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MTH 102: CALCULUS OF SINGLE VARIABLE
MTH 102: CALCULUS OF SINGLE VARIABLE

UNIT-I: Limits and Continuity: (Marks 15, 08hours)
a) Epsilon-delta definition of limit of a function.

b) Basic properties of limits, Indeterminate forms & L-Hospitals rule.

¢) Continuous functions. Properties of continuous functions on closed and bounded intervals.
d) Theorems on Boundedness of continuous functions, including Intermediate value theorem.
e) Uniform continuity.

UNIT-1I: Mean Value Theorems: (Marks 15, 08hours)

a) Differentiability.

b) Rolle’s Theorem.

c) Lagrange’s Mean Value Theorem.

d) Cauchy’s Mean Value Theorem.

e) Geometrical interpretation and applications.
UNIT-111: Successive Differentiation: (Marks 15, 07hours)

a) The nth derivative of some standard functions: e®**?, (ax + b)™, x™, ?1%, log(ax+b),

sin(ax+b), cos(ax+b), e**sin(ax+b) and e **cos(ax+b).
b) Leibnitz’s theorem & Examples.
UNIT-1V: Applications of Calculus (Marks 15, 07hours)
a) Taylor’s theorem with Lagrange’s form of remainder and related examples.

b) Maclaurin’ theorem with Lagrange’s form of remainder and related examples
¢) Reduction Formulae: i) [ /2 sin"x dx, ii) i) f, /2 cos™ x dx, iii) J, /2 sin™ x cos™x dx,
. sinnx
v) [——dx.
REFERENCE BOOKS:
1. Theory and Problems of Advanced Calculus, by Robert Wrede and Murray R. Spiegel,
McGraw- Hill Company, New York, Second Edition, 2002.

2. Text Book on Differential calculus, by Gorakh Prasad, Pothishala Private Ltd., Allahabad,
1959.

3. Integral calculus, by Gorakh Prasad, Pothishala Private Ltd., Allahabad.
Learning Outcomes: Upon successful completion of this course the student will be able to:
a) understand basic concepts on limits and continuity.
b) understand use of differentiations in various theorems.
c) know the Mean value theorems and its applications.
d) make the applications of Taylor’s, Maclaurin’s theorem.

e) know the applications of calculus.
—==X===
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MTH-102:CALCULUS OF SINGLE VARIABLES

UNIT-1 LIMITS AND CONTINUITY

Limit of a function:
If for small € > 0, there exist § > 0 depends on ¢ such that | f(x) — [| < € whenever
0 < |x —a| < 4&. Then lis said to be limit of f(x) as x — a. Denoted by limf(x) = .
X —a

Algebra of Limits:
If limf(x) =1and 11mg(x) m then

X —a

) lim[f0) + g()]=14m
i) 1im[f(X)g(X)]:

fO) L
iii) 11_rg[ g(x)] = prowded m=+0
iv)  lim%/f(x)="1

X —a

Right hand limit:
If for small € > 0, there exist § > 0 depends on ¢ such that | f(x) — l| < € whenever
Vx € (a,a+6). Then | is said to be right hand limit of f(x) as x — a. Denoted by lim f(x) =1I.
X —-a

Left hand limit:
If for small € > 0, there exist § > 0 depends on ¢ such that | f(x) — [| < € whenever
V x € (a— 4, a). Then | is said to be left hand limit of f(x) as x — a. Denoted by lim f(x) = I.
X—-a

. 0 . .
Indeterminate forms: 5 E 0.00 or 0.0, o - o0, 0°, ” and 1” are the indeterminate forms.

. 0
Indeterminate forms 6:

L' Hospital's Rule:
If f(x) and g(x) are two real valued functions such that limf(x) = 0 and I|m g(x) 0

X—a

[ _ o 0 _ @
and f'(a) and g'(a) exist where g'(a) # 0 then l'”;g(x) X1_r)r(11 7o - @

Generalized L' Hospital's Rule:

If f(x) and g(x) are two real valued functions such that I|mf x) = I|mf '(X) = I|mf "(X)
. limf™Y(x) = 0and limg(x) = limg'(x) = limg"(x) = .. Ilmg(” 1>(x)— Oandf(n)(a)
X—a
09 F™a)
(n) (n)
and g(a) exist where g(a) # 0 then Xllg?l 0~ a®@

Ex.: Evaluate lim lfx (Oct. 2018)
Sol. LetL—lmlOgX ( form)

By L' Hospltal s rule
1
L=1lim £
x—1 1

=1
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MTH-102:CALCULUS OF SINGLE YARIABLES

2 _pAx—
Ex.: Evaluate lim ————> (Mar. 2019)

X =5 X2+2x-35
X% —4x-5

Sol. LetL =lim ————— (%form)

X =5 X2+2x-35

By L' Hospital's rule

2X— 4

. x?-10x +21
Ex.: Evaluate lim —————
x —7 X4—12x +35

x2-10x 421 , 0

Sol. LetL = lim —=————— (="form)

X -7 X2—12X +35 0
By L' Hospital's rule

. 2x—10
L=1Iim
x o7 2Xx—12
_14-10

T 14-12

Ex.: Evaluate lim == (Mar. 2019)

x =0 X—sinx
tanx—x

Sol. LetL = lim — (%form)

X >0 X—SInx
By L' Hospital's rule

sec?x—1

L = lim (%form)

x >0 1—cosx
. 2sec®xtanx , 0
= lim &= (- form)
X =0 sinx 0
. 2sec?xsinx
= llm _—
x =0 SINX CosX
. 3
= lim 2sec°x

x =0

Ex.: Evaluate lim S——=X

x—0 X2sinx

Sol. Let L = lim &= % (%form)

X =0 X2sinx

By L' Hospital's rule
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MTH-102:CALCULUS OF SINGLE YARIABLES

. eX+e %X-2 0
L =lim — (= form)
X =0 2XSinx+x2 cosx 0
. eX—eX 0
L=1im — — (=form)
X =0 2Sinx+2xcosx+2Xcosx—x2 sinx 0
. s eX—e™¥ 0
l.eL=1lim — — (= form)
X =0 2sinx+4xcosx—x? sinx 0
. eX+eX
L =lim , ,
X =0 2c0Sx+4cosx—4xsinx—2xsinx—x2 cosx
1+1
2+4-0
_1
3

X_e7*-2log(1+x)

Ex.: Evaluate lim =

x =0 Xsinx
. X—e *-2log(1+ 0
Sol. Let L = lim £=5——2180*9) 0 ¢5rm)
x =0 Xsinx 0

By L' Hospital's rule

eXpe X2
L = lim ——=* (= form)
X >0 SINX+XCosx 0
2

eX—e7X
L = lim (10
x -0 COSX+CoSx—xsinx
_1-1+2
1+1-0

e
Ex.: Evaluate lim =—=——==°%%

x =0 Xsinx
; Xte %X-2
Sol. Let L = lim =————*%
X =0 Xsinx
By L' Hospital's rule
L = lim eX—e X+2sinx

x =0 Sinx+xXcosx
eX+e X*+2cosx

. 0
L = lim — (- form)
X =0 COSX+COSX—XSInx 0
_1+1+2

( % form)

(% form)

Ex.: Evaluate lim 1°fx
X —> 00
Sol. Let L = lim &% (= form)

X -0 X

By L' Hospital's rule

R Ri=

L= lim
X =00
L=0
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 lop (o
Ex.: Evaluate lim —28—%)
X =TT cotx

Sol. Let L = lim 280*=®

X =T COotxX

By L' Hospital's rule
1

(= form)

L=1lim sz
X =1 —C0Ssec“Xx

-2
anx (%form)

= lim

X -1 T—X
s 2sinxcosx
= lim ———

X =TT -

Ex.: Evaluate lim
x—0 logx

Sol. Let L = lim =X
x—>0 logx

By L' Hospital's rule
. - t
I_ - llm COSGCIIX Cotx

x =0 —
x

(= form)

. —-X 0
= lim ———— (= form)
x =0 Sinx tanx " 0
-1

m - >
x =0 CoSx tanx+sinxsec*x

=-o00

. log(x—)
Ex.: Evaluate lim —2 (Mar. 2019)
T tanx

X ==
2

1 _T
lostx7p) (= form)
tanx (o]

Sol. Let L = lim
X—’E

By L' Hospital's rule
1

. 2 0
lLe.L=1lim —= (6 form)

Ex.: Evaluate lim =&
X >0 COtx
Sol. Let L = lim 28 (= form)

X =0 cotx
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By L' Hospital's rule
1

L = lim —~—
X >0 —cosec?x

. . —sin? 0
ie.L=lim——  (-form)
x—0 X 0
~ L= lim —2sinxcosx

x =0 1
L =0.

Indeterminate forms 0xoo: In this case we convert the given indeterminate form 0Xxoo into

the indeterminate form g or g and use L' Hospital's rule.

Ex.: Evaluate lim x logx

x—0
Sol. LetL = lir% x logx ( 0.co form)

. o
ie. L=lim—= (= form)
x =0 co

By L' Hospital's rule
1

L=1lim =%
x —0 2
X

l.e. L=1lim —x

x =0

Ex.: Evaluate lim (1-X) tan (gx) (Oct.2018)
X —

Sol. Let L = lim (1-x) tan (%x) ( 0. o form)

ie. L=lim—a— (2form)
x—>1cot(5x) 0

By L' Hospital's rule
-1

L= )l(l_l’g —Ecosecz(zx)
2 27 )

. 1 3 . 2 (T
le.L= )l(l_rg (n)sm (2 x)

Ex.: Evaluate lin% (1-cosx)(cotx)

Sol. LetL = lir% (1-cosx)(cotx) ( 0. 00 form)
X —

1-cosx

- . 0
l.e. L =1lim (= form)
x -0 tanx 0

By L' Hospital's rule
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. sinx
L=1 >
x =0 Sec?x
0
s L=-=
1
~L=0.

