3
) which does not contain 

  

  
. 

  Consider (p
 
+ 2x 

  

  
 ) = 0 

  
  

 

 
+ 2 

  

 
  = 0 

Integrating, we get, 

logx + 2logp = logc  

  xp
2
  = c 

  p
2
  = 

 

 
 

  p = √
 

 
 …… (2) 

Eliminating p from given equations (1) and (2), we get, 

y = 2x√
 

 
 + x

2
 (
  

  
) 

i.e. y = 2√   + c
2 

be the required general solution of equation (1). 

========================================================== 
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Ex. Solve y - 2px = f(xp
2
) 

Solution: Let y - 2px = f(xp
2
) i.e. y = 2px + f(xp

2
) …… (1) 

be the given differential equation, which is solvable for y.  

 Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = 2p + 2x 

  

  
 + f '(xp

2
).[p

2
+ 2xp 

  

  
] 

  2p + 2x 
  

  
 + f '(xp

2
).[p

2
+ 2xp 

  

  
] = p   

  p + p
2
f '(xp

2
)

 
+ 2x 

  

  
 +  2xp f '(xp

2
) 
  

  
 = 0 

  p[1 + pf '(xp
2
)]

 
+ 2x 

  

  
 [1 + pf '(xp

2
)] = 0 

  [1 + pf '(xp
2
)](p

 
+ 2x 

  

  
 ) = 0 

We reject the factor [1 + pf '(xp
2
)] which does not contain 

  

  
. 

  Consider (p
 
+ 2x 

  

  
 ) = 0 

  
  

 

 
+ 2 

  

 
  = 0 

Integrating, we get, 

logx + 2logp = logc  

  xp
2
  = c 

  p
2
  = 

 

 
 

  p = √
 

 
 …… (2) 

Eliminating p from given equations (1) and (2), we get,  

y = 2x√
 

 
  + f(x.

 

 
) 

i.e. y = 2√   + f(c) be the required general solution of equation (1). 

========================================================== 

Ex. Solve y + p
2 
= 2px 

Solution: Let y + p
2 
= 2px i.e. y = 2px - p

2
 …… (1) 

be the given differential equation, which is solvable for y.  

 Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = 2p + 2x 

  

  
 - 2p 

  

  
 

  2p + 2x 
  

  
 - 2p 

  

  
 = p   

  p + 2 
  

  
 (x - p) = 0 

  p 
  

  
 + 2x - 2p  = 0 

   p 
  

  
 + 2x = 2p 
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 + 

 

 
 x = 2 

Which is linear differential equation in x and p with P = 
 

 
 and Q = 2.   

  It’s G. S. is 

x      = ʃ     Qdp + c 

i.e. x 
  
 

 
   

 = ʃ 
  
 

 
   

2dp + c 

  x       = 2ʃ      dp + c 

  xp
2
  = 2ʃ 2

dp + c 

  xp
2
  = 

 

 
 p

3
 + c …… (2) 

Elimination of p from given equations (1) and (2) is not possible. 

  equations (1) and (2) represents G. S. of equation (1) with p as parameter. 

========================================================== 

Ex. Solve y = (1+ p)x + e
p 

Solution: Let y = (1+ p)x + e
p
 …… (1) 

be the given differential equation, which is solvable for y.  

 Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = (1+ p) + x 

  

  
 + e

p
 
  

  
 

  1 + p +  
  

  
 (x +e

p
)  = p   

  1 +  
  

  
 (x +e

p
)  = 0  

  
  

  
 + (x +e

p
) = 0 

   
  

  
 + x = - e

p 

Which is linear differential equation in x and p with P =   and Q = - e
p
.   

  It’s G. S. is 

x      = ʃ     Qdp + c 

i.e. x        = ʃ       (-e
p
)dp + c 

  x   = -ʃ  e
p
dp + c 

  x    = -ʃ 2p
dp + c 

  x    = - 
 

 
  2p

 + c …… (2) 

Eliminating p from given equations (1) and (2) is not possible. 

  equations (1) and (2) represents G. S. of equation (1) with p as parameter. 

========================================================== 

Equation Solvable for x: An equation F(x, y, p) = 0, where p = 
  

  
 is said to be 

solvable for x if it can be expressed as x = f(y, p). 

========================================================== 
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Method of finding the solution of equation solvable for x: 

Let an equation F(x, y, p) =  0 …… (1)  is solvable for x. 

   it expressed as x = f(y, p) …… (2)  

Differentiating equation (2) w.r.t. y, we get, 

 
  

  
 = 

  

  
 + 

  

  
.
  

  
 

  
 

 
 = 

  

  
 + 

  

  
.
  

  
 …… (3)  

Equation (3) is the differential equation of first order and first degree in p 

 and y. Solving it, we get general solution as 

 (y, p, c) = 0 …… (4) 

Eliminating p from given equations (1) and (4) we get required general 

 solution of equation (1).   

If elimination of p from given equations (1) and (4) is not possible, then 

 equations (1) and (4) represent general solution of equation (1) with p as 

 parameter. 

========================================================== 

Ex. Solve y = 2px + yp
2 

Solution: Let y = 2px + yp
2 
i.e. 2px = y - yp

2 
i.e. 2x = 

 

 
 - yp …… (1) 

be the given differential equation, which is solvable for x.  

 Differentiating equation (1) w.r.t. y, we get, 

2 
  

  
 = 

 

 
  - 

 

  
 
  

  
 - p - y 

  

  
 

  
 

 
 = 

 

 
  - p - y 

  

  
 
 

  
 + 1)  

   
 

 
  + p + y 

  

  
 
 

  
 + 1) = 0 

  p 
 

  
 + 1)

 
+ y 

  

  
 
 

  
 + 1)  = 0 

   
 

  
 + 1) (p

 
+ y 

  

  
 ) = 0 

We reject the factor  
 

  
 + 1) which does not contain 

  

  
. 

  Consider (p
 
+ y 

  

  
 ) = 0 

  
  

 

 
+ 
  

 
  = 0 

Integrating, we get, 

logy + logp = logc  

  yp = c 

  p = 
 

 
 …… (2) 

Eliminating p from given equations (1) and (2), we get,  

 y = 2x 
 

 
) + y (

  

  
) 

i.e. y
2
 = 2   + c

2 
is

 
the

 
required general solution of equation (1).

 

========================================================== 
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Ex. Solve p
3
 - 4xyp + 8y

2
 = 0 

Solution: Let p
3
 - 4xyp + 8y

2
 = 0

 
i.e. p

3
 + 8y

2
 = 4xyp 

 
i.e. 4x = 

  

 
 + 

  

 
 …… (1) 

be the given differential equation, which is solvable for x.  

 Differentiating equation (1) w.r.t. y, we get, 

4 
  

  
 = 

 

 
  - 

  

  
 
  

  
 - 
  

  
 + 

  

 
 
  

  
 

  
 

 
 = 

 

 
  -  

  

  
 
  

  
 
  

  
 + 

  

 
 
  

  
  

   
 

 
  -  

  

  
 
  

  
 
  

  
 + 

  

 
 
  

  
  = 0 

   
 

 
  -  

  

  
)

 
- 
  

 
 
  

  
 
 

 
  -  

  

  
)  = 0 

   
 

 
  -  

  

  
) (  

- 
  

 
 
  

  
 ) = 0 

We reject the factor  
 

 
  -  

  

  
) which does not contain 

  

  
. 

  Consider 1- 
  

 
 
  

  
 = 0 

  
  

 
 - 2 

  

 
  = 0 

   2 
  

 
 - 
  

 
  = 0 

Integrating, we get, 

2logp - logy = logc  

  
  

 
 = c 

  p
2
 =    

  p = √   …… (2) 

Eliminating p from given equations (1) and (2), we get,  

 √  )
3
- 4xy√   + 8y

2
 = 0 

i.e. c√  - 4x√  + 8√  = 0  is the required general solution of equation (1).
 

========================================================== 

Ex. Solve 4(xp
2
 + yp) = y

4
 

Solution: Let 4(xp
2
 + yp) = y

4 
i.e. 4xp

2
 = y

4
 - 4yp 

 
i.e. 4x = 

  

  
 - 
  

 
 …… (1) 

be the given differential equation, which is solvable for x.  

 Differentiating equation (1) w.r.t. y, we get, 

4 
  

  
 =  

   

  
  - 

   

  
 
  

  
 - 
 

 
 + 

  

  
 
  

  
 

  
 

 
 = - 

 

 
  +  

   

  
 - 
   

  
 
  

  
 + 

  

  
 
  

  
  

   
 

 
  -  

   

  
 
   

  
 
  

  
 - 
  

  
 
  

  
  = 0 

  2(
 

 
  -  

   

  
)

 
- 
 

 
 
  

  
 
 

 
  -  

   

  
)  = 0 

   
 

 
  -  

   

  
) (  

- 
 

 
 
  

  
 ) = 0 
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We reject the factor  
 

 
  -  

   

  
) which does not contain 

  

  
. 

  Consider   
- 
 

 
 
  

  
 = 0 

   2 
  

 
 - 
  

 
  = 0 

    
  

 
 - 2 

  

 
 = 0 

Integrating, we get, 

logp - 2logy = logc  

  
 

  
 = c 

  p =     …… (2) 

Eliminating p from given equations (1) and (2), we get,  

4(xc
2
y

4
 + cy

3
) = y

4 

i.e. 4c(cxy + 1) = y is
 
the required general solution of equation (1).

 

========================================================== 

Ex. Solve (
  

  
   - 2x 

  

  
  + y = 0 

Solution: Let (
  

  
   - 2x 

  

  
  + y = 0 

i.e. p
2
- 2xp + y = 0   

i.e.  p
2
 + y = 2xp 

i.e.  2x = p + 
 

 
  

be the given differential equation, which is solvable for x. 

Differentiating equation (1) w.r.t. y, we get, 

2 
  

  
 =  

  

  
 + 

 

 
 - 
 

  
 
  

  
 

  
 

 
 = 

 

 
 + 

  

  
 (1 - 

 

  
) 

   
 

 
  -  

  

  
 (1 - 

 

  
) = 0 

   
  

  
  - p(1 - 

 

  
) = 0 

  
  

  
  - p + 

 

 
 = 0 

  
  

  
 + 

 

 
 = p 

Which is linear differential equation in y and p with P = 
 

 
  and Q = p   

  It’s G. S. is 

y      = ʃ     Qdp + c 

i.e. y 
  
 

 
   

 = ʃ 
  
 

 
   

(p)dp + c 

  y      = ʃ     pdp + c 

  yp = ʃp
2
dp + c 

  yp  =  
 

 
 p

3
 + c …… (2) 

Eliminating p from given equations (1) and (2) is not possible. 

  equations (1) and (2) represents G. S. of equation (1) with p as parameter. 
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Clairaut’s Equation: A differential equation of type y = px + f(p), where p = 
  

  
 is 

said to be Clairut’s equation. 

========================================================== 

Method of solving the Clairaut’s equation: 

Let y = px + f(p) …… (1) be the Clairut’s equation, where p = 
  

  
 

Which is solvable for y. 

   Differentiating equation (1) w.r.t. x, we get, 

 
  

  
 = p + x

  

  
 + f '(p)

  

  
 

  p = p + x
  

  
 + f '(p)

  

  
  

   
  

  
 [x + f '(p)] = 0  

We reject the factor [x + f'(p)] which does not contain 
  

  
. 

  Consider  
  

  
 = 0 

   dp = 0 

Integrating, we get, 

p = c…… (2) 

Eliminating p from given equations (1) and (2), we get,  

y = cx + f(c) is
 
the required general solution of Clairaut’s equation.

 

==========================================================

Remark: The G.S. of Clairaut’s equation y = px + f(p) is obtained by putting  

p = c. 

========================================================== 

Ex. Solve y = px + p - p
2 

Solution: Let y = px + p - p
2
 …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + c - c
2
 

========================================================== 

Ex. Solve y = px + √     

Solution: Let y = px + √     …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + √     

========================================================== 

Ex. Solve y = px + √       

Solution: Let y = px + √       …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + √       

========================================================== 
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Ex. Solve yp = a + xp
2 

Solution: Let yp = a + xp
2
 

  
 
i.e. y = px + 

 

 
 …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx +  
 

 
 

========================================================== 

Ex. Solve y - a√     - px = 0 

Solution: Let y - a√     - px = 0 

  
 
i.e. y = px + a√     …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + a√     

========================================================== 

Ex. Solve p = cot(px - y) 

Solution: Let p = cot(px - y) 
 
i.e. cot

-1
p = px - y 

 
i.e. y = px - cot

-1
p …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx - cot
-1

c 

========================================================== 

Ex. Solve p = sin(y - px) 

Solution: Let p = sin(y - px) 
 
i.e. y - px = sin

-1
p 

 
i.e. y = px + sin

-1
p …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + sin
-1

c 

========================================================== 

Ex. Solve p = log(y - px) 

Solution: Let p = log(y - px) 
 
i.e. y - px = e

p
 
 
i.e. y = px + e

p
 …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + e
c
 

========================================================== 

Ex. Solve (y - px)(p - 1) + p = 0 

Solution: Let (y - px)(p - 1) + p = 0 
 
i.e. y - px = 

  

   
 
 
i.e. y = px + 

 

   
 …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + 
 

   
 

========================================================== 
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Ex. Solve cospx.cosy = p
2
 - sinpx.siny 

Solution: Let cospx.cosy = p
2
 - sinpx.siny  

 
i.e. cospx.cosy+ sinpx.siny = p

2
  

  

i.e. cos(y - px) =  p
2 

i.e. y - px = cos
-1

p
2 

i.e. y = px + cos
-1

p
2
 …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + cos
-1

c
2
 

========================================================== 

Ex. Solve sinpx.cosy - cospx.siny - p = 0 

Solution: Let sinpx.cosy - cospx.siny - p = 0  

i.e. sin(px - y) =  p
 

i.e. px - y = sin
-1

p
 

i.e. y = px - sin
-1

p …… (1) 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx - sin
-1

c 

========================================================== 

Ex. Solve y = x(
  

  
) + (

  

  
)

2
  

Solution: Let y = x(
  

  
) + (

  

  
)

2 
 i.e. y = px + p

2 …… (1)  where p = 
  

  
 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + c
2 

========================================================== 

Ex. Solve y = x
  

  
 + a(

  

  
)(1 - 

  

  
)  

Solution: Let y = x
  

  
 + a(

  

  
)(1 - 

  

  
) i.e. y = px + ap(1 - p)…… (1)  where p = 

  

  
 

be the given differential equation, which is in Clairaut’s form. 