Ex.: Evaluate lim sinx logx
x =0

Sol. LetL = lir% sinx logx ( 0. 00 form)
ie. L=lim—2% (2 form)
x =0 cosecx 00

By L' Hospital's rule

1

L =lim X
x >0 —cosecxcotx
. \ -sinx tanx 0
l.e. L =lim — (6 form)

x =0
ie.L=lim— () tanx
x =0 X

~L=-(1).0

Ex.: Evaluate 1irr(1) tanx logx (Oct.2018)

Sol. Let L = lim tanx logx ( 0. 00 form)

x =0

l.e. L=1im
x =0 cotx

By L' Hospital's rule
1

logx

(= form)

L = lim —~—
X -0 —cosec?x

_sin?
ie. L=lim—= (%form)
x—0 X _
ie.L= lir%— (%) sinx
X —
~L=-(1).0
L=0

Ex.: Evaluate lim (X - g) secx

X—)E
Sol. Let L = lim (x - g) secx (0. oo form)
e
2
. . x_E 0
e.L=1lim—% (=form)
x > COSX 0
2

By L' Hospital's rule
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Indeterminate forms oo - oo: In this case we convert the given indeterminate form oo - oo into

the indeterminate form % or § and use L' Hospital's rule.

Ex.: Evaluate lin(l) (cosecx-cotx)
X —

Sol. LetL = lir% (cosecx - cotx) (oo-co form)
X —

- . 1 COSX
l.e. L=11m[_—- - ]
x =0 SInx Sinx

i.e. L = lim[*—==]( 2 form)

x =0

By L' Hospital's rule

. sinx
L =1lim
x =0 COSX

Ex.: Evaluate lim (secx - tanx)

X ==
2

Sol. Let L = lim (secx - tanx)  (oo-co form)

X o=
2

1 sinx
]

.e. L—llm[

COSX COSsX

i.e. L =lim [1 Smx] ( form)

By L' Hospital's rule

—COSX

Ex.: Evaluate lirr(1) (i — COotx) (Oct. 2018)

Sol. LetL = lim (l —cotx)  (o0-00 form)

le.L= llm(— -2
X—>0 Sinx
. _ Sinx—xcosx 0
le.L= ljr_r,lo(—xsinx ) (0 form)
7
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By L' Hospital's rule

. cosx—cosx+xsinx 0
L = lim — (= form)
x =0 sinx+xcosx

sinx+xcosx

~L=Ilim

x =0 COSX+CcoSX—Xxsinx

Ex.: Evaluate lin(l) ( cosecx - %)
X =
Sol. LetL = lim ( cosecx - l) (00-00 form)

e L-hm(—-—)

X =0 SIinX X
x—sinx )

l.e. L =1im(

x =0
By L' Hospital's rule

. 1—cosx 0
L = lim —<* (2 form)
x =0 Sinx+xcosx 0

0
(6 form)

Xsinx

sinx

~L=Ilim

x =0 COSX+CcoSX—Xxsinx

2D

Ex.: Evaluate 11m(lo ¢
-—) ( c0-00 form)

Sol. LetL = llm (logx —

_ x—1-logx 0
le.L= 1)1(1111[ o Dlogx ] ( . form)

By L' Hospital's rule

1

L= lx_)l[logx+(x 1)—]
] ( form)

ie.L=lim[————
X_)l[xlogx+(x 1)

. 1
~L=lim —
x—1 logx+1+1

Indeterminate forms 0° or 1 or «?: In this case denote L = lim f(x)9™ and taking log
X—a
on both sides we get log L = limg(x) log[f(x)] which in the indeterminate form 0xoo convert
X—=a

it into the indeterminate form % or g and using L' Hospital's rule we get log L = I which

gives L = lim f(x)9™®)= ¢!
X—-a

DEPARTMENT OF MATHEMATICS, KARM. A&. M. PATIL ARTS, COMMERCE AND KAL ANNASAHEB N. K. PATIL SCEENCE SR COLLEGE, PIMPALNER. 8



Ex.: Evaluate lim x*

x =0
Sol. Let L = lir% x* (0° form)
By taking log on both sides, we get,
logL = lir%xlogx (0. o form)
X =

. . l
i.e. log L = lim —2= (2 form)
x=0 < S

By L' Hospital's rule
1
log L =lim %
x =0 2z

l.e.log L =1lim —x

x =0

~logL=0

Ex.: Evaluate lim (x — a)®*~%)

X—a

Sol. Let L = lim (x — a)®*=® (0° form)

X—-a

By taking log on both sides, we get,

log L = lim (x-a) log(x-a) (0. oo form)
X—-a

i.e. log L = lim 2802

X—a

— (= form)
By L' Hospital's rule
1
log L = lim ¢

X—->a ——=
(x—a)?

i.e.log L =lim - (x-a)
X—a

~logL=0
L=e?
L=1

Ex.: Evaluate lim (sinx)tanx

X ==
2

Sol. Let L = lim (sinx)**™ (1% form)

X ==
2

By taking log on both sides, we get,

log L = lim tanx log(sinx) ( 0. 0 form)

X_)E

. . log(si 0

i.e. log L = lim 228 (0 g5rm)
x>F cotx 0

2

By L' Hospital's rule

MTH-102:CALCULUS OF SINGLE VARIABLES

(Oct. 2018)

(Mar. 2019)
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CoSsXx

Iog L=)l(i_r% —cosec?x
le.logL = _11

logL=0

L=e?

L=1

Ex.: Evaluate lirrtl) (cosx)cot*
X —

Sol. Let L = lir% (cosx)cotx
X —

By taking log on both sides, we get,
logL = lin’(l) cotx log(cosx) ( .0 form)

i.e. log L lim 28129 (9 g5rm)
x>0 tanx 0
By L' Hospital's rule

(1% form)

logL = )1(113(1) sec?x

1
Ex.: Evaluate lim (1 + x)x

X —> 00

1
Sol. Let L = lim (1 + x)= (c0? form)

By taking log on both sides, we get,
logL = lim ilog(1+ X) (0.c0 form)

i.e.logL = lim @ (= form)

X =00
By L' Hospital's rule
1

logL = lim =
x—oo 1

le.logL = é
~logL=0
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Ex.: Evaluate lim (i)tanx

x—0
Sol. Let L = lim (%)wnx(ooo form)
By taking log on both sides, we get,
logL = lin% tanx Iog(%) ( 0.0 form)

—logx

i.e. log L = lim (= form)
x >0 cotx 00
By L' Hospital's rule

-1

log L = lim X

Xx -0 —cosec2x
sin®x

l.e.log L = lim

x>0 X
. s sinx .
le.log L = )l(l_r)I(l) ( " )Smx
logL= (1).0
~logL=0

Continuity of a function at a point:
A function f (x) is said to be continuous at a point x = a if f (a) is defined, limf (x) is
X—a

exist and limf (x) = f (a).
X—-a
Remark:

1) The limit of the function at a point x = a exists if both the left hand limit and right
hand limit are equal i.e. lim f(x) = lim f (x) and is denoted by limf (x)
X—=a X—-=a X—a

i) The function is discontinuous at a point x = a if f (a) is not defined or limf (x)

X—a

does not exists i.e. lim f(x) # lim f(x) or limf (x) exists but limf (x) # f (a)
X—a X—-a X—a X—a
Removable discontinuity:
A function f (x) is said to have removable discontinuity at x = a if limf (x) # f (a) and the
X —-a
discontinuity can be removed by giving the value to f (a) as limf (x).
X —-a
Irremovable discontinuity:
A function f(x) is said to have an irremovable discontinuity at x = a if lim f (x) # lim f (X)
X—a X—-a

Ex. Examine the continuity of the function f (x) at x = a. (March 2019)
Wheref(x)zg—a forO<x<a
=0 forx=a
—a- z—z forx >a
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2

Sol. Letf(x)==—-a forO<x<a

= forx=a
a3
=a-—  forx>a
X
Here f(a)=0 ........ (1)

Now we find left hand & right hand limits of a given function as follows
limf () = lim(%-a)=%_aza-a=08&
X—=>a~- X—=a a a

. o a®, _ _ a3 _ _
Xll)r(r11+f (X) _xlircrll+(a_x_2) =a-—= a—a=0
~ lim f (X) = limf (x) =0

X—-a X—a
~ limf (x) isexistand limf (x) =0=f(a) by (1)

X—-a

XxX—a

=~ T (x) is continuous at x = a.

Ex. Examine the continuity of the function f (x) at x = 2. (March 2019)
Wheref(x):xz—z—z forO0<x<2
= forx =2
=2- % for x> 2
Sol. Letf(x)=2-2  for0<x<2
=2 forx =2

:2-32 forx>2
X

Here f(2)=2........ (1)
Now we find left hand & right hand limits of a given function as follows

_ . X2 _4 _ —
Xllgl_f (X) —)1(13(7—2) —5—2 =2-2=0&
: . B8y_0_ 8_0o o_
Xllgl_j (x) = )l(l_rg(Z g )=2 Z 2-2=0
lirgl_f x) = lir£1+f x)=0
lirr%f (x) is exist and lirr%f xX)=0%#1(2) by(2)

=~ T (X) is not continuous at x = 2.

Ex. Show that the function f (x) where f (x) = x: —4 forO<x<4
=0 forx =4
=4 - % forx >4

X

IS continuous at x = 4.
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2
Proof. Let f (x) = %—4 for0<x<4

=0 forx=4
=4-6—‘: for x >4
X
Here f(4)=0........ (1)

Now we find left hand & right hand limits of a given function as follows
_ e X2 _16 _ —
lim f (X) —)1(1_r)1£1}(:—4) —:—4—4—4—0&

X -4~
: L 64\ _ , 64 _ _
XILT+f(X) _112(4_972) —4—1—6—4—4—0
xllgl—f (x) = xllglj x)=0
lirrif (x) is exist and lirrif xX)=0=1(4) by(2

Hence f (X) is continuous at x = 4 is proved.

Ex. Discuss the continuity of function f (x) at x =5
where f () =X ~5 if0<x<5

=0 ifx=5
125

=5-— ifx>5

x2
Proof. Letf(x)=§—5 if0<x<5
=0 ifx=5

=5-2ifx>5
X

Heref(5)=0........ (1)

Now we find left hand & right hand limits of a given function as follows
, . x? _25 _ _
Xll,r?—f (X) —)l(l_rg(?—S) —?—5 =5-5=0&
125 125

limf(x) =lim(5-—=-)=5-—=5-5=0

x -5t X =5 X 25

th?—f (x) = xll,r?j (x)=0

lirréf (x) is exist and lirréf x)=0=1(5) by(2)
Hence f (x) is continuous at x = 5 is proved.