  It’s G.S. is obtained by putting p = c in equation (1) as 

y = cx + ac(1 - c)
 

========================================================== 

Equations reducible to Clairaut’s form: By using some proper substitution given 

differential equation can be reduced to Clairut’s form and it’s G.S. is obtained by 

putting p = c and resubstituting the values. 

========================================================== 

Ex. Solve e
4x

 (p - 1) + e
2y

 p
2
 = 0 by putting e

2x
 = u and e

2y
 = v. 

Solution: Let e
4x

 (p - 1) + e
2y

 p
2
 = 0…… (1)   

be the given differential equation,  
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Putting e
2x

 = u and e
2y

 = v, we get, 

2e
2x

dx= du and 2e
2y

dy = dv 

 
2     

      
 = 

  

  
   

  
  

  
 = 

   

   
  

  
 = 

 

 

  

  
   

i.e. p = 
 

 
 P where P = 

  

  
 

  Putting this values in (1), we get, 

u
2
(
 

 
 P - 1) + v(

 

 
 P)

2
 = 0 

 i.e. 
  

 
(Pu - v) + 

  

 
 P

2
 = 0 

 i.e. Pu - v + P
2
 = 0  

i.e.  v = Pu + P
2
  

which is in Clairaut’s form. 

  It’s G.S. is obtained by putting P = c as 

v = cu + c
2
 

  e
2y

 = ce
2x 

+ c
2 
is the G. S. of equation (1).  

========================================================== 

Ex. Solve (x - py) (px - y) = 2p by putting x
2
 = u and y

2
 = v. 

Solution: Let (x - py) (px - y) = 2p…… (1)   

be the given differential equation,  

Putting x
2
 = u and y

2
 = v, we get, 

2xdx= du and 2ydy = dv 

 
2   

    
 = 

  

  
   

  
  

  
 = 

 

 

  

  
 = 

√ 

√ 

  

  
   

i.e. p = 
√ 

√ 
 P where P = 

  

  
 

  Putting this values in (1), we get, 

(√  - 
√ 

√ 
 √ )(

√ 

√ 
 P√  - √ ) = 2

√ 

√ 
 P 

 i.e. 
√ 

√ 
(1 - P) (Pu - v) = 2

√ 

√ 
 P 

 i.e. (P - 1) (v -Pu) = 2P  

i.e.  v = Pu + 
  

   
  

which is in Clairaut’s form. 

  It’s G.S. is obtained by putting P = c as 

v = cu + 
  

   
 

  y
2
 = cx

2 
+ 

  

   
 
 
is the G. S. of equation (1).  

========================================================== 
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Ex. Solve (x + py) (px - y) =  2p by putting x
2
 = u and y

2
 = v. 

Solution: Let (x + py) (px - y) =  2p…… (1)   

be the given differential equation,  

Putting x
2
 = u and y

2
 = v, we get, 

2xdx= du and 2ydy = dv 

 
2   

    
 = 

  

  
   

  
  

  
 = 

 

 

  

  
 = 

√ 

√ 

  

  
   

i.e. p = 
√ 

√ 
 P where P = 

  

  
 

  Putting this values in (1), we get, 

(√  + 
√ 

√ 
 √ )(

√ 

√ 
 P√  - √ ) =  2√ 

√ 
 P 

 i.e. 
√ 

√ 
(1 + P) (Pu - v) =  2√ 

√ 
 P 

 i.e. (1 + P) (Pu - v) =  2P 

  i.e. Pu - v =  
   

   
 

i.e.  v = Pu - 
   

   
  

which is in Clairaut’s form. 

  It’s G.S. is obtained by putting P = c as 

v = cu - 
   

   
 

  y
2
 = cx

2 
- 
   

   
 
 
is the G. S. of equation (1).  

========================================================== 

Ex. Solve xy(y - px) = (x + py), using x
2
 = u and y

2
 = v. 

Solution: Let xy(y - px) = (x + py)…… (1)   

be the given differential equation,  

Putting x
2
 = u and y

2
 = v, we get, 

2xdx= du and 2ydy = dv 

 
2   

    
 = 

  

  
   

  
  

  
 = 

 

 

  

  
 = 

√ 

√ 

  

  
   

i.e. p = 
√ 

√ 
 P where P = 

  

  
 

  Putting this values in (1), we get, 

√  √ (√  - 
√ 

√ 
 √ ) = (√  

√ 

√ 
 P√ )  

 i.e. √ (v - Pu) = √ (1+ P) 

 i.e. (v -Pu) = 1+P  

i.e.  v = Pu + 1+P 

which is in Clairaut’s form. 

  It’s G.S. is obtained by putting P = c as 

v = cu + 1+ c 

  y
2
 = cx

2 
+ 1+ c 

 
is the G. S. of equation (1).  

========================================================== 
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Ex. Solve y
2
 = pxy + f(p.

 

 
 , using x

2
 = u and y

2
 = v. 

Solution: Let y
2
 = pxy + f(p.

 

 
 …… (1)  

be the given differential equation,  

Putting x
2
 = u and y

2
 = v, we get, 

2xdx= du and 2ydy = dv 

 
2   

    
 = 

  

  
   

  
  

  
 = 

 

 

  

  
 = 

√ 

√ 

  

  
   

i.e. p = 
√ 

√ 
 P where P = 

  

  
 

  Putting this values in (1), we get, 

v =  
√ 

√ 
 P√ √  + f(

√ 

√ 
 P.

√ 

√ 
) 

 i.e.  v = Pu + f(P) 

which is in Clairaut’s form. 

  It’s G.S. is obtained by putting P = c as 

v = cu + f(c) 

  y
2
 = cx

2 
+ f(c) 

 
is the G. S. of equation (1).  

========================================================== 

MULTIPLE CHOICE QUESTIONS (MCQ’S) 
========================================================== 

1) If A1, A2, ……,An-1, An are functions of x and y and p  
  

  
 , then an equation 

F(x, y, p) = p
n
+A1p

n-1
+A2p

n-2
+……+An-1p+An = 0 is called differential equations 

of …...  

A) first order and first degree  B) first order and higher degree  

C) higher order and first degree  D) None of these 

2) The differential equation F(x, y, p) = 0 is factorized into linear factors then it said 

to be ……. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

3) The differential equation p
2
 - 7p + 10 = 0 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

4) The differential equation p
2
 - 8p + 12 = 0 is …….. 

A) solvable for x    B) solvable for p  

C) solvable for y    D) None of these 

5) The differential equation p
2
 + 6p + 8 = 0 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

========================================================= 
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6) The differential equation p(p - y) = x(x+y) is …….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

7) The differential equation 
 

 
 - p = 

 

 
 - 
 

 
 is …….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

8) The differential equation x
2 
(
  

  
)

2
 - xy

  

  
 - 6y

2
 = 0 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

9) The differential equation F(x, y, p) = 0 is solvable for y if it can be expresed as 

A) y = f(x, p) B) x = f(y, p) C) p = f(x, y) D) None of these 

10) If the differential equation F(x, y, p) = 0 is expressed as y = f(x, p) then it said to 

be ….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

11) The differential equation y = 2px + f(xp
2
) is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

12) The differential equation y = 2px + x
2
p

4
 is …….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

13) The differential equation 4y = x
2
 + p

2
 is …….. 

A) solvable for y    B) solvable for x  

C) solvable for p    D) None of these 

14) The differential equation y + p
2 
= 2px

2
  is …….. 

A) solvable for x     B) solvable for y  

C) solvable for p    D) None of these 

15) The differential equation F(x, y, p) = 0 is solvable for x if it can be expresed as 

A) y = f(x, p) B) x = f(y, p) C) p = f(x, y) D) None of these 

16) If the differential equation F(x, y, p) = 0 is expresed as x = f(y, p),  

      then it said to be ….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

17) The differential equation y = 2px + y
3
p

2
 is …….. 

A) solvable for p    B) solvable for y  

C) solvable for x    D) None of these 

18) The differential equation y = 2px + y
2
p

3
 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

========================================================== 
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19) The differential equation p
3
 - 4xyp + 8y

2
 = 0 is …….. 

A) solvable for p    B) solvable for x  

C) solvable for y    D) None of these 

20) The differential equation 4(xp
2
 + yp) = y

4
 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

21) The differential equation 
 
(
  

  
)

2
y

2
 - 2x

  

  
 + y = 0 is …….. 

A) solvable for x    B) solvable for y  

C) solvable for p    D) None of these 

22) The differential equation 
 

 
 = cot(x - 

 

    
  is …….. 

A) solvable for p    B) solvable for x  

C) solvable for y    D) None of these 

23) The equation of type y = px + f(p), where p = 
  

  
 is called …. 

A) Clairaut’s equation    B) Linear equation    

C) Bernoulli’s equation   D) None of these 

24) The solution of Clairaut’s equation y = px + f(p) is obtained by putting p = …. 

A) y    B) x   C) c   D) None of these 

25) The solution of Clairaut’s equation y = px + f(p) is  …. 

A) y = cx + f(c)  B) y = pc + e
c
 C) y = px - f(c) D) None of these 

26) The solution of differential equation p = cot(px - y) is …….. 

A) y = cx - cot
-1

c B) y = cx - cotp C) y = cx + cotp D) None of these 

27) The solution of differential equation p = log(y - px) is …….. 

A) y = log(y - cx) B) y = cx + e
c
 C) y = pc - e

c
 D) None of these 

28) The solution of differential equation (y - px) (p - 1) + p = 0 is …….. 

A) x = cy - 
 

   
 B) y = cx - 

 

   
 C) y = cx + 

 

   
 D) None of these 

29) The solution of differential equation (y - px) (p - 1) = p  is …….. 

A) y = cx + 
 

   
 B) y = cx + 

 

   
 C) y = cx + 

 

   
 D) None of these 

30) The solution of differential equation y - a√    - px = 0 is  …. 

A) y = a√    - cx   B) y = a√    - px   

C) y = cx+a√      D) None of these 

31) The solution of differential equation yp = a + xp
2
 is  …. 

A) yp = a + c
2
x   B) y = 

 

 
 + cx    C) cy = a + xp

2
  D) None of these 

32) The solution of differential equation y = x(
  

  
) + (

  

  
 2

 is  …. 

A) y = cx - c
2
   B) y = -cx + c

2
  C) y = cx + c

2
  D) None of these 

33) The solution of differential equation y = x
  

  
 + a

  

  
(1- 

  

  
  is  …. 

A) y = cx + ac(1- c)    B) y = cx - ac(1- c)   

C) y = -cx + ac(1- c)   D) None of these 

========================================================== 
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Unit-3: Linear Differential Equations of Second Order and Higher Degree 
=============================================================== 

Linear Differential Equation with Constant Coefficients: A differential equation of the 

form 
   

   
   

     

     
   

     

     
 + …… +     

  

  
 +   y = X i.e. f(D)y = X,  

where D  
 

  
             are constants and X is a function of x only, is called a 

linear  differential equation with constant co-efficients.  

Associated Equation of the Linear Differential Equation: If f(D)y = X  

is the linear differential equation with constant co-efficients, then f(D)y = 0  

is called its associated equation.   

Auxiliary Equation of the Linear Differential Equation: If f(D)y = X  

is the linear differential equation with constant co-efficients, then f(D) = 0  

is called its auxiliary equation (A.E.). 

Complementary Function (C.F.): The part of G.S. which is solution of the associated 

equation f(D)y = 0 containing arbitrary constants is called Complementary Function (C.F.). 

Particular Integral (P.I.) The part of G.S. which is solution of f(D)y = X not involving 

arbitrary constants is called Particular Integral (P.I.) and denoted by P.I. = 
 

    
X 

Remark: i) If y = u is the Complementary Function (C.F.) and y = v is Particular Integral  

(P.I.) of LDE f(D)y = X, then y = u + v is the General Solution (G.S.) of it. 

ii) If operator D  
 

  
 , then 1) D

r
y =  

   

   
, 2) D

r
D

k
 = D

r+k
, 3) [f(x) D

r
]y = f(x).D

r
y 

  4) [f(x) + g(x)] D
n
 = f(x).D

n
 +g(x).D

n
, 5) f(x)[D

m
 + D

n
] = f(x).D

m
 + f(x).D

n
 

  6) f1(D) and f2(D) be operational factors, then [f1(D).f2(D)]y = f1(D)[f2(D)y] 

  7) If in LDE f(D)y = X, X = 0, then P.I. = 0 i.e. G.S. = C.F. 

  8) 
 

    
 is called inverse operator of f(D). 

Process of Finding Complementary Function (C.F.):  

i) If an A.E. f(D) = 0 of LDE f(D)y = X has n distinct roots m1, m2, m3, …, mn, then  

C.F.= C1 
    + C2 

   + … + Cn 
    

ii) If an A.E. f(D) = 0 of LDE f(D)y = X has root m, repeated k times, then  

C.F.= (C1+ C2x+ C3 
   … + Ck 

        

iii) If an A.E. f(D) = 0 of LDE f(D)y = X has complex roots     , then  

C.F.=    (C1cos x + C2sin x) 

iv) If an A.E. f(D) = 0 of LDE f(D)y = X has complex roots      occurs twice, then  

C.F.=     (C1+ C2x)cos x + (C3+ C4x)sin x] 

=============================================================== 
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Properties of Inverse operator 
 

    
:  

i) 
 

    
[C1X1+ C2X2] = C1 

 

    
X1+ C2 

 

    
X2 where C1 and C2 are constants. 

ii) 
 

          
 = 

 

     
 

 

     
 

 

     
  

=============================================================== 

Ex.: Solve 
   

   
 +  

  

  
 – 7y = 0 

Solution: Let 
   

   
 +  

  

  
 – 7y = 0   

i.e. (D
2
 + 6D –7)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
2
 + 6D –7= 0  

 i.e. (D – 1) (D + 7) = 0 

 ∴ D = 1, -7 are the distinct roots of an A.E. 

 ∴ C.F. = C1 
 + C2 

    

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
 + C2 

    

be the required G.S. of given equation. 

===============================================================

Ex.: Solve 
   

   
 –  

  

  
 + 12y = 0 

Solution: Let 
   

   
 –  

  

  
 + 12y = 0   

i.e. (D
2
 – 7D + 12)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
2
 – 7D + 12 = 0  

 i.e. (D – 3) (D – 4) = 0 

 ∴ D = 3, 4 are the distinct roots of an A.E. 

 ∴ C.F. = C1 
   + C2 

   

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
   + C2 

    

be the required G.S. of given equation. 

=============================================================== 

Ex.: Solve  
   

   
 +  

  

  
 - 12y = 0 

Solution: Let  
   

   
 +  

  

  
 – 12y = 0   

i.e. (2D
2
 + 5D –12)y = 0 be the given LDE with constant coefficients, 
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 Its A.E. is 2D
2
 + 5D –12 = 0  

 i.e. 2D
2
 + 8D – 3D – 12 = 0  

i.e. 2D(D + 4) – 3(D + 4) = 0 

i.e. (D + 4) (2D – 3) = 0 

 ∴ D = -4, 
 

 
 are the distinct roots of an A.E. 

 ∴ C.F. = C1 
   + C2 

 

 
 
 

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
   + C2 

 

 
 
 

be the required G.S. of given equation. 

=============================================================== 

Ex.: Find the complementary function of  
   

   
 +  

  

  
 - 2y = 0 

Solution: Let  
   

   
 +  

  

  
 – 2y = 0   

i.e. (2D
2
 + 3D –2)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is 2D
2
 + 3D –2 = 0  

 i.e. 2D
2
 + 4D – D – 2 = 0  

i.e. 2D(D + 2) – (D + 2) = 0 

i.e. (D + 2) (2D – 1) = 0 

 ∴ D = -2,  
 

 
 are the distinct roots of an A.E. 

 ∴ C.F. = C1 
   + C2 

 

 
 
 

=============================================================== 

Ex.: Solve (D3
 + 3D

2
 – D – 3)y = 0 

Solution: Let (D
3
 + 3D

2
 – D – 3)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
3
 + 3D

2
 – D – 3 = 0  

 i.e. D
2
 (D + 3) – (D + 3) = 0 

i.e. (D + 3)(D
2
 – 1) = 0 

i.e. (D + 3)(D – 1) (D
 
+1) = 0 

 ∴ D = -3,    -1 are the roots of an A.E. 

 ∴ C.F. = C1 
    + C2  

  + C3 
   

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
    + C2  

  + C3 
   

be the required G.S. of given equation. 

=============================================================== 
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Ex.: Solve  
   

   
 –  

  

  
 + y = 0 

Solution: Let  
   

   
 –  

  

  
 + y = 0   

i.e. (4D
2
 – 4D + 1)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is 4D
2
 – 4D + 1 = 0 

 i.e. (2D – 1)
2
 = 0 

 ∴ D = 
 

 
,  
 

 
 (repeated two times) are the roots of an A.E. 

 ∴ C.F. = (C1 + C2   
 

 
 
 

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F. i.e. y = (C1 + C2   
 

 
 
 

be the required G.S. of given equation. 

=============================================================== 

Ex.: Solve 
   

   
 
   

   
 – 
  

  
 – y = 0 

Solution: Let 
   

   
 
   

   
 – 
  

  
 – y = 0   

i.e. (D
3
 + D

2
 – D – 1)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
3
 + D

2
 – D – 1 = 0  

 i.e. D
2
 (D + 1) – (D + 1) = 0  

i.e. (D + 1) (D
2
 – 1) = 0 

i.e. (D – 1) (D + 1)
2
 = 0 

 ∴ D = 1, D =   ,     (repeated two times) are the roots of an A.E. 

 ∴ C.F. = C1 
 + (C2 + C3   

   

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
 + (C2 + C3   

   

be the required G.S. of given equation. 

=============================================================== 

Ex.: Find the complementary function of 
   

   
  

   

   
 + 

  

  
 = e

x 

Solution: Let 
   

   
  

   

   
 + 

  

  
 = e

x
   

i.e. (D
3 
+ 2D

2
 + D)y = e

x
 be the given LDE with constant coefficients, 

 Its A.E. is D
3 
+ 2D

2
 + D = 0  

 i.e. D(D
2 
+ 2D + 1) = 0  i.e. D (D + 1)

2
 = 0 

 ∴ D = 0, D =   ,     (repeated two times) are the roots of an A.E. 

 ∴ C.F. = C1 
  + (C2 + C2   

   

 = C1 + (C2 + C3   
   

=============================================================== 
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Ex.: Solve (D – 1)
2
 (D

2
 - 1)y = 0 

Solution: Let (D – 1)
2
 (D

2
 - 1)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is (D – 1)
2
 (D

2
 - 1) = 0  

 i.e. (D + 1) (D – 1)
3
 = 0 

 ∴ D = -1, D =    1,   (repeated three times) are the roots of an A.E. 

 ∴ C.F. = C1 
  + (C2 + C3x+ C4 

 )    

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
  + (C2 + C3x+ C4 

 )    

be the required G.S. of given equation. 

=============================================================== 

Ex.: Solve (D – 1)
2
 (D

2
 + 1)y = 0 

Solution: Let (D – 1)
2
 (D

2
 + 1)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is (D – 1)
2
 (D

2
 + 1) = 0  

 ∴ D =    1,    are the roots of an A.E. 

 ∴ C.F. = (C1 + C2x)   +    (C3 cosx + C4 sinx)  

 = (C1 + C2x)   + C3 cosx + C4 sinx 

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = (C1 + C2x)   + C3 cosx + C4 sinx 

be the required G.S. of given equation. 

=============================================================== 

Ex.: Solve (D2
 – 6D + 13)y = 0 

Solution: Let (D
2
 – 6D + 13)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
2
 – 6D + 13 = 0  

 ∴ D = 
  √     

 
 = 3    are the roots of an A.E. 

 ∴ C.F. =    (C1cos2x + C2sin2x)  

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y =    (C1cos2x + C2sin2x) 

be the required G.S. of given equation. 

=============================================================== 
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Ex.: Solve 
   

   
–  

   

   
 +  

  

  
 – 8y = 0 

Solution: Let 
   

   
–  

   

   
 +  

  

  
 – 8y = 0   

i.e. (D
3
 – 2D

2
 + 4D – 8)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
3
 – 2D

2
 + 4D – 8 = 0  

 i.e. D
2
 (D – 2) + 4(D – 2) = 0  

i.e. (D – 2) (D
2
 + 4) = 0 

 ∴ D = 2,     are the roots of an A.E. 

 ∴ C.F. = C1 
   + e

0x
 (C2 cos2x + C3sin2x)  

 = C1 
   + C2 cos2x + C3sin2x 

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1 
   + C2 cos2x + C3sin2x 

be the required G.S. of given equation. 

=============================================================== 

 Ex.: Solve (D4
 + 18D

2
 + 81)y = 0 

Solution: Let (D
4
 + 18D

2
 + 81)y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
4
 + 18D

2
 + 81 = 0  

 i.e. (D
2 
+ 9)

2
 = 0 

 ∴ D =                          are the roots of an A.E. 

 ∴ C.F. =     (C1 + C2x)      + (C3 + C4x)     ]  

 = (C1 + C2x)      + (C3 + C4x)      

Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = (C1 + C2x)      + (C3 + C4x)      

be the required G.S. of given equation. 

=============================================================== 

Ex.: Solve D2
(D

2
 + 3)

2
y = 0 

Solution: Let D
2
(D

2
 + 3)

2
y = 0 be the given LDE with constant coefficients, 

 Its A.E. is D
2
(D

2
 + 3)

2
 = 0 

 ∴ D =        √    √                         are the roots of an A.E. 

 ∴ C.F. = (C1 + C2x)        (C3 + C4x)   √   + (C5 + C6x)   √  ]  

   = C1 + C2x   (C3 + C4x)   √   +  (C5+ C6x)   √   
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Here X = 0 ∴ P.I. = 0. 

∴ G.S. = C.F.+ P.I. = C.F. 

i.e. y = C1+ C2x   (C3+ C4x)   √   +(C5+ C6x)   √   

be the required G.S. of given equation. 

=============================================================== 

General Method of Finding P.I.:  

Theorem: If D  
 

  
     X is function of x, then 

 

   
 X = e

mx
∫ e

-mx
dx 

Proof: Let y = 
 

   
 X ⇒ (D-m)y = X ⇒ 

  

  
 - my = X  ……(1) 

  Which is linear differential equation of first order with P = -m and Q = X. 

  ∴ I.F. =  ∫    =  ∫      =       

G.S. of linear differential equation is 

  y(I.F.) = ∫       dx + c 

  ∴ y(     ) = ∫         dx + c 

∴ y = c    +    ∫         dx 

As G.S. = C.F.+ P.I. and C.F. of equation (1) is C.F. = c    
∴ P.I. =     ∫         dx 

∴
 

   
 X = e

mx
∫ e

-mx
dx  

=============================================================== 

P.I. of Some Standard Functions:  

Type-I: When X = e
ax 

where a is constant. 

Theorem: If D  
 

  
     f(D) is polynomial in D with f(a)   0, then 

 

    
 e

ax
 = 

   

    
 

Proof: Let f(D)y = e
ax

 be a LDE with f(D) = D
n 
+ P1D

n-1 
+ P2D

n-2 
+ … + Pn-1D + Pn 

  As De
ax

 = ae
ax

, D
2
e

ax
 = a

2
e

ax
, …, D

r
e

ax
 = a

r
e

ax
   r   N 

  ∴ f(D)e
ax

 = [D
n 
+ P1D

n-1 
+ P2D

n-2 
+ … + Pn-1D + Pn]e

ax
 

        = D
n
e

ax
 + P1D

n-1
e

ax
 + P2D

n-2
e

ax
 + … + Pn-1D e

ax
 + Pne

ax
 

        = a
n
e

ax
 + P1a

n-1
e

ax
 + P2a

n-2
e

ax
 + … + Pn-1ae

ax
 + Pne

ax
 

        = [a
n 
+ P1a

n-1 
+ P2a

n-2 
+ … + Pn-1a + Pn]e

ax
 

  ∴ f(D)e
ax

 = f(a)e
ax

  

  ∴ e
ax

 = 
       

    
 ∵        0 

  ∴ 
 

    
 e

ax
 = 

   

    
 Hence proved. 

=============================================================== 
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Theorem: If D  
 

  
, then 

 

      
 e

ax
 = 

  

  
     

Proof: We prove 
 

      
 e

ax
 = 

  

  
     by mathematical induction. 

  For r = 1, 
 

   
 e

ax
 =    ∫       dx  

       =    ∫ dx  

       = x    

       = 
  

  
     

  i.e. result is true for r = 1. 

  Suppose result is true for r = k 

  i.e. 
 

      
 e

ax
 = 

  

  
     …… (1) 

  Consider 
 

        
 e

ax
 = 

 

     
 

 

      
 e

ax
] 

         = 
 

     
 
  

  
    ]  by (1) 

         =    ∫ 
  

  
         dx 

         =    ∫ 
  

  
 dx 

         =    
    

       
 

         = 
    

      
     

  i.e. result is true for r = k ⇒ result is true for r = k+1 

  ∴ by mathematical induction the result is true for any natural number r. 

 i.e. 
 

      
 e

ax
 = 

  

  
       r   N. 

=============================================================== 

Theorem: If D  
 

  
     f(D) is polynomial in D with f(D) =            and        0, 

       then 
 

          
 e

ax
 = 

     

      
  

Proof: Let f(D) =            and        0 

  Consider 
 

          
 e

ax
 = 

 

      
 
 

    
 e

ax
] 

            = 
 

      
 
   

    
] ∵        0 

            = 
 

    
 

 

      
      

            = 
 

    
 
  

  
      

            =  
     

      
 

=============================================================== 
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Ex.: Find the particular integral of LDE (D2
 - 3D + 2)y = e

5x 

Solution: Let (D
2
 - 3D + 2)y = e

5x
  

be the given LDE with constant coefficients,  

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 - 3D + 2 = (D – 1)(D – 2) and X =      

 Now P.I. = 
 

    
 X  

     = 
 

   –      –   
     

     = 
   

          
  

     = 
   

  
 

===============================================================  

Ex.: Find the particular integral of LDE (D3
 - 5D

2
 + 8D - 4)y = e

2x 
+ 3e

x
 

Solution: Let (D
3
 - 5D

2
 + 8D - 4)y = e

2x 
+ 3e

x
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 - 5D

2
 + 8D - 4 = (D – 1)(D – 2)

2
  

and X = e
2x 

+ 3e
x
   

 Now P.I. = 
 

    
 X = 

 

   –      –     
        )  

     = 
 

   –      –     
 e

2x 
+ 

 

   –      –     
 3e

x 
 

       = 
     

     –    
 + 

    

     –     
 

       = 
 

  
      +      

=============================================================== 

Ex.: Solve 
   

   
 +  

  

  
 + 4y = e

2x 

Solution: Let 
   

   
 +  

  

  
 + 4y = e

2x
   

i.e. (D
2
 + 4D + 4)y = e

2x
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 4D + 4 = (D + 2)

2
  

and X = e
2x

  

 ∴ It’s A.E. is f(D) = 0  

i.e. (D + 2)
2
 = 0 

 ∴ D =       (repeated two times) are the roots of an A.E. 
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 ∴ C.F. = (C1 + C2   
    

Now P.I. = 
 

    
 X  

    = 
 

       
    

      = 
   

       
  

      = 
 

   
    

 ∴ G.S. = C.F. + P.I. 

 i.e. y = (C1 + C1   
    + 

 

   
     

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 - 3D + 2)y = coshx

 

Solution: Let (D
2
 - 3D + 2)y = coshx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 - 3D + 2 = (D - 1)(D - 2)   

and X = coshx = 
       

 
  

 ∴ It’s A.E. is f(D) = 0  

i.e. (D - 1)(D - 2)  = 0 

 ∴ D =     are the roots of an A.E. 

 ∴ C.F. = C1  
  + C2 

   

Now P.I. = 
 

    
 X  

     = 
 

               
 
       

 
  

      = 
 

                
   

 

                
     

      = 
   

             
 

   

                  
 

      =  
 

  
    

 

  
    

 ∴ G.S. = C.F. + P.I. 

 i.e. y = C1  
  + C2 

   
 

  
    

 

  
    

 be the required G.S. of given differential equation. 