Ex. Examine the continuity of the function f (x) at x = 3.

where f (X) :’;2__39 for0<x<3
=6 forx =3
:8—1—2 forx>3
X
x%-9
Sol.Letf(x)=: for0<x<3
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=6 forx =3
=8-—  forx>3
Here f(3)=6........ (1)
Now we find left hand & right hand limits of a given function as follows

. e gx%2-9, . _ —
X‘L‘?_f (x) —)l(l_rg(;) —)l(l_rg(x+ 3)=3+3=6&
: 1 18\ _ o 18 _ —
Xllggrf(x) —)1(1_12(8—x—2) —8—?—8—2—6
th?-f x) = thghf x)=6
lirréf (x) is exist and lirréf xX)=6 =1(3) by(2)

=~ T (x) is continuous at x = 3.

Ex. If the following function is continuous at x = 0, then find the values of aand b

sin2x

mmﬂefu):zm +a ifx>0
=3+D ifx<0
:g ifx =0
Sol. Let f (x) = 2= + q if x>0
=3+b ifx<0
=2 ifx=0

2
be the given function which is continuous at x = 0.

+ lim f(x) =£(0)
+ limf ()= lim, f (1) = ;

2
o lim(3+b) =2 & lim (222
x =0 2 x =0

-3
" +a)—2

~3+b=2& lim (2% 4a= 2

x >0t 3 2x
b:E_3& 2(1)+a: E
2 3 2
3 2

3 5
ab=-28&q=23.2=3
2 2 3 6

Ex. If the following function is continuous at x = 0, then find the values of aand b
sin5x

where f (X) = —ta ifx>0
=x+5-b ifx<0
=1 ifx=0

Sol. Let f (x) =22 4 if x>0
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=x+5-b ifx<0
=1 ifx=0
be the given function which is continuous at x = 0.
. li_r)r(l)f(x) =1 (0)
" Xll)r(r)l_f x) = Xll)r(r)l+ fx)=1

sin5x

" ll_r)r(l)(x+5 -b)=1& )l(l_r)r(l)( —

+a)=1

“5-b=1& lir(r)1+§(5in5x)+a= 1
X >

5x

+b=5-1& 2(1) +a= 1

Ex. Find the value of m, such that the function f (x) = m (x*>-2x) if x <0
= COSX ifx>0
is continuous at x = 0.
Sol. Let f (x) = m (x*-2x) if x <0
= COSX ifx=>0
is continuous at x =0
)l(i_r)r(l)f(x) =1 (0)
" Xll)r(r)l_f x) = Xll)rgl+ f(x)=cosO0=1
& limm (x*-2x) =1
~ 0 =1 which is not possible.
-~ Value of m cannot be determined.

sin2x

Ex. For what value of k, the function f (x) =

Is continuous at x =0 ?
Sol. Let f (x) = 222 jfx %0
=k ifx=0
Is continuous at x = 0 if )l(iir(l) f(x)=1(0)

. . sin2x
i.e. lim =k
x =0 X

sin2x

i.e.lim 2(
x =0 2x

=k Qe k=2(1)=2

Hence for k = 2 the given function is continuous at x = 0.
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tan2x

Ex. For what value of k, the function f (x) = ifx+0
=k ifx=0
Is continuous at x =0 ?
Sol. Let f (x) = 222X jfx %0
=k ifx=0
Is continuous at x = 0 if lir% f(x)=1(0)
ie lim 222X =k
x>0 X
i.e.lim 2( tanZX)— k
x =0
e.k=2(1)=2

Hence for k = 2 the given function is continuous at x = 0.

( sinx_l)z

Ex. If the function f (x) = xlog(L125) Is continuous at X = 0, then show that f (0) = ——

Ssmx_ )2

Proof. Let f (x) = T
- limf(x) =f(0)
f (0) _ (Ssinx_l)z

x —>0 xlog(1+2x)
sinx

Is continuous at x = 0.

)2 X (55)? X (—

x>0 Ssinx —log(1+2x)

)

x lim (—)2><11 (——)

x =0 x—0 10g(1+2x)

= (logS)2 X (1)2 X lim(———)

x20 Jog(1+2x)x

= (log5)? X lim(——)

x =0 log(1+2x)2x

= (log5)? X lim(—————)

x=0 2log[(1+2x)2x]
— 2
= (log5)“ x (zwge)
# F(0) = @ +loge = 1

Hence Proved.

Ex. Show that the function f (x) = 2x - |x| is continuous at x = 0. (Oct.2018)
x forx>0 ives
—x forx <0 g

f(x)=2x-|x|] =x forx >0
=0 forx=0
= 3X for x< 0

Proof. Now |x| ={
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Here f(0)=0........ (1)
Now we find left hand & right hand limits of a given function as follows
lirgl_f x) = lir%(Sx) =0&
lir51+f x) = lin(l)(x) =0
Xlirgl_f x) = xll)%lj x)=0
lirr(l)f (x) is exist and lirr(l)f xX)=0 =f(0) by(2)

Hence f (x) is continuous at x = 0 is proved.

Properties of continuous functions:
1) If f(x) and g(x) are two continuous functions then f (x) + g(x), f (x) - g(x) and f (x).g(x)

f(x) .
and ——, g(x 0 are continuous.
700 g(x) #

i) A polynomial function is always continuous at every point in its domain.

1) A rational function is continuous at every point in its domain.

Theorem: If f (X) is continuous in [a, b], then interval [a, b] is divided into a finite number
of subintervals such that, given € > 0, | f (Xy) - f(X,) |< € where Xy, X, are any points in
the same subinterval

Supremum of a function: Least among all upper bounds of a function is called supremum

of a function or least upper bound (l.u.b.). Denoted by Sup.f (x).

Infimum of a function: Greatest among all lower bounds of a function is called infimum of

a function or greatest lower bound (g.1.b.). Denoted by Inf.f (x).

Note: Every bounded function has l.u.b. & g.l.b.i.e. every bounded function has supremum

& infimum.

Property-1: Every continuous function on closed and bounded interval is bounded.
Proof: Let f (x) be continuous function on closed and bounded interval [a, b] .....(1)
~ interval [a, b] is divided into a finite number of subintervals
[a, a1], [a1, @2], [a2, @s), -......... [an.1, b], such that, given € > 0,
| f(x1) - f(x2) [< € ...(1)
where X1, X, are any points in the same subinterval.
For x € [a, a;] we have, |f (x) — f (a)| <€
If I =1f )= f (a) + f ()l
<If () - f @] +If ()
“f ] <e+|f (a)l by (1)
“f (a)| e+ |f ()] ....... (2) v aq, € [a, a
For x € [a;, ay] we have, |f (x) — f (ay)| <€
If I =1f &) = f (a) + f (ar)l
<|f ) = f (aDl +If (ar)l
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“f ] <e+|f (ay)l by (1)
“f@l<e+e +If (@ by (2
2 f 00| < 2¢ +If (@)
Similarly |f (x)| < 3e +|f (a)| for x € [a,, az] and continuing in this way
for x € [a,.1, b] , we get, |f (x)| < ne +|f (a)]
ie.f(@-—ne <|f (x)|<f()+ne
I.e. T (x) is bounded on [ a, b]. Hence proved.

Property-2: Every continuous function on closed and bounded interval attains its
bounds.
Proof: Let f(x) be continuous function on [a, b].
~ T (X) is bounded.
Supremum and infinum of f (x) exist say sup.f (x) = M and inf.f (x) = m.
lem <|f()| <M ... (1)
To prove f(x) attains its bounds, we have to prove there exists points c and d in [a, b]
Such that f (¢) =M and f (d) = m.
Now if possible assume that f(x) = M = sup. f(X) V x € [a, b]
=>M-f(x)¢0Vxe[a b] .......(2)
Consider @(x) = VXE [a b]

f( )
Here clearly @(x) is continuous on [a, b]

=~ sup. @(x) existin [a, b] and is say k. and k > 0
~sup.d(x)=k VXE€][ab]
O(x) <k VXxE€]a b]
L _<kVvxelab]

o M= f(
~<M—f(x) Vx€[ab]

s f(x) SM_E V X € [a, b]

Which is contradiction that M = sup.f{x)

-~ our assumption is wrong

~ 3¢ € [a, b] such that M =f (c)

Similarly we can show that 3 d € [a, b] such that f (d) = m.

Hence f (x) attains its bounds is proved.

Bolzano's Theorem: (Intermediate VValue Theorem): If f(x) is continuous on closed and
bounded interval [a, b] and f (a) and f (b) have opposite signs then f (x) = 0 for some x € [a, b]
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Property-3: If f(x) is continuous on [a, b] and f (a) # f (b) then f (x) assumes every value

between f (a) and f (b).
Proof: Let f (x) be continuous function on [a, b] and f () # f(b) .....(1)

To prove f (x) assumes every value between f (a) and f (b)

Let A be any value between f (a) and f (b).

Defineg(x)=f(X)—A VXE€]a,Db]

By (1), g(x) is continuous function on [a, b]and g(a) =f(a) - A & g(b) =f (b) — A

have an opposite sighs.

By Bolzano's theorem

g(x) = 0 for some x € [a, b].

l.e. T (x) —A =0 for some x € [a, b].

~f(X) =2 for some x € [a, b]

Hence f (x) assumes every value between f (a) and f (b) is proved.

Property-4: If f (x) is continuous in [a, b] then f(x) assumes every value between
inf.f (X) =mandsup.f(x) =M

Proof: Let f (x) be continuous on [a, b].
~ T (X) is bounded and attends its bounds in [a, b]
I.e. M=sup f(x) =f (c) and m = inf f (x) = f (d) for some cand d € [a, b]
Asm <|f (x)|<M andm= Mi.e. f(c)# f(d) with [c,d] C[a, b]
=~ f(x) assume every value between f (c) & f (d) is proved.

Uniform Continuity:

A function f (x) defined on an interval | is said to be uniformly continuous on I if
given € >0, 3 § > 0 depending on € such that |f (x;) — f (x;)| < € when ever |X1 — X2| < 6.
where Xy, X, € L.
Remark: Uniform continuity of a function is a global property and continuity is a local

property.

1) If f(x) and g(x) are two real valued functions such that limf(x) =0 and limg(x) = 0 and
X —-a X —-a

f '(a) and g'(a) exist where g'(a) # O then lim - .
x—a g(x
f'(@) f(a) g' (@) f''(a)
2) g9'(a) b) g(a) 2 f'(a) d 9" (a)

DEPARTMENT OF MATHEMATICS, KARM. A&. M. PATIL ARTS, COMMERCE AND KAL ANNASAHEB N. K. PATIL SCEENCE SR COLLEGE, PIMPALNER. 19



MTH-102:CALCULUS OF SINGLE VARIABLES
2) If f(x) and g(x) are two real valued functions such that limf (X) = limf'(x) = limf "(x) =
X —-a X —-a

. dimf ®Y(x) = 0and limg(x) = limg'(x) = hmg”(x)— hmg(”'l)(x) = 0and f ™(a)
->a

X—a
and g®(a) exist where g(a) # 0 then lim fE ; ..............
x-ad
g'@ f™@ f'(@ '@
2) f'(@ ) 9™ (a) ) g'(a) ) g" (@
3) lim X e
x -1 x—1
a) O b) 1 c) 2 d) 3
—4x-5
4) ll m m ...........
a) 0 b) 5 C)- d) 2
x2—-10x +21 .
5) l m m ...........
a) 7 b) 2 c)0 d)1
tanx—x .
6) li )l(_)0 —— s
a) 0 b) 2 c)0 d)1
eX—e ¥-2x .
7) )l(l_l’)r(l) o IS
a) 0 b) - 0)1 d) 2
8) lim 2% §s ...
X -0 X
a) 0 b) 1 c)-1 d) 2
9) lim OB S e,
X ST cotx
a) 0 b) c) —m d) 1
cosecx .
10) li )IHO Togx 15 e
a) 0 b) co C) - d)1
11) lim 22525
x >¢ tanx
2
A i
a)0 b) = c) — = d) 2
12) lim OBX i e
X —0 cotx
a) 0 b) o c) g d) 1
13) lirr(l) x logxis ......
X —
a)0 b) 1 C) oo d) 2
14) lirr(l) (1-cosx)(cotx) is ...........
X —
a)0 b) 1 c)-1 d) 3
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15) lim sinx logXis ...........
X -0

a) -1 b) 0 c)l d)2
16) lirr(1) tanx logx is ...........
a)l b) -1 c)0 d) 2
17) lim, (x - g) SECX 1S ...........
a)l b) -1 c)0 d)2
18) lirr(1) (cosecx - cotx) is ...........
a)l b) -1 c)0 d) 2
19) lim (secx - tanx) is ...........
X o=
2
a)0 b) 1 c)-1 d) -2
. 1 .
20) )l(l_r)r%) (; — COtX ) 1S ...unnnn.e.
a)l b) 0 c)-1 d) -3
21) lin% ( cosecx - i) 1S covininnn,
a)l b) -1 c)0 d) 2
22) lim x*is ...........
X -0
a)l b) -1 c)0 d) -2
23) lim (x —a)* Yis...........
X—-a
a)l b) a c)0 d) -a
24) lim (sinx)* ™ is ...........
X >
2
a) 0 b) ~ c) 1 d) 2
25) lin}) (cosx)O™ is ...........
a)0 b) 1 c) 2 d)3
26) lim (1 +x)xis...........
a)0 b) co c)l d) 4
27) A function f (x) is said to be continuous ata pointx =aif ..........
a) limf (x) = f(a) b) limf (x) # f'(a) c) None of these
X—-a X—-a
28) Limit of the function at a point x = a exists if .......
a) lim f (x) = lim f(x) b) lim f(x) # lim f(x) c) None of these
X=a X—=a X —a X —-a
29) Every continuous function on closed and bounded interval is........
a) bounded b) not bounded ¢) None of these
30) Every continuous function on closed and bounded interval.........
a) attains its bounds  b) not attains its bounds c) None of these
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UNIT-2: MEAN VALUE THEOREMS

Derivative of a function:

fath)= () (x+h2_f @) exists.

A function f (x) is said to be derivable at x if f'(x) = }llin%

Derivative of a function at point X = a:
A function f (x) is said to be derivable at point x = a if
fl(a) — llm f (X)—f (a) or llm f (a‘l'h)_f (a)
Xx—»a X-a h-0 h
Left Hand Derivative of a function:

Iff'(a) = lim L@@ g iy LT (@) exists,
) X —a~ x—a ~ h-o- h
then is called left hand derivative of f (x) at x = a.
Right Hand Derivative of a function:
Iff+,(a) — llm f(x)_f (a) or llm f(a+h)_f (a)
X —»at x—a h-ot h
then is called right hand derivative of f (x) at X = a.

Remark: A function f (x) is said to be derivable at point x = a iff f.'(a) = f.'(a)

exists.

exists,

Theorem: Every differentiable function is continuous. (Oct. 2018)
Proof. Let f (x) is any function differentiable at point x = a.

~ f'(@) = lim L2-@ ..... (1) is exists.

X —a xXx—a

x)

Consider lim [£(x) — f(@)] = lim Z2L@ » (x — a)
X —a X —a xX—a

= im L2 @ lim(x —a)
X —a x—a X —a
=f'(a) x 0

lim f(x) = f(a)=0
X —a
lim £(x) = f(a)
I.e. f(X) is continuous at point X = a.
Hence every differentiable function is continuous is proved.

Ex.: Show that the function f (x) = |x| is continuous but not be differentiable at x = 0.
Proof. Let f (X) = |x]

~f(0)=1]0|=0

and lim f(x) =lim |x| =]0| =0
X -0 X -0

= lim £(x) =1(0)

I. e. T (x) is continuous at x = 0.
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Now f(0) = lim. O
- | |h|—|0]
- 11m ——-

h-0- h
—h-0

“|h| = =hforh<0

=1
&f./(0) = lim [T 0

= lim |h|-]0]
h—>0+ h

—llm— |h| =hforh>0

= 1
Here f '(0) = f.'(0)
=~ £/(0) does not exists.
Hence f (x) is continuous but not differentiable at x = 0 is proved.

Ex.: Show that the function f (x) = |x — a| is continuous at X = a but not be differentiable
at x = a.
Proof. Let f (x) = |x — a|
~f@=l0l=
and lim f (x) =lim |[x—a| =[0| =0
X —a X —a
~ lim f(x) =1 (a)
X —a
I. e. T (X) is continuous at x = a.

Now f'(a) = lim L&~/ @ (a+h)=f (@)
h -0~ h

~ lig [nl=lol
h -0~ h
= . |h| = —hforh<0
=-1
&f./(@)= lim [l
N ]
h-0t h
= limh—o |h| =hforh>0
h -0

Here f '(a) = f.'(a)
=~ f'(a) does not exists.
Hence f (x) is continuous at x = a but not derivable at x = a is proved.

Ex.: Show that the function f (x) = |[x — 1] is continuous at x = 1 but not be differentiable
atx=1.
Proof. Let f (X) = |x — 1|
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and lim f (x) =lim [x— 1| =10|=0
X -1 X -1
~lim f (x) =1 (2)
X -1
I. e. T (X) is continuous at x = 1.

Now f.'(1) = hlirg_w
_ pi Inl=lo]
mm —-

a h-0- h
—h-0

=-1
&f+l(1) — llm f(1+h)_f (1)
+ h
= lim |h|—l0|
h —>0+ h
= llm— |h| =hforh>0
= 1
Here f '(1) = f.'(1)
=~ /(1) does not exists.
Hence f (x) is continuous at X = 1 but not derivable at x = 1 is proved.

“|h| = =hforh<0

Ex.: Show that the function f (x) = Xsini for x # 0 and f (0) = 0 is continuous but not be
derivable at x = 0.

Proof. Let f (x) = xsin-for x # 0 and f (0) = 0
As-1<sin-<1
L —lx] < xsin1 < |x|

lim — |x| < llmxsm < 11m X
X —0

.0 < hmxsm <0
X -0

. hrr(l) f(x)=0=1(0)
X =
I. e. f (x) is continuous at x = 0.
Now '(0) = lim Z=/©
h -0 h

.1
h sing

= lim
h-0 h
1
= limsin—
h -0 h
=~ (0) does not exists.

Hence f (X) is continuous but not differentiable at x = 0 is proved.
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Rolle’s Theorem: If a function f (x) defined on [a, b] is
I) continuous in [a, b], ii) derivable in (a, b) and iii) f (a) = f (b).
Then there exists some ¢ € (a, b) such thatf'(c) = 0.

Proof: Let f (x) is continuous in [a, b].
=~ f(x) is bounded and it attains its bounds in [a, b]
I.e. there exists some ¢, d € [a, b] with sup.f=f(c) =M & inff=f(d) =m.
Casei) If M =m, then f (x) is constant V x € [a, b].
~f'(X)=0,Vx€[ab]
In particular, f '(c) = 0 for some ¢ € (a, b) is proved.
Case ii) If M # m, then one of M or m is differ from f (a) and hence from f (b).
Suppose M = f(a), M#f(b)i.e.f(c)#f(a),f(c)#f(b)ie.a®rc&b+#c
~a<c<biece(ab)
As f (x) is derivable in (a, b) and hence derivable at x = c.
~f/c)=f/()=f'(c) ........ (1)
Now f (X) <M, V x € [a,b] = f (c+h) < f (C)

~ f(c+h)—f(c) <0
f (c+h)—f(c)

o GO 5 gifh<0 & <0ifh>0
. f (c+h)—-f(c) . f (c+h)—f(c)

le.f/(c)=0&f.(c)<0
~f'(c)=0 by(2)
Hence f'(c) = 0 for some ¢ € (a, b) is proved.

Alternative Form of Rolle’s Theorem:
If a function f (x) defined on [a, a+h] is
1) continuous in [a, a+h], ii) derivable in (a, a+h) and iii) f (a) = f (a+h).
Then there exists some real number 6 € (0, 1) such that f'(a+ 6h) = 0.

EX. Verify Rolle’s theorem for the function f (x) = x*-1 in [-1, 1].
Proof. Let f (x) = x*-1
~f'(x) =2x
Which exists for very value of x in (-1, 1)
i.e. T (x) is derivable in (-1, 1).
As every derivable function is continuous = f (x) is continuous in [-1, 1].
Also f (-1) =0=1(1).
i.e. f (x) satisfies all conditions of Rolle’s theorem.
= Rolle’s Theorem is applicable.
i.e. there exist some c € (-1, 1) such thatf'(c) =0.1i.e. 2c =0.
~c=0€e(-1, D).
Hence Rolle’s Theorem is verified.
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EX. Verify Rolle’s theorem for the function f (x) = x°-6x+5 in [1, 5].
Proof. Let f (X) = x*-6x+5 ~ f'(x) = 2x-6

Which exists for very value of x in (1, 5)

I.e. f (x) is derivable in (1, 5).

As every derivable function is continuous = f (x) is continuous in [1, 5].

Also f (1) =0 =1 (5).

i.e. f (x) satisfies all conditions of Rolle’s theorem.