=============================================================== 
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Ex.: Solve (D3
 + 3D

2
 + 3D + 1)y = e

-x 
 

Solution: Let (D
3
 + 3D

2
 + 3D + 1)y = e

-x
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 + 3D

2
 + 3D + 1 = (D + 1)

3
  

and X = e
-x 

 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D + 1)
3 
= 0 

 ∴ D =                                 are the roots of an A.E. 

 ∴ C.F. = (C1 + C2x + C3x
2
)    

Now P.I. = 
 

    
 X = 

 

         
    

       = 
     

   
  

       = 
 

  
       

 ∴ G.S. = C.F. + P.I. 

 i.e. y = (C1 + C2x + C3x
2
)    + 

 

  
       

 be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D3
 - 1)y = (e

x
 + 1)

2 
 

Solution: Let (D
3
 - 1)y = (e

x
 + 1)

2  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 - 1= (D - 1) (D

2
 + D + 1)  

and X = (e
x
 + 1)

2
 = e

2x
 + 2e

x
 + 1 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D - 1) (D
2
 + D + 1) = 0 

 ∴ D =         
   √   

  
 
  

  
 
√ 

  
  are the roots of an A.E. 

 ∴ C.F. = C1 
  +   

 

  
  C2 cos

√ 

  
x + C3sin

√ 

  
 ) 

Now P.I. = 
 

    
 X  

     = 
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      = 
 

                    
      

 

                    
     

 

                    
     

      = 
   

                   
   

    

               
   

   

                   
 

      = 
 

  
    

 

  
      

 ∴ G.S. = C.F. + P.I. 

 i.e. y = C1 
  +   

 

  
  C2 cos

√ 

  
x+ C3sin

√ 

  
 ) + 

 

  
    

 

  
      

 be the required G.S. of given differential equation. 

=============================================================== 

Type-II: When X = x
m
 or polynomial in x. 

Let f(D)y = x
m
 be the given LDE with constant coefficients,  

If g(D) is the lowest degree term in f(D), then  

f(D) = g(D).[1       

∴ P.I. = 
 

     
 x

m
 = 

 

             
 x

m
 = = 

 

    
         -1xm

 

and use results  

i) 
 

    
 = (    -1

 = 1 - x + x
2 
-  3 

+ …… 

i.e. 
 

       
         -1 = 1 -      +       2-       3+ …… 

ii) 
 

    
 =      -1

 = 1 + x + x
2 
+  3 

+ …… 

i.e. 
 

       
         -1 = 1 +      +       2+       3+ …… 

=============================================================== 

Ex.: Solve 
   

   
 -  

  

  
 + 5y = x

2 

Solution: Let 
   

   
 -  

  

  
 + 5y = x

2
   

i.e. (D
2
 - 2D + 5)y = x

2
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 - 2D + 5 and X = x

2
 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 - 2D + 5 = 0 

 ∴ D = 
  √    

  
      are the roots of an A.E. 
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 ∴ C.F. =   (C1cos2x + C2sin2x) 

Now P.I. = 
 

    
 X = 

 

             
   

     = 
 

      
 

  
   

 

   
     

   

       = 
 

  
    

 

  
  

 

   
         

       = 
 

  
   (

 

  
  

 

   
  )   

 

  
   

 

   
            

       = 
 

  
   

 

  
  

 

   
    

 

  
   

 

    
         

       = 
 

  
    

 

  
     

 

   
    

 

  
(2) - 0] 

       = 
 

  
    

 

  
  

 

   
] 

 ∴ G.S. = C.F. + P.I. 

 i.e. y =   (C1cos2x+ C2sin2x) + 
 

  
    

 

  
  

 

   
) 

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve 
   

   
  

   

   
 +  

  

  
 = x

2 

Solution: Let 
   

   
  

   

   
 +  

  

  
 = x

2
   

i.e. (D
3
 + 3D

2
 + 2D)y = x

2
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 + 3D

2
 + 2D = D(D+1)(D+2)  

and X = x
2
 

 ∴ It’s A.E. is f(D) = 0  

i.e. D(D+1)(D+2) = 0 

 ∴ D =         are the roots of an A.E. 

 ∴ C.F. = C1 
   + C2e

-x
 + C3e

-2x
  

 = C1 + C2e
-x

 + C3e
-2x

 

Now P.I. = 
 

    
 X  

     = 
 

           
   

     = 
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       = 
 

  
    

 

  
  

 

   
         

       = 
 

   
   (

 

  
  

 

   
  )   

 

  
  

 

   
           

       = 
 

   
   

 

  
  

 

   
    

 

 
   

 

  
         

       = 
 

   
    

 

  
     

 

   
    

 

 
 (2) + 0] 

       = 
 

  
       

 

 
] 

       = 
 

 
∫       

 

 
  dx 

       = 
 

 
 
  

 
  

   

 
 
  

 
] 

       = 
 

 
     

 

 
   

 

 
  

 ∴ G.S. = C.F. + P.I. 

 i.e. y = C1 + C2e
-x

 + C3e
-2x

 + 
 

 
     

 

 
   

 

 
  

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 + 2D + 3)y = x - 2x

2 

Solution: Let (D
2
 + 2D + 3)y = x - 2x

2
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 2D + 3  

and X = x - 2x
2
 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 + 2D + 3 = 0 

 ∴ D = 
   √    

  
    √    are the roots of an A.E. 

 ∴ C.F. =     [C1cos√   + C2sin√  ] 

Now P.I. = 
 

    
 X  

     = 
 

           
      ) 

     = 
 

      
 

  
    

 

   
    

   

       = 
 

 
    

 

  
  

 

   
            ) 

       = 
 

  
   (

 

  
  

 

   
  )   

 

  
  

 

   
              ) 
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       = 
 

  
   

 

  
  

 

   
   

 

 
   

 

  
  + …]      ) 

       = 
 

  
         

 

  
       

 

   
     

 

 
 (-4) + 0] 

       = 
 

 
       

 

  
 

 

  
  

 

  
 
  

  
] 

       = 
 

 
      

  

  
  

  

  
] 

     =  
 

 
    

  

 
    

  

  
 

 ∴ G.S. = C.F. + P.I. 

 i.e. y =     [C1cos√   + C2sin√  ]  
 

 
    

  

 
    

  

  
 

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
3
 + 2D

2
 + D)y = e

2x
 + x

2
 + x 

Solution: Let (D
3
 + 2D

2
 + D)y = e

2x
 + x

2
 + x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 + 2D

2
 + D = D(D+1)

2
  

and X = e
2x

 + x
2
 + x 

 ∴ It’s A.E. is f(D) = 0  

i.e. D(D+1)
2
 = 0 

 ∴ D =         are the roots of an A.E. 

 ∴ C.F. = C1 
   + (C2 + C3x)e

-x
  

 = C1 + (C2 + C3x)e
-x

 

Now P.I. = 
 

    
 X  

     = 
 

          
             ] 

      = 
 

          
     

 

          
        ) 

     = 
   

     
 + 

 

               
       ) 

       = 
   

  
 + 

 

 
                      ) 

       = 
   

  
 + 

 

  
                               ) 

       = 
   

  
 + 

 

  
                 + …]       ) 

       = 
   

  
 + 

 

  
                       (2) + 0] 
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       = 
   

  
 + 

 

 
          

       = 
   

  
 + ∫          dx 

       = 
   

  
  

  

 
  

   

 
    

       = 
 

  
     

 

 
    

 

 
      

 ∴ G.S. = C.F. + P.I. 

 i.e. y = C1+ (C2 + C3x)e
-x

 + 
 

  
     

 

 
    

 

 
      

be the required G.S. of given differential equation. 

=============================================================== 

Type-III: When X = sin(ax+b) or cos(ax+b) 

Theorem: If f(D
2
) is polynomial in D

2
 with constant coefficients and f(-a

2
)   0, then 

       a) 
 

     
 cos(ax+b) = 

         

      
 b) 

 

     
 sin(ax+b) = 

         

      
 

Proof: a) By taking successive derivatives, we get, 

Dcos(ax+b) = -asin(ax+b),  

D
2
cos(ax+b) = (-a).acos(ax+b)  

i.e. D
2
cos(ax+b) = (-a

2
)cos(ax+b) 

D
3
cos(ax+b) = (-a

2
).(-a)sin(ax+b) 

D
4
cos(ax+b) = (-a

2
).(-a).acos(ax+b)  

i.e. (D
2
)

2
cos(ax+b) = (-a

2
)

2
cos(ax+b) 

Similarly, (D
2
)

3
cos(ax+b) = (-a

2
)

3
cos(ax+b) 

 and so on, in general, 

(D
2
)

r
 cos(ax+b) = (-a

2
)

r
cos(ax+b)  r   ℕ 

∴ f(D
2
)cos(ax+b) = f(-a

2
)cos(ax+b) 

where f(D
2
) is polynomial in D

2
 with constant coefficients and f(-a

2
)   0 

  ∴ cos(ax+b) = 
              

       
 ∵          0 

  Operating 
 

     
 on both sides, we get, 

  ∴ 
 

     
 cos(ax+b) = 

         

       
 Hence proved. 

       b) By taking successive derivatives, we get, 

Dsin(ax+b) = acos(ax+b),  

D
2
sin(ax+b) = a.(-a)sin(ax+b)  

i.e. D
2
sin(ax+b) = (-a

2
)sin(ax+b) 
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D
3
sin(ax+b) = (-a

2
).acos(ax+b) 

D
4
sin(ax+b) = (-a

2
).a.(-a)sin(ax+b)  

i.e. (D
2
)

2
sin(ax+b)= (-a

2
)

2
sin(ax+b) 

Similarly, (D
2
)

3
sin(ax+b) = (-a

2
)

3
sin(ax+b) 

 and so on, in general, 

(D
2
)

r
 sin(ax+b) = (-a

2
)

r
sin(ax+b)  r   ℕ 

∴ f(D
2
) sin(ax+b) = f(-a

2
)sin(ax+b) 

where f(D
2
) is polynomial in D

2
 with constant coefficients and f(-a

2
)   0 

  ∴ sin(ax+b) = 
              

       
 ∵          0 

  Operating 
 

     
 on both sides, we get, 

  ∴ 
 

     
 sin(ax+b) = 

         

       
 Hence proved. 

=============================================================== 

Theorem:    
 

        
 cos(ax) = 

               
 

 
   

       
     

 

        
 sin(ax) = 

               
 

 
   

       
 

Proof: Consider 
 

        
 e

iax
 = 

 

              
 e

iax
  

          = 
      

          
  

          = 
      

        
  

          = 
           

       
 ∵ 

 

 
 = -  

          = 
             

       
 

          = 
      

 
 
 
 
      

       
 ∵   

 

  =   

          = 
        

     
 
 
  

       
 

∴ 
 

        
 [cos(ax)+isin(ax)] = 

       

       
 [cos(ax 

 

 
 )+isin(ax 

 

 
 )] 

  Equating real and imaginary parts, we get, 

     
 

        
 cos(ax) = 

               
 

 
   

       
   

   
 

        
 sin(ax) = 

               
 

 
   

       
 

=============================================================== 
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Note: 1) For r = 1, we get,    
 

     
 cos(ax) = 

         

  
 ,    

 

     
 sin(ax) = 

          

  
 

  2) If X = cosax or sinax, then express 
 

   
 as 

 

   
       

 

     
 and 

    
 

   
 as 

 

   
       

 

     
 

=============================================================== 

Ex.: Solve (D
4
 + 10D

2
 + 9)y = cos(2x+3) 

Solution: Let (D
4
 + 10D

2
 + 9)y = cos(2x+3)  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
4
 + 10D

2
 + 9 = (D

2
+1)(D

2
+9)  

and X = cos(2x+3) 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D
2
+1)(D

2
+9) = 0 

 ∴ D =        are the roots of an A.E. 

 ∴ C.F. =     C1cosx + C2sinx) +     C3cos3x + C4sin3x) 

 i.e. C.F. = C1cosx + C2sinx + C3cos3x + C4sin3x 

Now P.I. = 
 

    
 X  

     = 
 

             
          

      = 
         

            
  ∵  = -  = -  = -4 

     = 
         

   
   

 ∴ G.S. = C.F. + P.I. 

 i.e. y = C1cosx + C2sinx + C3cos3x + C4sin3x 
 

  
           

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
3
 + D)y = sin3x 

Solution: Let (D
3
 + D)y = sin3x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
3
 + D = D(D

2
+1)  

and X = sin3x 

 ∴ It’s A.E. is f(D) = 0  

i.e. D(D
2
+1) = 0 
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 ∴ D = 0,    are the roots of an A.E. 

 ∴ C.F. = C1 
  +     C2cosx + C3sinx)  

 i.e. C.F. = C1 + C2cosx + C3sinx 

Now P.I. = 
 

    
 X  

  = 
 

        
      

   = 
 

 
 
     

      
  ∵  = -  = -  = -9 

  = 
 

  
∫       dx  

  = 
 

  
       

∴ G.S.  

= C.F. + P.I. 

 i.e. y = C1 + C2cosx + C3sinx + 
 

  
       

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 + 4)y = sin3x + e

x
 + x

2 

Solution: Let (D
2
 + 4)y = sin3x + e

x
 + x

2
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 4 and X = sin3x + e

x
 + x

2
 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 + 4 = 0 

 ∴ D =     are the roots of an A.E. 

 ∴ C.F. =     C1cos x + C2sin x)  

i.e. C.F. = C1cos x + C2sin x 

 Now P.I. = 
 

    
 X = 

 

      
 (sin3x + e

x
 + x

2
) 

       =  
 

    
 sin3x + 

 

    
 e

x
 + 

 

    
 x2

  ∵  = -  = -  = -9 

     =  
     

    
 + 

  

   
 + 

 

    
 

 
   
 x2

 

    =  
 

 
      + 

 

 
 e

x
 + 

 

 
 [1  

 

 
 D

2 
+ 
 

  
D

4
- …]x

2
 

    =  
 

 
      + 

 

 
 e

x
 + 

 

 
 [x

2   
 

 
 (2) +   …] 

    =  
 

 
      + 

 

 
 e

x
 + 

 

 
 x

2   
 

 
  



MTH-201: Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics,  Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner 20 

∴ G.S. = C.F. + P.I. 

 i.e. y = C1cos x + C2sin x 
 

 
      + 

 

 
 e

x
 + 

 

 
 x

2   
 

 
 

be the required G.S. of given differential equation. 

=============================================================== 
Ex.: Solve (D

2
 - 1)y = 10sin

2
x

 

Solution: Let (D
2
 - 1)y = 10sin

2
x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 – 1= (D - 1)(D + 1)  

and X =10sin
2
x = 10(

       

 
) = 5 - 5cos2x 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D   1)(D + 1) = 0 

 ∴ D = 1,  1 are the roots of an A.E. 

 ∴ C.F. = C1e
x
 + C2e

-x
 

 Now P.I. = 
 

    
 X  

     = 
 

      
 (5   5cos2x) 

      =  
 

    
 e

0x
   

 

    
 cos2x  

     =  
    

   
   

      

    
  

     =  5 + cos2x 

    = cos2x   5 

∴ G.S. = C.F. + P.I. 

 i.e. y = C1e
x
 + C2e

-x 
+ cos2x 5 

be the required G.S. of given differential equation. 

=============================================================== 
Type-IV: When X = e

ax
V, where V is a function of x. 

Theorem: If D  
 

  
   f(D) is polynomial in D and V is a function of x, then 

        
 

    
 e

ax
V = e

ax  

      
 V. 

Proof: Let f(D)y = e
ax

V, where V is a function of x 

For any function U of x, we have 

De
ax

U = e
ax

DU + ae
ax

U = e
ax

(D + a)U 

D
2
e

ax
U = e

ax
D(D + a)U + a e

ax
(D + a)U 

   = e
ax

(D + a)(D + a)U 

   = e
ax

(D + a)
2
U 



MTH-201: Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics,  Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner 21 

and so on, in general, 

D
r
e

ax
U = e

ax 
(D + a)

r
U    r   N 

Let f(D) = D
n 
+ P1D

n-1  
+P2D

n-2  
+ … + Pn-1D + Pn 

  ∴ f(D)e
ax

U = [D
n 
+ P1D

n-1 
+ P2D

n-2  
+ … + Pn-1D + Pn]e

ax
U 

         = D
n
e

ax
U + P1D

n-1
e

ax
U + P2D

n-2
e

ax
U + … + Pn-1De

ax
U + Pne

ax
U 

        = e
ax

(D+a)
n
U+P1e

ax
(D+a)

n-1
U+P2e

ax
(D+a)

n-2
U+ … +Pn-1 e

ax
(D+a)U+Pne

ax
U 

         = e
ax 

[(D+a)
n 
+ P1(D+a)

n-1 
+ P2(D+a)

n-2  
+ … + Pn-1(D+a) + Pn]U 

  ∴ f(D)e
ax

U = e
ax

f(D+a)U  

  By taking U = 
 

      
V, we get, 

  f(D)e
ax  

      
V = e

ax
f(D+a) 

 

      
V = e

ax
V 

  i.e. e
ax

V = f(D)e
ax  

      
V 

  Operating 
 

    
 on both sides, we get, 

   
 

    
 e

ax
V = e

ax  

      
V Hence proved. 

=============================================================== 
Ex.: Solve (D

4
 - 1)y = e

x
cosx

 

Solution: Let (D
4
 - 1)y = e

x
cosx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
4
 – 1= (D

2
 - 1)(D

2
 + 1)  

and X = e
x
cosx 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D
2
 - 1)(D

2
 + 1) = 0 

 ∴ D =  1,  i are the roots of an A.E. 

 ∴ C.F. = C1e
x
 + C2e

-x
 + e

0x
(C3cosx + C4sinx)  

i.e. C.F. = C1e
x
 + C2e

-x
+ C3cosx + C4sinx 

 Now P.I. = 
 

    
 X  

     = 
 

                 
 e

x
cosx 

      = e
x
 

 

                         
 cosx  

     = e
x
 

 

                     
 cosx  

     = e
x
 

 

                    
 cosx  
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    = e
x
 

 

              
 cosx 

    = e
x
 

 

       
 cosx 

    = e
x
 
    

      
  

   =  
 

 
 e

x      

∴ G.S. = C.F. + P.I. 

 i.e. y = C1e
x
 + C2e

-x 
+ C3cosx + C4sinx  

 

 
 e

x       

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 – 6D + 13)y = e

3x
sin2x

 

Solution: Let (D
2
 – 6D + 13)y = e

3x
sin2x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 – 6D + 13  

and X = e
3x

sin2x 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 – 6D + 13 = 0 

 ∴ D = 
  √     

 
 = 

    

 
 = 3    are the roots of an A.E. 

 ∴ C.F. =    (C1cos2x + C2sin2x)  

 Now P.I. = 
 

    
 X  

     = 
 

    –          
 e

3x
sin2x 

      = e
3x

 
 

                      
 sin2x  

     = e
3x

 
 

                   
 sin2x  

     = e
3x

 
 

      
 sin2x  

     = e
3x

 
       

     
  

     =  
 

 
 xe

3x      

∴ G.S. = C.F. + P.I. 

 i.e. y =    (C1cos2x + C2sin2x)  
 

 
 xe

3x      

be the required G.S. of given differential equation. 

=============================================================== 
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Ex.: Solve (D
2
 – 4D + 3)y = e

x
cos2x

 

Solution: Let (D
2
 – 4D + 3)y = e

x
cos2x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 – 4D + 3 = (D – 1)(D – 3)  

and X = e
x
cos2x 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D – 1)(D – 3) = 0 

 ∴ D = 1, 3 are the roots of an A.E. 

 ∴ C.F. = C1 
 + C2 

    

 Now P.I. = 
 

    
 X  

     = 
 

    –         
 e

x
cos2x 

      = e
x
 

 

                     
 cos2x  

     = e
x
 

 

                 
 cos2x  

     = e
x
 

 

       
 cos2x  

     = e
x
 

 

       
 cos2x  

    =  
 

 
 e

x  

      
      

    =  
 

 
 e

x      

       
      

    =  
 

 
 e

x                

       
 

   =  
 

 
 e

x              

∴ G.S. = C.F. + P.I. 

 i.e. y = C1 
 + C2 

   
 

 
 e

x              

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 – 2D + 1)y = x

2
e

3x 

Solution: Let (D
2
 – 2D + 1)y = x

2
e

3x
  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 
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 f(D) = D
2
 – 2D + 1 = (D – 1)

2
 and X = x

2
e

3x
 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D – 1)
2
 = 0 

 ∴ D =     are the roots of an A.E. 

 ∴ C.F. = (C1+ C2x)   

 Now P.I. = 
 

    
 X  

     = 
 

    –        
 x

2
e

3x
 

      = e
3x

 
 

                     
 x

2
  

     = e
3x

 
 

                 
 x

2
  

     = e
3x

 
 

         
 x

2
  

     = e
3x

 
 

      
  

 
 
 x

2
 

     = 
 

 
 e

3x
[1- (D 

  

 
  + (D 

  

 
 2

-…] x
2
 

     = 
 

 
 e

3x
[1- D - 

  

 
 + D

2  
  

 
  …] x

2
 

     = 
 

 
 e

3x
[x

2
- 2x - 

 

 
 + 2   ] 

     = 
 

 
 e

3x
(2x

2
- 4x    

∴ G.S. = C.F. + P.I. 

 i.e. y = (C1+ C2x)  + 
 

 
 e

3x
(2x

2
- 4x    

be the required G.S. of given differential equation. 

=============================================================== 

Type-V: When X = xV, where V is a function of x only. 

Theorem: If D  
 

  
   f(D) is polynomial in D and V is a function of x only, then 

        
 

    
 xV = [x- 

 

    
 f '(D)]

  

    
 V. 

Proof: Let f(D)y = xV, where V is a function of x only. 

For any function U of x, By using Leibnitz’s theorem, we get, 

D
r
xU = xD

r
U + rD

r-1
U    r   N … (i) 

Let f(D) = D
n 
+ P1D

n-1 
+ P2D

n-2 
+ … + Pn-1D + Pn … (ii) 

∴ f '(D) = nD
n-1 

+ P1(n-1)D
n-2 

+ P2(n-2)D
n-3 

+ … + Pn-1 … (iii) 
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  ∴ f(D)(xU) = [D
n 
+ P1D

n-1 
+ P2D

n-2 
+ … + Pn-1D + Pn](xU) 

         = D
n
(xU) + P1D

n-1
(xU) + P2D

n-2
(xU) + … + Pn-1D(xU) + Pn(xU) 

        = xD
n
U + nD

n-1
U + P1[xD

n-1
U + (n-1)D

n-2
U] + P2[xD

n-2
U + (n-2)D

n-3
U) + …  

       + Pn-1 (xDU + U) + Pn(xU) 

         = x[D
n 
+ P1D

n-1 
+ P2D

n-2 
+ … + Pn-1D + Pn]U 

       + [nD
n-1 

+ P1(n-1)D
n-2 

+ P2(n-2)D
n-3 

+ … + Pn-1]U 

  ∴ f(D)(xU) = xf(D)U + f '(D)U 

  By taking U = 
 

    
V, we get, 

  f(D)(x
 

    
V) = xf(D) 

 

    
V + f '(D) 

 

    
V 

  i.e. f(D)(x
 

    
V) = xV + f '(D) 

 

    
V   

∴ xV = f(D)(x
 

    
V) - f '(D) 

 

    
V 

  Operating 
 

    
 on both sides, we get, 

  ∴ 
 

    
 (xV) = x 

 

    
V - 

 

    
f '(D) 

 

    
V  

  ∴ 
 

    
 (xV) = [x - 

 

    
f '(D) 

 

    
V  

Hence proved. 

=============================================================== 

Ex.: Solve (D
2
 + 1)y = xcos2x

 

Solution: Let (D
2
 + 1)y = xcos2x  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 1 and X = xcos2x 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 + 1 = 0 

 ∴ D =    are the roots of an A.E. 

 ∴ C.F. =    (C1cosx + C2sinx)  

i.e. C.F. = C1cosx + C2sinx 

 Now P.I. = 
 

    
 X  

     = 
 

          
 xcos2x 
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             = [x- 
 

         
      

 

          
       

     = [x- 
 

         
      

     

          
  

     =  
 

 
 [x      - 

 

         
            

     =  
 

 
 [x      - 

 

         
           

    =  
 

 
 [x      + 

      

         
  

    =  
 

 
 x      + 

 

  
       

∴ G.S. = C.F. + P.I. 

 i.e. y = C1cosx + C2sinx 
 

 
 x      + 

 

 
       

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 + 2D + 1)y = xcosx

 

Solution: Let (D
2
 + 2D + 1)y = xcosx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 2D + 1 = (D + 1)

2
  

and X = xcosx 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D + 1)
2
 = 0 

 ∴ D = -1, -1 are the roots of an A.E. 

 ∴ C.F. = (C1+ C2x)    

 Now P.I. = 
 

    
 X  

     = 
 

              
 xcosx 

             = [x- 
 

            
        

 

              
      

     = [x- 
 

             
       

 

           
      

     = 
 

 
 [x- 

 

      
       ∫     dx 

     = 
 

 
 [x- 

 

       
       

    = 
 

 
 [x     - 
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    = 
 

 
 [x     - 

 

       
              

    = 
 

 
 [x     - 

            

       
  

   = 
 

 
 (x                  

∴ G.S. = C.F. + P.I. 

 i.e. y = (C1+ C2x)   + 
 

 
 (x                  

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 + 4)y = xsinx

 

Solution: Let (D
2
 + 4)y = xsinx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 + 4 and X = xsinx 

 ∴ It’s A.E. is f(D) = 0  

i.e. D
2
 + 4 = 0 

 ∴ D =     are the roots of an A.E. 

 ∴ C.F. =     (C1cos2x + C2sin2x)  

i.e. C.F. = C1cos2x + C2sin2x  

 Now P.I. = 
 

    
 X  

     = 
 

         
 xsinx 

             = [x- 
 

        
      

 

         
      

     = [x- 
 

        
   

 

         
      

     = 
 

 
 [x     - 

 

        
      

     = 
 

 
 [x     - 

     

        
   

     = 
 

 
 [x     - 

 

 
       

     = 
 

 
 (3x     - 2co  ) 

∴ G.S. = C.F. + P.I. 

 i.e. y = C1cos2x + C2sin2x + 
 

 
 (3x     - 2co  ) 

be the required G.S. of given differential equation. 

=============================================================== 
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Ex.: Solve (D
2
 - 1)y = xsinx

 

Solution: Let (D
2
 - 1)y = xsinx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 – 1 = (D - 1)(D + 1)   

and X = xsinx 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D - 1)(D + 1) = 0 

 ∴ D =      are the roots of an A.E. 

 ∴ C.F. = C1 
  + C2 

    

 Now P.I. = 
 

    
 X  

     = 
 

        
 xsinx 

             = [x- 
 

       
      

 

        
      

     = [x- 
 

       
   

 

       
      

     =  
 

 
 [x     - 

 

        
      

     =  
 

 
 [x     - 

     

        
   

     =  
 

 
 (x     +        

∴ G.S. = C.F. + P.I. 

 i.e. y = C1 
  + C2 

   
 

 
 (x     +       

be the required G.S. of given differential equation. 

=============================================================== 

Ex.: Solve (D
2
 - 2D + 1)y = xsinx

 

Solution: Let (D
2
 - 2D + 1)y = xsinx  

be the given LDE with constant coefficients, 

comparing it with f(D)y = X, we get, 

 f(D) = D
2
 - 2D + 1 = (D - 1)

2
  

and X = xsinx 

 ∴ It’s A.E. is f(D) = 0  

i.e. (D - 1)
2
 = 0 

 ∴ D = 1, 1 are the roots of an A.E. 
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 ∴ C.F. = (C1+ C2x)   

 Now P.I. = 
 

    
 X  

     = 
 

             
 xsinx 

             = [x   
 

            
        

 

             
      

     = [x   
 

            
       

 

           
      

     = 
 

 
 [x   

 

      
       ∫       dx 

     = 
 

 
 [x   

 

      
       

     = 
 

 
 [x       

 

       
           

     = 
 

 
 [x       

 

      
               

     = 
 

 
 [x       

             

      
  

     = 
 

 
 (x                 

∴ G.S. = C.F. + P.I. 

 i.e. y = (C1+ C2x)  + 
 

 
 (x                 

be the required G.S. of given differential equation. 