=~ Rolle’s theorem is applicable.

i.e. there exist some c € (1, 5) such thatf'(c) = 0.

l.e.2c-6=0.

~c=3€(1,5).

Hence Rolle’s theorem is verified.

EX. Verify Rolle’s theorem for the function f (x) = x*+2x-8 in [-4, 2].
Proof. Let f (x) = x*+2x-8

s f(x) = 2x+2

Which exists for very value of x in (-4, 2)

I.e. T (x) is derivable in (-4, 2).

As every derivable function is continuous = f (x) is continuous in [-4, 2].

Also f (-4) =0 =1 (2).

i.e. f (x) satisfies all conditions of Rolle’s theorem.

=~ Rolle’s theorem is applicable.

i.e. there exist some c € (-4, 2) such that f'(c) = 0.

l.e.2c+2=0.

~c=-1€ (4, 2).

Hence Rolle’s theorem is verified.

EXx. Verify Rolle’s theorem for the function f (x) = x (x+3) e_7x in [-3, 0].
Proof. Let f (x) = x (x+3) ez = ez (x2+3X)
S0 =2t (X43X) + 7 (2x+3)
= _71 o7 (X’+3x-4x-6)
= _71 e%x(xz-x—6)
Which exists for very value of x in (-3, 0)
I.e. f (x) is derivable in (-3, 0).

As every derivable function is continuous = f (x) is continuous in [-3, 0].
Also f (-3) =0 =1 (0).
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i.e. f (x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.

i.e. there exist some c € (-3, 0) such thatf'(c) = 0.
ie.— e (cc-6) = 0.

—-C

o ¢2-c-6 = 0. + ez #0,

. (c-3) (c+2) = 0.

~c=3 orc=-2.

Herec=-2 € (-3, 0).

Hence Rolle’s theorem is verified.

EX. Verify Rolle’s theorem for the function f (x) = (x-a)"(x-b)" in [a, b], m, n € I+
Proof. Let f (x) = (x-a)"(x-b)"
A f'(x) =m (x-a)"(x-b)" + n (x-a)"(x-b)™*
= (x-a)"™(x-b)"(mx-mb+nx-na)
= (x-a)™*(x-b)"* [(m+n)x-(mb+na)]
Which exists for very value of x in (a, b)
I.e. T (x) is derivable in (a, b).
As every derivable function is continuous = f (Xx) is continuous in [a, b].
Also f (@) =0 =1 (b).
i.e. f (x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.
i.e. there exist some c € (a, b) such thatf'(c) = 0.
i.e.(c-a)™(c-b)"* [(m+n)c-(mb+na)] = 0.
=~ (c-a) =0 or (c-b) =0 or [(m+n)c-(mb+na)] =0

mb+na
~C=aorc=borc=
m+n
b+
Herec= 2222 € (a, b).
m+n

Hence Rolle’s theorem is verified.

Ex. Verify Rolle’s theorem for the function f (x) = (x-3)*(x-5)° in [3, 5]
Proof. Let f (x) = (x-3)*(x-5)°
A f'(%) = 2 (x-3)(x-5)° + 3 (x-3)*(x-5)°
= (x-3)(x-5)*(2x-10+3x-9)
= (x-3)(x-5)*(5x-19)
Which exists for very value of x in (3, 5)
I.e. f (x) is derivable in (3, 5).
As every derivable function is continuous = f (x) is continuous in [3, 5].
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Also f(3) =0="1(5).

i.e. f (x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.

i.e. there exist some c € (3, 5) such thatf'(c) = 0.
i.e. (c-3)(c-5)%(5¢-19) = 0.

~(c-3)=0o0r(c-5) =00r(5¢c-19) =0

19
~c=3 orc=50rc=?

Herec = % € (3,5).

Hence Rolle’s theorem is verified.

EX. Verify Rolle’s theorem for the function f (x) = log [;(z;abb)] in [a, b], 0 ¢ [a, b].(Oct.2018)
Proof. Let f (x) = log [;(Z;abb)] = log [x? + ab] —log x — log (a + b)

() = 21, _ 2x?-x?-ab _ x?*-ab

o (X) "~ x2+ab  x © x(x2+ab)  x(x2+ab)

Which exists for very value of x in (a, b)
I.e. T (x) is derivable in (a, b).
As every derivable function is continuous = f (X) is continuous in [a, b].
Also f (a) =0 =1 (b).
i.e. f (x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.
i.e. there exist some c € (a, b) such thatf'(c) = 0.
io c?-ab _
c(c2+ab)
wct—ab=0
~c?=ab
¢ =1Vab
Here c = Vab € (a, b).
Hence Rolle’s theorem is verified.

Lagrange’s Mean Value Theorem: If a function f (x) defined on [a, b] is
1) continuous in [a, b] and ii) derivable in (a, b).

Then there exists some ¢ € (a, b) such thatf'(c) =

Proof: Let us define F(x) = f (x) + Ax........ (1)
Where A is constant such that F(a) = F(b).
Now F(a) = F(b) gives
f(a)+ Aa=f(b) + Ab
l.e. —~Ab+Aa=1(b)-f(a)

f (b)-f (a)
b—a )
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ie. _Ab-a)=f(b)-f(a)
ie. A=l T@ 2)

As Ais cons‘?ar?t and f (x) is continuous in [a, b] & derivable in (a, b).
~ F(X) is i) continuous in [a, b],
ii) derivable in (a, b) with F'(x) = f'(x) + A

and iii) F(a) = F(b)
l.e. F(x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.
i.e. there exist some c € (a, b) such that F'(c) = 0.
le.f'(c)+A=0
Le.f'(c)=-A
ie.f(c) ==L by (2)
Hence proved.

Alternative Form of Lagrange’s M.V.T.: If a function f (x) defined on [a, a+h] is
1) continuous in [a, a+h] and ii) derivable in (a, a+h).

Then there exists some 8 € (0, 1) such that f'(a+6h) = w

Ex.: Discuss the applicability of Mean Value Theorem for the function f (x) = 1- x* in [1, 2].
Sol.: Let f (x) = 1-x*

~f'(x) =-2X

Which exists for very value of x in (1, 2)

i.e. T (x) is derivable in (1, 2).

As every derivable function is continuous = f (x) is continuous in [1, 2].

i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.

=~ Lagrange’s M.V.T. is applicable.

i.e. there exist some c € (1, 2) such that f'(c) = %
i.e.-2c = 1--a-1 =320 -3
1 1
2c=3
c=2€(L2)

Ex. Verify Lagrange’s theorem for the function f (x) = x(x-1)(x-2) in [0, %].
Proof. Let f (x) = X(x-1)(x-2) = x*-3x%+2x

(%) = 3x*-6x+2

Which exists for very value of x in [0, %]
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i.e. T (x) is derivable in (0, ).
As every derivable function is continuous = f (x) is continuous in [0, %].

i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.
=~ Lagrange’s M.V.T. is applicable.

i.e. there exist some c € (0, —) such that f'(c) = %;(0)
2
i.e.3¢*-6c+2 = 2[% X (— -) (= -) 0]
- 3¢*-6C+2 = Z
« 12¢%-24¢c+8 = 3
~ 12¢%-24¢+5 =0
_ 24+\/576-240 _ 24 +336

24 T 24
C= 24 +44/21 1i\/_
24 6
Here c = 1—— € (0, —)

Hence Lagrange’s M.V.T. is verified.

Ex. Verify Mean Value Theorem for the function f (x) = x*-4x-3 in [a, b].
Wherea=1and b =4.

Proof. Let f (x) = x*-4x-3
~f'(x) = 2x-4
Which exists for very value of x in [1, 4]
I.e. f (x) is derivable in (1, 4).
As every derivable function is continuous = f (x) is continuous in [1, 4].
i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.
~ Lagrange’s M.V.T. is applicable.

i.e. there exist some c € (1, 4) such thatf'(c) = %.
o 2c.q = (6716-3-(1=4-3) _ =3+6 _,
3 3
»2c=5
5
S C=-=

2
Here c = ; € (1, 4).

Hence M.V.T. is verified.
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EX. Verify Lagrange’s theorem for the function f (x) = x-5x--3x in [a, b.
Wherea=1and b =3. Find all c € (1, 3)

Proof. Let f (x) = x*-5x*-3x

~ f'(x) = 3x*-10x-3

Which exists for very value of x in (1, 3)

I.e. f (x) is derivable in (1, 3).

As every derivable function is continuous = f (x) is continuous in [1, 3].

i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.

-~ Lagrange’s M.V.T. is applicable.

i.e. there exist some c € (1, 3) such that f'(c) = %
i.e.3¢%-10c-3 = (27_45_9;_(1_5_3) = _ZZ” =-10
« 3¢%-10c+7 =0
_ 10+100-84
6
ne=2E 7o
6 3

Here c = g € (1, 3).

Hence Lagrange’s M.V.T. is verified.

| < (-a)ife =o.

cosaB—-cosbb

Ex. Use Lagrange’s Mean Value Theorem to show that 2

Proof. Let us define f (x) = cosx6
s~ f'(x) = - Osinx6
Which exists for very value of x in [a, b]
I.e. T (x) is derivable in (a, b).
As every derivable function is continuous = f (x) is continuous in [a, b].
i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.
~ Lagrange’s M.V.T. is applicable.

i.e. there exist some c € (a, b) such that f'(c) = [®)-r@

b—a
ie - Bsinco = cosbB—-cosal
T - b—a
0—cosbb . ;
. Cosab_ZOS — I— BSlncgl S |9| X |Sl7’lC9| S 1 &. 9 * O
6—cosbb
. |cosa 6’cos < |b _ al
. CosaG;cosbG < (b _ a) ~b> a.

Hence proved.
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Ex. For0O<a<Db, prove that 1 — % < log Z < Z —land deduce that % < log S <% (Oct.2018)
Proof. Let us define f (X) = log x in [a, b]
"x) =1
A =
By Lagrange’s M.V.T.
f'(c) = %‘f@ where c € (a, b)

b

. 1 logb-loga log—

jo-= 2288 _"a (1)
c b—a b—a

Hence proved.
By puttinga=5and b =6 in (2), we get

- 6 _6-5
—<log - <—
6 5 5

.1 6 1
ie.-<log-< =
6 5 5

Hence proved.

Ex. Show that

—-a

=9 <tanb - tan’a <
1+b
and deduce that = + = <tan') <Z + =
4 25 3/ T4 ' 6
Proof. Let us define f (x) = tan™x
oo f'(X) = L

1+x2

Which exists for very value of x in (a, b) if 0<a<b

i.e. T (x) is derivable in (a, b).

As every derivable function is continuous = f (x) is continuous in [a, b].
i.e. f (x) satisfies both conditions of Lagrange’s M.V.T.

-~ Lagrange’s M.V.T. is applicable.

1+a?

i.e. there exist some c € (a, b) such that f'(c) = %.
1 _ tan"!b-tan~la
8. —= P e (1)

Asce(a,b)=a<c<b
=a’<c’<b’
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=1+ a° < 1+¢* < 1+b°
1 1 1
< <
1+b2  14+c?2 1+a?
N tan~'b—tan~'a <t by (1)
" 1+b2 b—a 1+a? y

b—a _ _ b—a
< tan b —tan"la<
1+b2 1+a?

+0<a<hb
Hence proved.
By puttinga=1and b = g, we get

4 4

i < tan () —tanl1< i
+ %)2 3 1+12

Ex. Show that — < tan?x <x if x>0 (Mar.2019)

1+x2
Proof. Let us define f (x) = tanx in [0, X]

S F'(0) =

1+x2

By Lagrange’s M.V.T.

i.e. there exist some 6 € (0, 1) such that f'(0+ 6x) = %.
1 _ tan"!x-tan"'0 _ tan"1x

l.e. e " = (1)
Asfe(0,1)=0<6<1

= 0<0x<X

= 0 < (Ox)* < X°

= 1< 1+(0x)* < 1+x°

1 1
<
1+x2  1+(0x)?
1 tan~1x
< <1 byl
1+x2 x y( )

“ <tan’x<x v x>0
1+x

Hence proved.

Monotonic Increasing Function: A function f (x) is said to be monotonic increasing
function if x; <X, = f(X1) <f(Xp)
Monotonic decreasing Function: A function f (x) is said to be monotonic decreasing
function if x; <X, = f(X1) > (xp)
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Ex. Show that the function f (x) = 7x — 3 is strictly increasing function on R.
Proof. For X; X; € R, suppose X; < X, = X1 < Xy = 7X1-3< 7X-3 =f (Xy) < f (X2)
Hence given function is strictly increasing function on R is proved.

Ex. Prove that f (x) = ax + b, where a, b are constant and a > 0 is strictly increasing function
for all real values of x without using the derivative.
Proof. For X; X, € R, suppose X; < X, = ax;<ax; ~va>0
= ax;tb<ax,+b
=T (x1) <f(x)
Hence given function is strictly increasing function on R is proved.

Ex. Show that f (x) = x* is strictly decreasing function in (-0, 0).
Proof. For X, X, € (-0, 0), suppose X; < X, <0 = X:°>X,2 > 0 = f (x1) > (Xp)
Hence given function is strictly decreasing function on R is proved.

Remark: i) A function f (x) is monotonic increasing function if f'(X) > 0 V x € (a, b)
i) A function f (x) is monotonic decreasing function if f '(x) <0V x € (a, b)

Ex. Find the least value of a, such that the function f (x) = x*+ax+1 is strictly increasing
function on (1, 2).
Sol. Let f (x) = x*+ax+1

~f'(x)=2x+a

Forxe(l, 2)=1<Xx<2 = 2<2Xx<4=24a<2x+ta<4+a

= 2+a<f'(x) <4+a
Function f (x) is strictly increasing if f'(x) > 0i.e.if2 + a>0i.e.ifa > -2.
Hence least value of a is -2.

Ex. Show that ﬁ <log(l+x)<x

Proof. Let us define f (x) = log(1 + x) — ﬁ and g (x) = x — log(1 + x)
, _ 1 (1+x)-x 1 _ 1 (14x)-1 x
Now f'(x) = 1+x  (14x)2  1+x  (1+x)2  (14x)2  (14x)2 >0vx>0
~ f (x) is increasing function V x > 0.
ie.f(x) >f(0)
i.e.log(1+x) — 1i—x >0
ie.—— <log(1 +x) (1)
, 1 1+x—1
&g'(x)=1- Trx 1ix - 1ix> Ovx=>0

~ g(x) is increasing function V x > 0
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ie.g(x) >g(0)

ie.x —log(1+x)>0

ie.log(l+x)<x ...... (2)

From (1) & (2) = < log(1 + x) < x is proved.

EX. Showthatl—x<—logx<%-1,0<x<1.
Proof. Let us definef (x) = —logx — 1+ xand g (x) = %— 1 + logx
Now f'(x) == +1="= =< 0for0<x<1
~ f (x) is decreasing function for 0 < x < 1.
ie.f(1)<f(x)
ie.0<—logx—1+x
ile.l1—x < —logx ........ (D
1 ___1 l_ —14+x x_—l
&g(x)—x2+x— = x2<0for0<x<1

x2
= g(x) is decreasing function for 0 <x <1

Le.g(1) <8 x)
ie.0< ~- 1+ logx

l.e.-logx <i— 1. (2)
From (1) & (2) 1 —x < —logx < i— 1is proved.

Cauchy’s Mean Value Theorem: If the functions f (x) and g(x) defined on [a, b] are
I) continuous in [a, b], ii) derivable in (a, b), and iii) g'(x) # 0 V x € (&, b).

fl©) _ f)-f(@

g'©  g)-g@

Then there exists some ¢ € (a, b) such that

Proof: Let us define F(x) = f (x) + Ag(X)........ (1)
Where A is constant such that F(a) = F(b).
Now F(a) = F(b) gives
f(a) + Ag(a) = f (b) + Ag(b)

i.e. —Ag(b) + Ag(d) =f(b)-f(a)

I.e. —A[g(}tc)zb;g(faz]): f(b)-f(a)

- - a
‘e A= e
Provided g(b) — g(a) # 0.

Since if g(b) — g(a) = 0, then by given hypothesis g (x) is

i) continuous in [a, b], ii) derivable in (a, b), and iii) g(a) =g(b)

I.e. g(x) satisfies all conditions of Rolle’s theorem.

=~ Rolle’s theorem is applicable.

i.e. there exist some c € (a, b) such that g'(c) = 0.

Which contradicts to g'(X) # 0 V X € (a, b).

Hence g(b) — g(a) # 0.

As A is constant and f (x) and g(x) are continuous in [a, b] & derivable in (a, b).
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~ F(X) is i) continuous in [a, b],
ii) derivable in (a, b) with F'(x) = f'(x) +A g'(X)
and iii) F(a) = F(b)
l.e. F(x) satisfies all conditions of Rolle’s theorem.
=~ Rolle’s theorem is applicable.
i.e. there exist some c € (a, b) such that F'(c) = 0.
l.e.f'(c)+Ag'(c)=0
le.f'(c) =- Ad'(c)
Lo _
"o
ie 1o _ f)-f (@
Tg'©  g)-g(@
Hence proved.

Alternative Form of Cauchy’s M.V.T.: If the functions f (x) and g(x) defined on [a, a+h]
are i) continuous in [a, a+h] and ii) derivable in (a, a+h), and iii) g'(x) # 0 V x € (a, a+h).

; f'(a+6h) _ f (a+h)- f (a)
Then there exists some 6 € (0, 1) such that Tl — s@rh—g@)

Ex. Verify Cauchy’s Mean Value Theorem for the functions f (x) = sinx and g(x) = cosx
inN0<x < g (Mar.2019)

Proof. Let f (x) = sinx and g(x) = cosx defined in [o, %].

~ f'(x) = cosx and g'(x) = -sinx

Which exists for very value of x in (o, %)

I.e. T (x) and g(x) are derivable in (o, g).

As every derivable function is continuous = f (x) and g(x) are continuous in [o, g].

Also g'(x) = -sinx # 0 V X € (0, g)

i.e. f (x) and g(x) satisfies all conditions of Cauchy’s M.V.T.

-~ Cauchy’s M.V.T. is applicable.

f'© _fE)-ro
g'©  g(;)-9(0)

i.e. there exist some c € (a, b) such that

cosc _1-0

" _sinc  0-1
. —cotc=—1
~cotc=1

N

/[ m
Herec = 7 € (O,E).Hence Cauchy’'s M.V.T.is verified.
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sina—sinf

Ex.Show that =cotf, where 0<a <0 <[ < g

cosf—cosa
Proof. Let f (X) = sinx and g(x) = cosx defined in [0, %].
~ f'(x) = cosx and g'(x) = -sinx
As f(x) and g(x) are trigonometric functions.
=~ f(x) and g(x) are continuous and derivable.

= By Cauchy’s M\V.T.in [, f], where 0<a < 0 < < %

7'(6) _fB)-f@
g'® gB)-g)

cos@ __ sinf-sina

wherea < 6 < f

wherea < 6 < f8

"' —sin@  cosf-cosa
sina—-sinff _

= cotf

""" cosf-cosa
Hence proved.

Ex. In Cauchy’s Mean Value Theorem if f (x) = e* and g(x) =e™.
Show that c is the arithmetic mean between a and b. (Mar.2019)

Proof. Let f (x) = e* and g(x) = ™ defined on [a, b].

~f'(x) =erand g'(x) = -e*

Which exists for very value of x in (a, b)

i.e. T (x) and g(x) are derivable in (a, b).

As every derivable function is continuous = f (x) and g(x) are continuous in [a, b].

Also g'(x) =-ex# 0V XE(a,b)

i.e. f (x) satisfies all conditions of Cauchy’s M.V.T.

-~ Cauchy’s M.V.T. is applicable.

f'(© _fW)-f@
g'© gb)-g@

i.e. there exist some c € (a, b) such that

. e€ eb— ea
I.€. —_e—¢ = e—b_e—a
a b
. 2c_ —(e®—e”)
e e s
eb @
_(pa_ b
. —eil= —(e e’) — - gatb
ed_eb
ea+b
~2c=a+b

Here c = asz € (a, b).

Hence cis the arithmetic mean between a and b is proved.

Ex. In Cauchy’s Mean Value Theorem if f (x) = x—lz and g(x) = i Show that c is the harmonic

mean between a and b. Where a, b > 0.
1 1

Proof. Let f (x) = = = x?and g(x) = = = x™ defined on [a, b]. Where a, b > 0.

x2 X
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s~ f'(x) =-2x3and g'(x) = -x2

Which exists for very value of x in (a, b)

I.e. T (x) and g(x) are derivable in (a, b).