=============================================================== 

MULTIPLE CHOICE QUESTIONS (MCQ’S) 

=============================================================== 

1) A differential equation of the form 
   

   
   

     

     
   

     

     
 + …… +     

  

  
 +   y = X 

i.e. f(D)y = X, where D  
 

  
             are constants and X is a function of x only, 

is called a …… differential equation with constant co-efficients.  

A) linear  B) homogeneous C) quadratic  D) non-homogeneous 

2) An associated equation of linear differential equation with constant coefficient’s  

     f(D)y = X is …… 

A) f(D) = 0  B) f(D) = X  C) f(D)y = 0  D) None of these 

3) An auxiliary equation (A.E.) of linear differential equation with constant coefficient’s  

    f(D)y = X is …… 

A) f(D) = 0  B) f(D) = X  C) f(D)y = 0  D) None of these 
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4) If f(D)y = X is a LDE with constant coefficient’s, then f(D)y = 0 is called …… equation. 

A) complementary B) auxiliary   C) associated  D) None of these 

5) If f(D)y = X is a LDE with constant coefficient’s, then f(D) = 0 is called …… equation  

A) complementary B) auxiliary   C) associated  D) None of these 

6) If LDE f(D)y = X has C.F. = u and P.I. = v, then its G.S. is y = ……  

A) uv   B) u - v  C) u + v  D) None of these 

7) If LDE is f(D)y = 0, then P.I. = ……  

A) -1   B) 0   C) 1   D) None of these 

8) If an A.E. f(D) = 0 of LDE f(D)y = X has n distinct roots m1, m2, m3, ………, mn  

   then C.F.= …… 

A) C1 
    + C2 

   
 + C3 

    + ……..+ Cn 
      

B) C1 
     + C2 

    
 + C3 

     + ……..+ Cn 
       

C) C1 
  + C2 

   
 + C3 

    + ……..+ Cn 
      

D) None of these 

9) If an A.E. f(D) = 0 of LDE f(D)y = 0 has n distinct roots m1, m2, m3, ………, mn  

    then its G.S. is y = …… 

A) C1 
    + C2 

   
 + C3 

    + ……..+ Cn 
      

B) C1 
     + C2 

    
 + C3 

     + ……..+ Cn 
       

C) C1 
  + C2 

   
 + C3 

    + ……..+ Cn 
      

D) None of these 

10) If an A.E. f(D) = 0 of LDE f(D)y = X has root m, repeated k times,  

      then C.F. = …… 

A) C1 
  +C2 

  +C3 
  +……+Ck 

   B) C     

C) (C1+ C2x+ C3 
   … + Ck 

        D) None of these 

11) If an A.E. f(D) = 0 of LDE f(D)y = 0 has root m, repeated k times,  

      then its G.S. is y = …… 

A) C1 
  +C2 

  +C3 
  +……+Ck 

   B) C     

C) (C1+ C2x+ C3 
   … + Ck 

        D) None of these 

12) If an A.E. f(D) = 0 of LDE f(D)y = X has complex roots     ,  

      then C.F.= …… 

A) C1 
   + C2 

       B)    (C1cos x + C2sin x)   

C)    (C1cos x + C2sin x)   D) None of these 

13) If an A.E. f(D) = 0 of LDE f(D)y = 0 has complex roots     ,  

      then its G.S. is y = …… 
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A) C1 
   + C2 

      B)    (C1cos x + C2sin x)   

C)    (C1cos x + C2sin x)  D) None of these 

14) If an A.E. f(D) = 0 of LDE f(D)y = X has complex roots      occurs twice,  

      then C.F.= …… 

A) (C1+ C2x)    + (C3+ C4x)    B)     (C1+ C2x)cos x + (C3+ C4x)sin x] 

 C)    (C1cos x + C2sin x)  D) None of these 

15) If an A.E. f(D) = 0 of LDE f(D)y = 0 has complex roots      occurs twice,  

      then its G.S. is y = …… 

A) (C1+ C2x)    + (C3+ C4x)    B)     (C1+ C2x)cos x + (C3+ C4x)sin x]

 C) (C1cos x + C2sin x)   D) None of these 

16) If a and b are real roots of LDE with constant coefficient’s f(D)y = 0,  

then its G.S. is y = …… 

A) C1e
ax

 + C2e
bx

    B) C1e
ax

 + C2e
-bx

  

C) C1e
-ax

 + C2e
-bx

    D) None of these 

17) The solution of LDE with constant coefficient’s 
   

   
 + 6 

  

  
 - 7y = 0 is y = …… 

A) C1e
x
 + C2e

-7x
 B) C1e

-x
 + C2e

-7x 
C) C1e

-x
 + C2e

7x
 D) None of these 

18) The G.S of LDE (D
2
 + 6D - 7)y = 0 is y = …… 

A) C1e
x
 + C2e

-7x
 B) C1e

-x
 + C2e

-7x
 C) C1e

-x
 + C2e

7x
 D) None of these 

19) The solution of LDE with constant coefficient’s 
   

   
 - 5 

  

  
 + 6y = 0 is y = …… 

A) C1e
2x

 + C2e
-3x

 B) C1e
-2x

 + C2e
-3x

 C) C1e
2x

 + C2e
3x

 D) None of these 

20) The G.S of LDE (D
2
 - 5D + 6)y = 0 is y = …… 

A) C1e
2x

 + C2e
-3x

 B) C1e
-2x

 + C2e
-3x

 C) C1e
2x

 + C2e
3x

 D) None of these 

21) The solution of LDE with constant coefficient’s 
   

   
 - 7 

  

  
 + 12y = 0 is y = …… 

A) C1e
3x

 + C2e
4x

 B) C1e
-3x

 + C2e
-4x

 C) C1e
-3x

 + C2e
4x

 D) None of these 

22) The G.S of (D
2
 - 7D + 12)y = 0 is y = …… 

A) C1e
3x

 + C2e
4x

 B) C1e
-3x

 + C2e
-4x

 C) C1e
-3x

 + C2e
4x

 D) None of these 

23) The G.S of (2D
2
 + 5D - 12)y = 0 is y = …… 

A) C1 
 
 

 
 
 + C2e

-4x
 B) C1 

 

 
 
 + C2e

-4x
 C) C1e

-3x
 + C2e

4x
 D) None of these 

24) The C.F. of (2D
2
 + 3D - 2)y = 0 is …… 

A) C1 
 

 
 
 + C2e

-2x
 B) C1 

 

 
 
 + C2e

-4x
 C) C1e

-3x
 + C2e

4x
 D) None of these 
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25) The G.S of (D - 1)
2
(D

2
 - 1)y = 0 is y = …… 

A) C1e
x
 + C2e

x 
+ C3e

-x
   B) (C1+ C2x)e

x
 + C3e

-x
  

C) (C1+ C2x+ C3 
  ex

+ C4e
-x

  D) None of these 

26) The solution of LDE with constant coefficient’s (D
2 
+16)y = 0 is y = …….. 

A) e
-x

(C1cos4x + C2sin4x)  B) C1cos4x + C2sin4x   

C) e
x
(C1cos4x + C2sin4x)   D) None of these 

27) The solution of LDE with constant coefficient’s (D
2  

- 6D + 13)y = 0 is y = …….. 

A) e
3x

(C1cosx + C2sinx)   B) e
2x

(C1cos3x + C2sin3x)   

C) e
3x

(C1cos2x + C2sin2x)  D) None of these 

28) The solution of LDE with constant coefficient’s (D
2  

- 6D + 9)y = 0 is y = …….. 

A) (C1 + C2x)e
-3x

    B) (C1 + C2x)e
3x

   

C) (C1e
3x

 + C2e
3x

)    D) None of these 

29) If f(D)y = X is a linear differential equation with constant coefficient’s  

  then P.I.= ……  

A) 
 

    
   B) f(D)y   C) f(D)X  D) 

 

    
  

30) If D  
 

  
 and X is a function of x then 

 

 
 X = …… 

A)  ∫     B) ∫  dx  C) 
  

  
   D) None of these 

31) If D  
 

  
  and f(0)   0, then 

 

    
 k = …… 

A) 
 

    
  B) 

 

    
  C) 

 

    
  D) None of these 

32) If D  
 

  
 then 

 

 
 sinx = …… 

A) cosx  B)        C)       D) None of these 

33) If D  
 

  
 then 

 

 
 cosx = …… 

A) cosx  B) –sinx  C)       D) None of these 

34) If X is a function of x then 
 

   
 X = …… 

A)     ∫      dx   B)    ∫     dx  

C)    ∫      dx   D) None of these 

35) If f(D)y = e
ax

 is linear differential equation with constant coefficient’s 

    with f(a)   0 then 
 

    
 e

ax
 = …… 

A) 
     

  
  B) 

   

    
  C) 

     

    
  D) None of these  
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36) 
 

      
 e

ax
 = …… 

A) 
     

  
  B) 

   

    
  C) 

     

    
  D) None of these  

37) If        0, then 
 

          
 e

ax
 = …… 

A) 
     

  
  B) 

     

      
  C) 

     

    
  D) None of these  

38) P.I. of LDE (D
2
 - 3D + 2)y = e

5x
 is ……     

A) 
    

  
  B) 

   

 
   C) 

   

  
   D) None of these  

39) P.I. of LDE (D
3 
+ 3D

2
 + 3D + 1)y = e

-x
 is ……     

A) 
     

 
  B) 

   

 
   C) 

   

 
   D) None of these  

40) P.I. of LDE  
   

   
 + 4 

  

  
 + 4y = e

2x
 is ……     

A) 
   

 
   B) 

   

  
   C) 

   

  
   D) None of these  

41) 1 + x + x
2
 + x

3
 + ……. is an expansion of… 

A) (1 - x)
-1  

B) (1 + x)
-1  

C) (1 - x)
-n  

D) None of these
 

42) 1 - x + x
2
 - x

3
 + ……. is an expansion of… 

A) 
 

   

  
B) 

 

   

  
C) (1 - x)

n  
D) None of these

 

43) If f(-a
2
)   0, then 

 

     
 sin(ax+b) = ……. 

A) 
         

      
  B) 

         

      
  C) 

         

      
  D) None of these  

44) If f(-9)   0 then 
 

     
 sin(3x+5) = ……. 

A) 
         

      
  B) 

         

     
  C) 

         

      
  D) None of these  

45) 
 

      
 sinax = ……. 

A) 
  

  
 cosax  B) 

  

  
 sinax  C) 

 

  
 cosax  D) 

 

  
 sinax  

46) 
 

      
 sin(6x) = ……. 

A) 
  

  
 cos6x  B) 

  

  
 sin6x  C) 

 

  
 cos6x  D) 

 

  
 sin6x  

47)  
 

     
 sin(3x-5) = ……. 

A) 
         

  
  B) 

         

 
  C) 

         

  
  D) None of these  

48) If f(D
2
) is polynomial in D

2
 with constant coefficient’s and  

      and f(-a
2
)   0 then 

 

     
 cos(ax+b) = ……. 

A) 
         

      
  B) 

         

      
  C) 

         

      
  D) None of these  
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49) If f(D
2
) is polynomial in D

2
 with constant coefficient’s and  

      and f(-4)   0 then 
 

     
 cos(2x+3) = ……. 

A) 
         

     
  B) 

         

     
  C) 

         

     
  D) None of these  

50) 
 

      
 cosax = ……. 

A) 
  

  
 cosax  B) 

  

  
 sinax  C) 

 

  
 cosax  D) 

 

  
 sinax  

51) 
 

      
 cos4x = ……. 

A) 
  

 
 cos4x  B) 

  

 
 sin4x  C) 

 

 
 cos4x  D)  

 

 
 sin4x  

52) If f(D)y = e
ax

V where V is function of x then 
 

    
 e

ax
V = ……. 

A) e
ax  

      
 V B) e

ax  

      
 V C) V 

 

      
 e

ax
 D) None of these  

53) If f(D)y = e
4x

V where V is function of x then 
 

    
 e

4x
V = ……. 

A) e
4x  

      
 V B) e

4x  

      
 V C) V 

 

      
 e

4x
 D) None of these  

54) If f(D)y = e
-3x

V where V is function of x then 
 

    
 e

-3x
V = ……. 

A) e
-3x  

      
 V B) e

-3x  

      
 V C) V 

 

      
 e

-3x
 D) None of these  

55) If f(D)y = xV where V is function of x then 
 

    
 (xV) = ……. 

A) [x - 
 

    
 f '(D)]

 

    
 V   B) [x + 

 

    
 f'(D)]

 

    
 V  

C) [x - 
 

      
 f(D)]

 

    
 V   D) None of these  

=============================================================== 
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Unit-4: Homogeneous Linear Differential Equations 
=============================================================== 

Homogeneous Linear Differential Equation: A differential equation of the form 

      

   
    

        

     
    

        

     
 + …… +       

  

  
 +   y = X  

where            are constants and X is a function of x only, is called a homogeneous 

linear  differential equation of order n.  

Remark: A homogeneous linear differential is also called Cauchy’s linear equation.  

    e.g. i) x
4
 
   

   
+7x

3
 
   

   
 - 12x 

  

  
 + 5y = logx  

        is a homogeneous linear differential equation of order 4. 

ii) x
8
 
   

   
+ xy = x

4
 is a homogeneous linear differential equation of order 7. 

    iii) x
2
 
   

   
 - 4x 

  

  
 + 6y = x

5
  

         is a homogeneous linear differential equation of order 2. 

Method of Solving Homogeneous Linear Differential Equation:  

Consider a homogeneous linear differential equation 

     

   
    

        

     
    

        

     
 + …… +       

  

  
 +   y = X … (i) 

 To solve it we change variable x to z by putting  

x = e
z
 i.e. z = logx and D = 

 

  
 

Now 
  

  
 = 

  

  

  

  
 = 

  

  
 
 

 
  ∵ 

  

  
 = 

 

 
 

   
  

  
 = 

  

  
 = Dy 

 Again 
   

   
 = 

 

  
 (

  

  
) = 

 

  
 [

 

 
 
  

  
] 

         = 
 

 
 

 

  
(
  

  
) – 

 

  
 
  

  
 

         = 
 

 
 

 

  
(
  

  
) 

  

  
 – 

 

  
 
  

  
 

         = 
 

  
 
   

   
 – 

 

  
 
  

  
 

   x2
 
   

   
 = 

   

   
 - 

  

  
 = (D

2
 – D)y = D(D – 1)y 

 Similarly x
3
 
   

   
 = D(D – 1)(D – 2)y 

 and so on, in general x
r
 
   

   
 = D(D – 1)(D – 2)(D – 3)…(D – r + 1)y 

   Equation (i) becomes, 

      –       –        –               –       –        –         
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        –       –        –         + …… +      D +    y = Z 

Which is linear differential equation with constant coefficients and  

Z is function of z. Using usual method, G.S. in y and z is obtained. In this solution 

putting z = logx, we get required G.S. of given equation. 