As every derivable function is continuous = f (x) and g(x) are continuous in [a, b].
Also g'(x) =-x2#0V X € (a,b)

i.e. f (x) satisfies all conditions of Cauchy’s M.V.T.

=~ Cauchy’s M.V.T. is applicable.

f'© _ f)-f (@

i.e. there exist some c € (a, b) such that 70 3)—9@

i — — h-1l4q-1
le. — =_——_—=b'+a
-1-1,1
2C p + -
E _ a+b
’ c - ab
2ab
c=—€(ab
a+b

Ex. In Cauchy’s Mean Value Theorem if f (x) = v/x and g(x) = % Show that c is the
geometric mean between a and b. Where b>a>0.
Proof. Let f (X) =vx = x /2 and gx) =—==x ~*/2 defined on [a, b]. Where a, b > 0.

~f'(x) =5x 2 and g'(x) =7x 3/2

Which exists for very value of x in (a, b)

I.e. f (x) and g(x) are derivable in (a, b).

As every derivable function is continuous = f (x) and g(x) are continuous in [a, b].
Alsog'(x) =—x /2% 0¥ X€ (ab)

i.e. f (x) satisfies all conditions of Cauchy’s M.V.T.

-~ Cauchy’s M.V.T. is applicable.

f'© _ f)-f (@

Le. th i € hth =
i.e. there exist some c € (&, b) such that 7O a)g@

1.7, —Ja
oy e
Vb Va
= -(Wa-+b)
=T Jab
Vab
~c=+ab € (a b).

Hence c is the geometric mean between a, and b is proved.
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UNIT-2: MEAN YALUE THEOREMS [MCQ’S]

1) Derivative of a function f (x) at point x = a is given by ..........

1o\ — 1iwa Jath)—f(a) 1A\ — 1in J@+)—f(a)
a) f.'(a) = h]l_g)l_ % b) f.'(a) = h11_%1+ —
C) f I(a): }lllrr%) f(a+h;_f(a) d) f+’(a) — hlin(;l+ f(a_h;_f(a)
2) Left hand derivative of a function f (x) at point x = a is given by ..........
Q) /(a) = lim JEmSO b) f./(2) = lim, K2
) f'(a)= lim LS d) f./(a) = lim [0S
3) Right hand derivative of a function f (x) at point x = a is given by ..........
’ - 1 f (a+h)—f (a) ’ — 1: f (a+h)-f (@)
a) f.'(a) = h11_>r{)1_ % b) f.'(a) = hll_)fl(‘)1+ —
Ha\— Tis J (@th)—f (a) 1o — liwa [ (@a—R)—f(a)
c)f'(a)= 1111_% — df'(a)= h11_)r51+ —

4) A function f (x) is said to be derivable at point x = a if and only if.........
af‘@=f.(@ bf'@=f.(a c)f'(@<f.(d d)f'(a>f.@)
5) Every differentiable function is continuous is...

a) True b) False
6) Every continuous function is differentiable is...
a) True b) False
7) The function f (X) = |x]is ......... at x = 0.
a) Not continuous b) continuous but not differentiable
¢) neither continuous nor differentiable d) differentiable
8) The functionf (X)=|x —alis ......... atx =0.
a) Differentiable b) continuous but not differentiable
¢) neither continuous nor differentiable d) Not continuous
9) The functionf(x) =|x—1]is ......... at x = 0.
a) neither continuous nor differentiable b) both continuous and differentiable
¢) continuous but not differentiable d) differentiable but not continuous
10) The function f (x) = xsini 1S veeennnn. at x = 0.
a) both continuous and differentiable b) neither continuous nor differentiable
c) differentiable but not continuous a) continuous but not differentiable

11) By Rolle’s Theorem if a function f (x) defined on [a, b] is
I) continuous in [a, b], ii) derivable in (a, b) and iii) f () = f (b).
Then there exists some ¢ € (a, b) such that ............

a)f'(c)=0 b) f'(c) #0 c)f'(c)<0 d)f'(c)>0

12) Using Rolle’s theorem for the function f (x) = x*1 in [-1, 1] the value of ¢ is.....
a) -1 b) 1 c)0 d) 2

13) Using Rolle’s theorem for the function f (x) = x> 6x + 5 in [1, 5] the value of ¢ is......
a) 3 b) 1 c)5 d) 4

14) Using Rolle’s theorem for the function f (x) = x> + 2x - 8 in [-4, 2] the value of ¢ is. ...
a) -4 b) 2 c)-1 d)3
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15) Using Rolle’s theorem for the function f (x) = (x-3)°(x-5)" in [3, 5] the value of c is.....
a) 3 b) = 0)5 d) 4

16) Using Rolle’s theorem for the function f (x) = log [

a) Vab b) a c) b d) -vVab
17) By Lagranges’s M. V. T. if a function f (x) defined on [a, b] is i) continuous in [a, b],
i) derivable in (a, b).Then there exists some ¢ € (a, b) such that ...
2) f'©)=0. DFE=22LE o0 =r ) - F(@ df()=ba
18) Using Lagranges’s M. V. T. for the function f (x) = 1-x? in [1, 2] the value of ¢ is.....

x2+ab - . .
x(a+b)] in [a, b] the value of ¢ is.....

a) 1 b) c) 2 d) 0
19) Using Lagranges’s M. V. T. for the function f (x) = x*-4x-3 in [1, 4] the value of ¢ is.....
a) b) 1 c) 4 d) 0

20) A function f (x) is said to be monotonic increasing function if X; <X, = ........
) f(x)<fla) b)f(x)>f(x2) c)f(x)=F(xx) d)f(x)#T(x)

21) A function f (x) is said to be monotonic decreasing function if x; <x, = ........
) f(x) <f(x)) BEG)>FX2) cf(x)=F(x) d)f(x)=#Tf(x)

22) The function f (X) = 7X —3is ............ function on R.
a) strictly increasing, b) strictly decreasing, c) Neither decreasing nor increasing
23) The function f (x) = ax + b, where a, b are constantand a>0is ............ function on R.
a) strictly increasing, b) strictly decreasing, c) Neither decreasing nor increasing
24) The function f (X) =X is ............ function in (-00, 0).
a) strictly increasing, b) strictly decreasing, c) Neither decreasing nor increasing
25) A function f (x) is monotonic increasing function if ......... V X€E (a,b)
a) f'(x)>0 b) f'(x) <0 c)f'x)=0 d)f'(x) #0
26) A function f (x) is monotonic decreasing function if ......... V X € (a, b)
a) f'(x)>0 b) f'(x) <0 c)f'(x)=0 d)f'(x) =0
27) By using Cauchy’s Mean Value Theorem for the functions f (x) = sinx and g(x) = cosx
inOSxS%,thevalueofcis ....... a)0 b)g C)% d)m
28) By using Cauchy’s Mean Value Theorem for the functions f (x) = e* and g(x) = e™
in [a, b], the value of cis ....... a) =2 b) a c) b d) 0
29) By using Cauchy’s Mean Value Theorem for the functions f (x) = x—lz and g(x) = i
in [a, b], the value of cis ....... a) asz b) % c) Vab d)0
30) By using Cauchy’s Mean Value Theorem for the functions f (x) = v/x and g(x) = %
in [a, b], the value of cis ....... a) b) 22 c)vab  d)o
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UNIT-3: SUCCESSIVE DIFFERENTIATION

Successive Differentiation: The process of differentiating the same function again
and again is called successive differentiation.
Remark: The successive derivatives of the function y = f(x) are denoted by

Vi Y2, Vay e, Vo OF V., V", Y e, v or Dy, D%, D%, ........ , D"y
d_y ﬂ ﬁ ﬂ 1 " n n)
or — 2~ == or (), (0, £ (0, oo 1M(x) etc.
m! m—n »
i — ifm>n
1) If y = x7, then show that y, = 4 1 if m=n
0 ifm<n
Proof: Lety = x"
Y1 — me-l
- y2 = m(m-1)xm-2
=~ y3 =m(m-1)(m-2)xm-3
~yn=m(m—1D(mMm-2)(m—3) ... .. e vee e.. (M — n + 1)xmn
. _ m(m-1)(m-2)(m-3)................ (m—-n+1)(m—-n)(m—n-1)..........3.2.1 men
Yn= (m—-n)(m—-n-1)..........3.2.1 X
m! m-n :
o X ifm>n
yn 3 n! lf m=n
0 ifm<n
(::_a:)' (ax+b)" ifm>n
2) If y = (ax+b)™, then show that y, = { ..y ,n ifm=n
0 ifm<n
Proof: Lety = (ax+b)™
- y1 =m(ax+b)mla
~ y2 = m(m-1)(ax+b)m2a2
~y3 =m(m-1)(m-2)(ax+b)m-3a3
syn=m(m—1D(m-2)(m—3) ... ... e eee ... (m — n + 1) (ax + b)mnan
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. _ m(m-1)(m-2)(m—3)............... (m-n+1)(m-n)(m—-n-1)..........3.2.1 Menan
A (m-n)(m-n-1)..........3.2.1 (ax+b) a
(m' (ax + b)™” ”lfm>n
Yn=19n! a” ifm=n
0 ifm<n

3) If y = e**® then show that y, = a" e™**

Proof: Lety = **
.o Y1 = a eaX+b
Ly2 = aZeax+b
y3 — a3eax+b
y_a ;(.e;l.x.:b ......................
(-1)"*nla™
4HIfy=—— then show that y, = @ty

Proof: Lety = = (ax+b)™?
= (- 1)(ax+b) a
= (-1)(-2)(ax+b) &’
= (-D(-2)(-3)(ax+b)"a’

(D" '(n-1)la™

5) If y = log(ax+b), then show that y, =

(ax+b)"
Proof: Lety = log(ax+b)
s y1=——= (ax+b)"a
= (-1)(ax+b)“a’
= (-1)(-2)(ax+b)a’
AYn=(C1DE2)(3) e, (-n+1)(ax+b)™a"
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_ (D" (n-1)la"
N (ax+b)™

6) If y = sin(ax-+b), then show that y, = a" sin(ax+b+=7)

Proof: Lety = sin(ax+Db)
~y1=acos(ax+b)=a sin(ax+b+§) » cosf = sin(6 + g)
Y2 = a? COS(ax+b+§)= a2 sin(ax+b+27n)
S ys=a’l COS(ax+b+27n)= a3 sin(ax+b+37n)

7) If y = cos(ax+b), then show that y, = a" cos(ax+b+"7”)
Proof: Let y = cos(ax+b)
Sy1=-a Sin(aX-I-b): a Cos(ax+b+§) -+ -sinf = COS(Q + g)