=============================================================== 

Ex. Solve x
2
 
   

   
 + x 

  

  
 - 4y = 0 

Solution: Let x
2
 
   

   
 + x 

  

  
 - 4y = 0 … (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy and x

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )    -   y = 0 

 i.e. (D
2
 – 4)y = 0 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 4 = 0 

i.e. (D – 2)(D + 2) = 0 

   D = 2, -2 are the roots of an A.E. 

   C.F. = C1e
2z

 + C2e
-2z

  

 and P.I.=    ∵ Z = 0. 

   G.S. = C.F. + P.I. = C.F. 

 i.e. y = C1e
2z

 + C2e
-2z

 

 Using z = logx i.e. e
z
 = x, we get, 

 y = C1x
2
 + 

  

  
  

 be the G.S. of given homogeneous LDE. 

=============================================================== 

Ex. Solve x
2
 
   

   
 - 4x 

  

  
 + 6y = x

5
 

Solution: Let x
2
 
   

   
 - 4x 

  

  
 + 6y = x

5
 … (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy and x

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 
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   (  –   )     +   y = e
5z

 

 i.e. (D
2
 – 5D + 6)y = e

5z
 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 5D + 6 = 0 

i.e. (D – 2)(D – 3) = 0 

   D = 2, 3 are the roots of an A.E. 

   C.F. = C1e
2z

 + C2e
3z

  

 and P.I.= 
 

   –      –    
 e

5z
 

    = 
   

   –      –    
 

     
 

  
 e

5z
 

   G.S. = C.F. + P.I. 

 i.e. y = C1e
2z

 + C2e
3z

 + 
 

  
 e

5z
 

 Using z = logx i.e. e
z
 = x, we get, 

 y = C1x
2
 + C2x

3
 + 

 

  
x

5
 

 be the G.S. of given homogeneous LDE. 

=============================================================== 

Ex. Solve 
   

   
 - 

 

 
 
  

  
 - 

 

  
y = x

2 

Solution: Let 
   

   
 - 

 

 
 
  

  
 - 

 

  
y = x

2
 i.e. x

2
 
   

   
 - 2x 

  

  
 - 4y = x

4
 … (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy and x

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )     -   y = e
4z 

 i.e. (D
2
 – 3D - 4)y = e

4z
 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 3D - 4 = 0 

i.e. (D – 4)(D + 1) = 0 

   D = 4, -1 are the roots of an A.E. 

   C.F. = C1e
4z

 + C2e
-z
  

 and P.I.= 
 

   –          
 e

4z
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    = 
    

       
  

    = 
 

 
     

   G.S. = C.F. + P.I. 

 i.e. y = C1e
4z

 + C2e
-z
 + 

 

 
     

 Using z = logx i.e. e
z
 = x, we get, 

 y = C1x
4
+ 

  

 
 + 

 

 
  logx 

 be the G.S. of given homogeneous LDE. 

===============================================================

Ex. Solve 
   

   
 - 

 

 
 
  

  
 + 

 

  
y = 

 

  
 logx 

Solution: Let 
   

   
 - 

 

 
 
  

  
 + 

 

  
y = 

 

  
 logx i.e. x

2
 
   

   
 - x 

  

  
 + y = 2logx… (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy and x

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )    +   y = 2z 

 i.e. (D
2
 – 2D + 1)y = 2z 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 2D + 1 = 0 

i.e. (D – 1)
2
 = 0 

   D = 1, 1 are the roots of an A.E. 

   C.F. = (C1+ C2z)e
z
  

 and P.I.= 
 

   –       
 2z 

    = 
 

           
 z 

      [1+       +       2
+ …]z 

      [z+    + ] 

    = 2z + 4 

   G.S. = C.F. + P.I. 

 i.e. y = (C1+ C2z)e
z 
+2z + 4 

 Using z = logx i.e. e
z
 = x, we get, 

 y = (C1+ C2logx)x + 2logx + 4 

 be the G.S. of given homogeneous LDE. 
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Ex. Solve x
2
 
   

   
 - 4x 

  

  
 + 6y = x

2
logx 

Solution: Let x
2
 
   

   
 - 4x 

  

  
 + 6y = x

2
logx … (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy and x

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )     +   y = e
2z

z 

 i.e. (D
2
 – 5D + 6)y = e

2z
z 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 5D + 6 = 0 

i.e. (D – 2)(D – 3) = 0 

   D = 2, 3 are the roots of an A.E. 

   C.F. = C1e
2z

 + C2e
3z

  

 and P.I.= 
 

   –      –    
 e

2z
z 

    =     

     –        –    
z 

         

    –    
z 

          

    –    
z 

          

  
[     + D

2
 + …]z 

    =      

  
[    + 0] 

    =     ∫     dz 

    =      
 

 
 z

2
 + z) 

   =  
 

 
    z + 1)z 

   G.S. = C.F. + P.I. 

 i.e. y = C1e
2z

 + C2e
3z

  
 

 
    z + 1)z 

 Using z = logx i.e. e
z
 = x, we get, 

 y = C1x
2
 + C2x

3
  

 

 
   logx+1)logx 

 be the G.S. of given homogeneous LDE. 

=============================================================== 
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Ex. Solve x
4
 
   

   
 + 2x

3
 
   

   
 – x

2
 
  

  
 + xy = 1 

Solution: Let x
4
 
   

   
 + 2x

3
 
   

   
 – x

2
 
  

  
 + xy = 1 i.e. x

3
 
   

   
 + 2x

2
 
   

   
 – x 

  

  
 + y = 

 

 
… (i)  

 be the given homogeneous linear differential equation. 

 To solve it we put x = e
z
 i.e. z = logx and D = 

 

  
 , we get, 

  
  

  
 = Dy, x

2
 
   

   
 = D(D – 1)y and x

3
 
   

   
 = D(D – 1)(D – 2)y 

 Equation (i) becomes, 

   (  –   )(  –   )    (  –   )    +   y = 
 

  
 

 i.e. (D
3
 – 3D

2
 + 2D + 2D

2 
– 2D – D + 1)y = e

-z
 

i.e. (D
3
 – D

2
 – D + 1)y = e

-z
 

Which is LDE with constant coefficients. 

It’s A.E. is D
3
 – D

2
 – D + 1= 0 

i.e. D
2
 (D – 1) – (D – 1) = 0 

i.e. (D – 1)(D
2
 – 1) = 0 

i.e. (D – 1)
2
(D + 1) = 0 

   D = 1, 1, -1 are the roots of an A.E. 

   C.F. = (C1 + C2z)e
z
 + C3e

-z 

 and P.I.= 
 

   –          
 e

-z
 

    = 
    

      –    
 

     
 

   
  

   G.S. = C.F. + P.I. 

 i.e. y = (C1 + C2z)e
z
 + C3e

-z 
+ 

 

   
 

 Using z = logx i.e. e
z
 = x, we get, 

 y = (C1 + C2logx)x + 
  

 

 
+ 

    

  
  

 be the G.S. of given homogeneous LDE. 

=============================================================== 
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Legendre’s Linear Equation: A differential equation of the form 

           

   
                 

     
                 

     
 + …… +   y = X  

where            are constants and X is a function of x only, is called a Legendre’s 

linear equation of order n.  

Remark: i) To convert Legendre’s linear equation to a homogeneous linear differential 

equation form put ax+b = u.  

ii) To convert Legendre’s linear equation to a linear differential equation form  

 put ax+b = e
z
 i.e. z = log(ax+b). 

Method of Solving Legendre’s Linear Equation:  

Consider the Legendre’s linear equation 

          

   
                 

     
                 

     
 + …… +   y = X 

 To solve it we change variable x to z by putting  

ax+b = e
z
 i.e. z = log(ax+b) and D = 

 

  
 

Now 
  

  
 = 

  

  

  

  
 = 

  

  
 

 

    
  ∵ 

  

  
 = 

 

    
 

        
  

  
 =  

  

  
 = aDy 

 Again 
   

   
 = 

 

  
 (

  

  
) = 

 

  
 [

 

    
 
  

  
] 

         = 
 

    
 

 

  
(
  

  
) – 

  

       
 
  

  
 

         = 
 

    
 

 

  
(
  

  
) 

  

  
 – 

  

       
 
  

  
 

         = 
  

       
 
   

   
 – 

  

       
 
  

  
 

   (ax+b)
2
 
   

   
 =     

   

   
 - 

  

  
 ]=   (D

2
 – D)y =   D(D – 1)y 

 Similarly (ax+b)
3
 
   

   
 =   D(D – 1)(D – 2)y 

 and so on, in general (ax+b)
r
 
   

   
 =   D(D – 1)(D – 2)(D – 3)…(D – r + 1)y 

   Equation (i) becomes, 

        –       –        –            
       –       –        –         

     
       –       –        –         + …… +      aD +    y = Z 

Which is linear differential equation with constant coefficients and  

Z is function of z. Using usual method, G.S. in y and z is obtained. In this solution 

putting z = log(ax+b), we get required G.S. of given equation. 

=============================================================== 



Mth-201 : Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics, Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner. 8 

Ex. Solve (x+2)
2
 
   

   
 – (x+2) 

  

  
 + y = 3x + 4 

Solution: Let (x+2)
2
 
   

   
 – (x+2) 

  

  
 + y = 3x + 4 … (i)  

 be the given Legendre’s linear equation. 

 To solve it we put x+2 = e
z
 i.e. z = log(x+2) and D = 

 

  
 , we get, 

      
  

  
 = Dy and (x+2)

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )    + 1 y = 3(e
z
-2) + 4  

 i.e. (D
2
 – 2D + 1)y = 3e

z
-2 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 2D + 1 = 0 

i.e. (D – 1)
2
 = 0 

   D = 1, 1 are the roots of an A.E. 

   C.F. = (C1 + C2z)e
z
  

 and P.I.= 
 

      
(3e

z
-2) 

    = 
 

      
3e

z 
- 

 

      
2e

0z 

    = 
     

  
 - 

    

      
 

    = 
 

 
     -   

   G.S. = C.F. + P.I. 

 i.e. y = (C1 + C2z)e
z
 + 

 

 
     -   

 Using z = log(x+2) i.e. e
z
 = x+2, we get, 

 y = [C1 + C2log(x+2)](x+2) + 
 

 
 (x+2)

2
[log(x+2)]

2
 - 2 

 be the G.S. of given Legendre’s equation. 

=============================================================== 

Ex. Solve (x+3)
2
 
   

   
 – 4(x+3) 

  

  
 + 6y = log(x + 3) 

Solution: Let (x+3)
2
 
   

   
 – 4(x+3) 

  

  
 + 6y = log(x + 3)… (i)  

 be the given Legendre’s linear equation. 

 To solve it we put x+3 = e
z
 i.e. z = log(x+3) and D = 

 

  
 , we get, 

      
  

  
 = Dy and (x+3)

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 
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   (  –   )     + 6 y = z 

 i.e. (D
2
 – 5D + 6)y = z 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 5D + 6 = 0 

i.e. (D – 2)(D – 3) = 0 

   D = 2, 3 are the roots of an A.E. 

   C.F. = C1e
2z

 + C2e
3z

 

 and P.I.= 
 

       
z 

    = 
 

    (
 

 
  

 

 
  ) 

z
 

    = 
 

 
   (

 

 
  

 

 
  ) + (

 

 
  

 

 
  )2

+ …]z 

     = 
 

 
   

 

 
     ] 

    = 
 

 
  

 

  
  

  G.S. = C.F. + P.I. 

 i.e. y = C1e
2z

 + C2e
3z

 + 
 

 
  

 

  
 

 Using z = log(x+3) i.e. e
z
 = x+3, we get, 

 y = C1(x+3)
2
 + C2(x+3)

3
 + 

 

 
         

 

  
 

 be the G.S. of given Legendre’s equation. 

=============================================================== 

Ex. Solve (1+x)
2
 
   

   
 + (1+x) 

  

  
 + y = 2sin[log(1+x)] 

Solution: Let (1+x)
2
 
   

   
 + (1+x) 

  

  
 + y = 2sin[log(1+x)] … (i)  

 be the given Legendre’s linear equation. 

 To solve it we put 1+x = e
z
 i.e. z = log(1+x) and D = 

 

  
 , we get, 

       
  

  
 = Dy and (1+x)

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )    + 1 y = 2sinz  

 i.e. (D
2
 + 1)y = 2sinz 

Which is LDE with constant coefficients. 

It’s A.E. is D
2 
+ 1 = 0 

   D =    are the roots of an A.E. 

   C.F. = e
0z

(C1cosz+ C2sinz) = C1cosz+ C2sinz 
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 and P.I.= 
 

    
 (2sinz) 

    = 
       

     

 

    =        

   G.S. = C.F. + P.I. 

 i.e. y = C1cosz+ C2sinz -       = [C1 – z]cosz+ C2     

 Using z = log(1+x) i.e. e
z
 = 1+x, we get, 

 y = [C1 – log(1+x)]cos log(1+x) + C2             

be the G.S. of given Legendre’s equation. 

=============================================================== 

Ex. Solve (1+x)
2
 
   

   
 + (1+x) 

  

  
 + y = 4cos[log(1+x)] 

Solution: Let (1+x)
2
 
   

   
 + (1+x) 

  

  
 + y = 4cos[log(1+x)] … (i)  

 be the given Legendre’s linear equation. 

 To solve it we put 1+x = e
z
 i.e. z = log(1+x) and D = 

 

  
 , we get, 

       
  

  
 = Dy and (1+x)

2
 
   

   
 = D(D – 1)y 

 Equation (i) becomes, 

   (  –   )    + 1 y = 4cosz  

 i.e. (D
2
 + 1)y = 4cosz 

Which is LDE with constant coefficients. 

It’s A.E. is D
2 
+ 1 = 0 

   D =    are the roots of an A.E. 

   C.F. = e
0z

(C1cosz+ C2sinz) = C1cosz+ C2sinz 

 and P.I.= 
 

    
(4cosz) 

    = 
      

     

 

    =        

   G.S. = C.F. + P.I. 

 i.e. y = C1cosz+ C2sinz +        = C1cosz+ (C2 +         

 Using z = log(1+x) i.e. e
z
 = 1+x, we get, 

 y = C1coslog(1+x)+ [C2 +                        

be the G.S. of given Legendre’s equation. 

=============================================================== 
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Ex. Solve (3x+2)
2
 
   

   
 + 3(3x+2) 

  

  
 - 36y = 3x

2
 + 4x + 1 

Solution: Let (3x+2)
2
 
   

   
 + 3(3x+2) 

  

  
 - 36y = 3x

2
 + 4x + 1 … (i)  

 be the given Legendre’s linear equation. 

 To solve it we put 3x+2 = e
z
 i.e. z = log(3x+2) and D = 

 

  
 , we get, 

       
  

  
 = 3Dy and (3x+2)

2
 
   

   
 = 9D(D – 1)y 

 Equation (i) becomes, 

    (  –   )        - 36 y = 3 
    

 
 2

 +4 
    

 
 +1 

 i.e. (9D
2
 – 9D + 9D - 36)y = 

 

 
 e

2z
-4e

z
+4)+

 

 
      +1 

 i.e. (9D
2
 - 36)y = 

 

 
 e2z 

- 
 

 
 ez

+ 
 

 
 + 

 

 
   

 

 
 +1 

i.e. 9(D
2
 - 4)y = 

 

 
 e2z  

 

 
  

i.e. (D
2
 – 4)y = 

 

  
 e2z  

 

  
  

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 – 4 = 0 

i.e. (D – 2)(D + 2) = 0 

   D = 2, -2 are the roots of an A.E. 

   C.F. = C1e
2z

 + C2e
-2z

  

 and P.I.= 
 

   –           
(

 

  
 e2z  

 

  
) 

    = 
 

  
 

 

   –           
e

2z  
 

   –           
e

0z
] 

    = 
 

  
 

    

         
 - 

   

   –          
] 

    = 
 

   
      +    

   G.S. = C.F. + P.I. 

 i.e. y = C1e
2z

 + C2e
-2z

 + 
 

   
      +    

 Using z = log(3x+2) i.e. e
z
 = 3x+2, we get, 

 y = C1(3x+2)
2
 + 

  

       
 + 

 

   
                  +     

be the G.S. of given Legendre’s equation. 

=============================================================== 
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Ex. Solve (2x+1)
2
 
   

   
 - 2(2x+1) 

  

  
 - 12y = 6x  

Solution: Let (2x+1)
2
 
   

   
 - 2(2x+1) 

  

  
 - 12y = 6x  … (i)  

 be the given Legendre’s linear equation. 

 To solve it we put 2x+1 = e
z
 i.e. z = log(2x+1) and D = 

 

  
 , we get, 

       
  

  
 = 2Dy and (2x+1)

2
 
   

   
 = 4D(D – 1)y 

 Equation (i) becomes, 

    (  –   )        - 12 y = 6 
    

 
  

 i.e. (4D
2
 – 4D - 4D - 12)y =      1) 

 i.e. (4D
2
 – 8D - 12)y =      1) 

i.e. 4(D
2
 -2D - 3)y =     1) 

i.e. (D
2
 -2D - 3)y = 

 

 
    1) 

Which is LDE with constant coefficients. 

It’s A.E. is D
2
 -2D - 3 = 0 

i.e. (D – 3)(D + 1) = 0 

   D = 3, -1 are the roots of an A.E. 

   C.F. = C1e
3z

 + C2e
-z
  

 and P.I.= 
 

   –           

 

 
    1) 

    = 
 

 
 

 

(  –  )       
 ez  

 

(  –  )       
 e0z

] 

    = 
 

 
 

  

          
 - 

   

   –          
] 

    = 
 

 
  

 

 
   + 

 

 
  

    =  
 

  
   + 

 

 
 

   G.S. = C.F. + P.I. 

 i.e. y = C1e
3z

 + C2e
-z
  

 

  
   + 

 

 
 

 Using z = log(2x+1) i.e. e
z
 = 2x+1, we get, 

 y = C1(2x+1)
3
 + C2(2x+1)

-1
  

 

  
       + 

 

 
 

 i.e. y = C1(2x+1)
3
 + 

  

      
  

 

 
  + 

 

  
 

be the G.S. of given Legendre’s equation. 
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Mth-201 : Ordinary DIFFERENTIAL EQUATIONS 

Department of Mathematics, Karm. A. M. Patil Arts, Commerce and Kai. Annasaheb N. K. Patil Science Sr. College, Pimpalner. 13 

MULTIPLE CHOICE QUESTIONS (MCQ’S) 
=============================================================== 

1) A differential equation x
2
 
   

   
 - 3x 

  

  
 + 4y = 2x

2
 is …… 

A) L.D.E. with constant coefficient’s B) Homogeneous L.D.E.   

C) Non-Homogeneous L.D.E.  D) None of these 

2) A differential equation x
3
 
   

   
 - 5x 

  

  
 + 8y = 7x

2
 is …… 

A) L.D.E. with constant coefficient’s B) Homogeneous L.D.E.   

C) Non-Homogeneous L.D.E.  D) None of these 

3) A differential equation 
   

   
 - 

 

 
 
  

  
 - 

 

  
y = x

2
 is …… 

A) L.D.E. with constant coefficient’s B) Homogeneous L.D.E.   

C) Non-Homogeneous L.D.E.  D) None of these 

4) A differential equation of the form  

x
n
 
   

   
 + P1x

n-1
 
     

     
 + P2x

n-2
 
     

     
 + ……+ Pn-1x 

  

  
 + Pny = X 

Where P1, P2, P3, ………..Pn are constants and X is function of x only is called …… 

A) L.D.E. with constant coefficient’s B) Homogeneous L.D.E.   

C) Non-Homogeneous L.D.E.  D) None of these 

5) A homogeneous linear differential equation is also called …… 

A) Cauchy’s linear equation  B) Legendre’s linear equation  

C) Non-Homogeneous L.D.E.  D) None of these 

6) A differential equation of the form  

x
n
 
   

   
 + P1x

n-1
 
     

     
 + P2x

n-2
 
     

     
 + ……..+ Pn-1x 

  

  
 + Pny = X 

Where P1, P2, P3, …… Pn are constants and X is function of x only can be reduced to 

L.D.E. with constant coefficient form by substitution …… 

A) z = logx  B) x = logz  C) z = e
x
  D) None of these 

7) A differential equation x
2
 
   

   
 - 3x 

  

  
 + 4y = 2x

2
 can be reduced to L.D.E. with constant 

coefficient form by substitution …… 

A) x = logz  B) z = logx  C) z = e
x
  D) None of these 

8) A differential equation x
2
 
   

   
 - 4x 

  

  
 + 6y = x

2
logx can be reduced to L.D.E. with 

constant coefficient form by substitution …… 

A) x = logz  B) z = logx  C) z = e
x
  D) None of these 

=============================================================== 
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9) If D  
 

  
 and z = logx then x 

  

  
  = …… 

A) Dy   B) D(D-1)y  C) D(D-1)(D-2)y D) None of these 

10) If D  
 

  
 and z = logx then x

2
 
   

   
  = …… 

A) Dy   B) D(D-1)y  C) D(D-1)(D-2)y D) None of these 

11) If D  
 

  
 and z = logx then x

3
 
   

   
  = …… 

A) Dy   B) D(D-1)y  C) D(D-1)(D-2)y D) None of these 

12) If D  
 

  
 and z = logx then x

r
 
   

   
  = …… 

A) D(D-1)(D-2) …… (D-r-1)y  B) D(D-1)(D-2) …… (D-r)y   

C) D(D-1)(D-2) …… (D-r+1)y  D) None of these 

13) To reduce the Legendre’s Linear Equation   

(ax+b)
n
 
   

   
 + P1(ax+b)

n-1
 
     

     
 + P2(ax+b)

n-2
 
     

     
 + ……+ Pn-1(ax+b) 

  

  
 + Pny = X 

in homogeneous linear differential equation form we substitute …… 

A) ax+b = u  B) z = log(ax+b) C) x = log(az+b) D) None of these 

14) To reduce the Legendre’s Linear Equation   

(ax+b)
n
 
   

   
 + P1(ax+b)

n-1
 
     

     
 + P2(ax+b)

n-2
 
     

     
 + ……+ Pn-1(ax+b) 

  

  
 + Pny = X 

into linear differential equation with constant coefficient form we substitute …… 

A) ax+b = logz B) z = log(ax+b) C) x = log(az+b) D) None of these 

15) The Legendre’s Linear Equation (2x+1)
2
 
   

   
 - 2(2x+1) 

  

  
 - 12y = 6x  

      can be reduced to L.D.E. with constant coefficient form by substitution …… 

A) 2x+1 = logz B) z = log(2x+1) C) x = log(2z+1) D) None of these 

16) The Legendre’s Linear Equation (2x-1)
3
 
   

   
  + (2x-1) 

  

  
 - 2y = 0  

      can be reduced to L.D.E. with constant coefficient form by substitution …… 

A) 2x-1 = logz B) z = log(2x-1) C) x = log(2z-1) D) None of these 

17) The Legendre’s Linear Equation (1+x)
2
 
   

   
 + (1+x) 

  

  
 + y = 4cos[log(1+x)]  

      can be reduced to L.D.E. with constant coefficient form by substitution …… 

A) 1+x = logz B) z = log(1+x) C) x = log(z+1) D) None of these 

18) If D  
 

  
 and z = log(ax+b) then (ax+b)

  

  
  = …… 

A) aDy  B) a
2
D(D-1)y C) a

3
D(D-1)(D-2)y  D) None of these 

=============================================================== 
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19) If D  
 

  
 and z = log(ax+b) then (ax+b)

2
 
   

   
  = …… 

A) aDy  B) a
2
D(D-1)y C) a

3
D(D-1)(D-2)y  D) None of these 

20) If D  
 

  
 and z = log(ax+b) then (ax+b)

3
 
   

   
  = …… 

A) aDy  B) a
2
D(D-1)y C) a

3
D(D-1)(D-2)y  D) None of these 

21) If D  
 

  
 and z = logx then (ax+b)

r
 
   

   
  = …… 

A) a
r
D(D-1)(D-2) …… (D-r-1)y B) a

r
D(D-1)(D-2) …… (D-r)y   

C) a
r
D(D-1)(D-2) …… (D-r+1)y D) None of these 

22) If D  
 

  
 and z = log(x+2) then (x+2)

  

  
  = …… 

A) Dy   B) 2Dy  C) 2D(D-1)y D) None of these 

23) If D  
 

  
 and z = log(x+2) then (x+2)

2
 
   

   
  = …… 

A) 2Dy  B) D(D-1)y  C) 4D(D-1)y D) None of these 

24) If D  
 

  
 and z = log(x+2) then (x+2)

3
 
   

   
  = …… 

A) (D-1)y  B) 8D(D-1)y C) D(D-1)(D-2)y  D) None of these 

25) If D  
 

  
 and z = log(x+2) then (x+2)

n
 
   

   
  = …… 

A) D(D-1)(D-2)…(D-n-1)y  B) D(D-1)(D-2)…(D-n)y  

C) D(D-1)(D-2)……(D-n+1)y  D) None of these 

26) If D  
 

  
 and z = log(3x+2) then (3x+2)

  

  
  = …… 

A) 3Dy  B) 2Dy  C) Dy    D) None of these 

27) If D  
 

  
 and z = log(3x+2) then (3x+2)

2
 
   

   
  = …… 

A) 3Dy  B) 9D(D-1)y C) 27D(D-1)(D-2)y D) None of these 

28) If D  
 

  
 and z = log(3x+2) then (3x+2)

3
 
   

   
  = …… 

A) 3Dy  B) 9D(D-1)y C) 27D(D-1)(D-2)y D) None of these 

29) If D  
 

  
 and z = log(3x+2) then (3x+2)

r
 
   

   
  = …… 

A) 3
r
D(D-1)(D-2)…(D-r+1)y  B) 3

r
D(D-1)(D-2)…(D-r)y  

C) 3
r
D(D-1)(D-2)…(D-r-1)y  D) None of these 

30) If D  
 

  
 and z = log(4x+1) then (4x+1)

  

  
  = …… 

A) 4Dy  B) 16D(D-1)y C) 64D(D-1)(D-2)y D) None of these 
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31) If D  
 

  
 and z = log(4x+1) then (4x+1)

2
 
   

   
  = …… 

A) 4Dy  B) 16D(D-1)y C) 64D(D-1)(D-2)y D) None of these 

32) If D  
 

  
 and z = log(4x+1) then (4x+1)

3
 
   

   
  = …… 

A) 4Dy  B) 16D(D-1)y C) 64D(D-1)(D-2)y D) None of these 

33) If D  
 

  
 and z = log(4x+1) then (4x+1)

r
 
   

   
  = …… 

A) 4
r
D(D-1)(D-2)…(D-r+1)y  B) D(D-1)(D-2)…(D-r+1)y  

C) 4
r
D(D-1)(D-2)…(D-r-1)y  D) None of these 

34) If D  
 

  
 and z = log(2x+5) then (2x+5)

  

  
  = …… 

A) 2Dy  B) Dy   C) 5D(D-1)y  D) None of these 

35) If D  
 

  
 and z = log(2x+5) then (2x+5)

2
 
   

   
  = …… 

A) 2Dy  B) 4D(D-1)y C) 25D(D-1)y  D) None of these 

36) If D  
 

  
 and z = log(2x+5) then (2x+5)

3
 
   

   
  = …… 

A) 2Dy  B) 4D(D-1)y C) 8D(D-1)(D-2)y  D) None of these 

37) If D  
 

  
 and z = log(2x+5) then (2x+5)

r
 
   

   
  = …… 

A) 2
r
D(D-1)(D-2)…(D-r+1)y  B) 2

r
D(D-1)(D-2)…(D-r)y  

C) 2
r
D(D-1)(D-2)…(D-r-1)y  D) None of these 

=============================================================== 

 



 