S y2 = -a Sin(ax+b+§)= aZ cos(ax+b+27n)
S y3=-a’l Sin(ax+b+27n)= al cos(ax+b+37n)

8) If y = e™ sin(bx+c), then show that y, = (a%+h?)"? eaxsin(bx+c+ntan'1§)
Proof: Let y = ™ sin(bx+c)
s y1 = ae” sin(bx+c) + b e cos(bx+c)
Puta =rcosf,b =rsinf
ie.r=va%+b%2=(a*+b*)12and 6 = tan'lg
s y1 =r cosf e sin(bx+c) + r sind e cos(bx+c)
= r e¥ [sin(bx+c) cosO + cos(bx+c) sind]
s y1 =r e sin(bx+c+0)
Similarly by repeating the process, we get
s y2 =r2 e sin(bx+c+20)
=~ y3 = r3 e sin(bx+c+30)
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Yo = rm ™ sin(bx+c+no)
Substituting the values of r and 8, we get
= (@*+b*)"” a"S|n(bx+c+ntan'1§)

9) If y = e cos(bx-+c), then show that y, = (a*+bh?)"? aXcos,(bx+c+ntan'1§)

Proof: Let y = €™ cos(bx+c)
~y1 = ae” cos(bx+c) - b e sin(bx+c)
Puta =rcosf,b =rsinf
ie.r=va?+b%2=(a’*+b*)2and g = tan'lg
. y1=r cosf e cos(bx+c) - r sinf € sin(bx+c)
= r e [cos(bx+cC) cosh - sin(bx+c) sinf]
s y1=re* cos(bx+c+0)
Similarly by repeating the process, we get
s y2 =r2 ¥ cos(bx+c+26)
~ys3 = 13 e¥ cos(bx+c+30)

 yn = rne™ cos(bx+c+nf)
Substituting the values of r and 6, we get
= (@%+h?)" e a"cos(bx+c+ntan‘1§)

Ex.1) Find the n" derivative of ————
(x+2)(x—3)
1

Proof: Let y= m
First we express it into partial fractions as follows
1 _ A B
(x+2)(x=3)  (x+2) * (x-3)
e. 1 =AX-3) + B(x+2)............. (1)

Putting x =-2 in (1), we get,
1=5A+0 ~A=—
Putting x =3 in (1), we get,
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1=0+5B --.B=§

-1 1
. — 5 5
Y= (x+2) * (x—3)

1.1 1
y= 5 [(x—3) N (x+2):I
By taking n" derivative w.r.t. X, we get,
1. (D)"n! (-1)"n!
T s [(x—3)"+1 B (x+z)n+1]
_ (-1 1 1

Le Yn =" [(x—3)”+1_(x+2)”+1]

n

Ex.2) Find the n™ derivative of —
xX“—5x+4

1 _ 1
x2-5x+4  (x—4)(x—1)
First we express it into partial fractions as follows
1 _ A B
G-HE-D | G-9) @D
l.e. 1 =A(x-1) + B(x-4)............. (1)
Putting x =4 in (1), we get,
1=3A+0 +A=:
Putting x = 1 in (1), we get,
1=0-3B ~B=—"
1 -t
. — 3 3
e S yeomey
. __1 1 _ 1 ]
Y =3 [(x—4) (x—1)
By taking n" derivative w.r.t. X, we get,

Proof: Lety =

. _1 (-1D)"n! _ (-1)™n!

“Yn= 3 [(x_4)n+1 (x—l)n+1]

. _ (=D)"n! 1 _ 1

L. yn = 3 [(x_4_)n+1 (x—l)n“]

Ex.3) Find the n" derivative of ———
1-5x+6x

. _ 1 _ 1
Proof: Lety = 1-5x+6x2  (2x—1)(3x—1)
First we express it into partial fractions as follows
1 __A _B
(2x-1)(3x-1)  (2x-1) (3x-1)

ie.1=AGBX-1)+B@X1)evreen... (1)

DEPARTMENT OF MATHEMATICS, KARM &. M. PATIL ARTS, COMMERCE AND KAL ANNASAHES N. K. PATI SCIENCE SR. COLLEGE, PIMPALNER. 5




MTH-102: CALCULUS OF SINGLE VARIABLE

Putting x :% in (1), we get,
1= -A+0 ~A=2
Putting x = é in (1), we get,

1=0--B ~B=-3
2 -3

Y= (2x-1) * (3x—1)

. 1 _ 1

YT e b T ah

By taking n" derivative w.r.t. x, we get,
(-D)"n! (-1)™n!

“yn = |

N NEE
(x=2) ()

Ex.4) Find the n" derivative of —>——
(x—2)(x+1)

x—1

2x-1
(x=2)(x+1)
First we express it into partial fractions as follows
2x—-1 — A + B
(x=2)(x+1) (x=2) (x+1)
l.e. 2x-1 = A(x+1) + B(X-2)............. (1)
Putting x = 2 in (1), we get,
3=3A+0 ~A=1
Putting x = -1 in (1), we get,
-3=0-3B ~B=1
. 1 1
AT * (x+1)
By taking n" derivative w.r.t. x, we get,
—-1)"n! —-1)"n!
“Yn= [(SC—Z))"'H (EC+1))n+1]
1 1
x—2)"+1 (x+1)n+1]

Proof: Lety =

ie.yn=(—1)"n! [(
x%+1

. th H i
Ex.5) Find the n™ derivative of DD 3

x%+1
(x-1)(x=2)(x-3)
First we express it into partial fractions as follows
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x%+1 A B C
= + +
(x—1)(x-2)(x-3) (x-1) (x=2) (x-3)
ie. x2 + 1 =A(X-2)(x-3) + B(x-1)(x-3) + C(X-1)(X-2)............. (1)

Putting x = 1 in (1), we get,
2=2A+0+0 ~A=1
Putting x = 2 in (1), we get,
5=0-B+0 ~B=-5
Putting x =3 in (1), we get,
10=0+0+2C ~C=5
Sy = ! + -5 + >

(x-1) (x-2) (x=3)

1 5 5

Y=y e T e
By taking n" derivative w.r.t. x, we get,
_ (=D™n! _ 5(=1)"n! 5(-1)"n!

T (x—1)MHL (x—2)nH1 T (x—3)n+1

ie.yn=(—1)"n! [( L ___ > >

x_1)‘rl+1 (x_z)n+1 (x_3)n+1]

- Vn

Ex.6) Find the n™ derivative of

x3+6x2+11x+6

Proof: Lety = : = -

x34+6x2+11x+6  (x+1)(x+2)(x+3)
First we express it into partial fractions as follows

1 __A , B . C
(x+1)(x+2)(x+3)  (x+1) (x+2) (x+3)
e. 1= Ax+2)(x+3) + B(x+1)(x+3) + C(x+1)(X+2)............. (1)

Putting x =-1in (1), we get,
1=2A+0+0 ~A=-
Putting x = -2 in (1), we get,
1=0-B+0 ~B=-1
Putting x =-3in (1), we get,
1=0+0+2C ~C=
1
2 -1
Sy = + +
(x+1) (x+2) (x+3)
1.1 2 1 1
T2 [(x+1) (x+2)  (x+3)
By taking n" derivative w.r.t. x, we get,
. l[ (-=1)™n! . 2(=1)"n! (-1)"n! ]
I T iyt T eynt T (rrgynt
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. B (-1)"n! 1 _ 2 1
L.e. yn = > [(x+1)n+1 (x+2)n+1 (x+3)"+1]
Ex.7) Find the n™ derivative of log 5x+z

5x+3

Proof: Lety = Iog

[log(Sx + 3) —log(3x — 2)]

By taking n' derlvatlve w.r.t. X, we get,
1 (-1 1(n-1)!5" _ (- 1(n-1)13"

yn =3l (5x+3)" (3x-2)n ]
(-1 1(n-1)! s» 3"
Le.yn= 2 [(5x+3)n (3x—2)n]

Ex.8) Find the n™ derivative of sin2x cos3x
Proof: Lety = sin2x cos3x

= % [2c0s3x sin2x]

= = [sin(3x+2x)-sin(3x-2x)]

= % [sin5x-sinx]
By taking n™ derivative w.r.t. X, we get,
S Yn = [ 5n 51n(5x+—) - Sln(x+—)]

Ex.9) Find the n™ derivative of cos®x

Proof: Lety = cos’x = (cos?x)?
_ 1+c052x)2
B 2

=1 (1+20032x+00322x)

_1 [l+2C082X+(1+COS4x

)]
=3 [2+4c032x+1+cos4x]
= % [3+4cos2x+cosdx]
By taking n" derivative w.r.t. x, we get,
Yn = l[ 0+4.2n cos(2x+n—n) +4n cos(4x+n—n)]
S Yn= [ 2n+2 cos(2x+—) +4n cos(4x+—)]
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?
Ex.10) Find the n" derivative of sin“x
Proof: Lety = sinx = (sin*x)?

_ ,1—cos2xy2
=(—)

= % (1-2c052X+C0s%2X)

= = [1-26082xH(— )]
= % [2-4cos2x+1+c0s4X]
1

=3 [3-4cos2x+cos4x]

By taking n" derivative w.r.t. x, we get,
Yn = %[ 0-4.2n cos(2x+nz—n) +4n cos(4x+nz—n)]

S Yn= §[4n cos(4x+nz—”) - 2n+2 cos(2x+nz—n)]

Ex.11) Find the n™ derivative of cosx cos2x cos3x
Proof: Lety = cosx c0s2x c0s3x

= % C0osx[2c0s3x c0s2x]
= % cOsX[COS(3x+2X)+C0s(3%-2X)]

= % cosx[cos5x+cosX]

= % [cos5xcosx+C0osX]

1
=~ [2c0S5XC0SX+2C05°X]

= % [cos(5x+x)+cos(5x-X)+1+Cc0s2X]

= % [cos6x+cos4x+cos2x+1]
By taking n" derivative w.r.t. X, we get,
S Yyn= %[ 6" cos(6x+%) + 4n cos(4x+%) + 2n cos(2x+nz—n)]

Ex.12) Find the n™ derivative of e sinbx coscx
Proof: Let y = e®sinbx coscx

= % e™[2sinbx coscx]
- % e [sin(bx+cx)+sin(bx-cx)]
= % [e™ sin(b+c)x+ €™ sin(b-c)X]

By taking n" derivative w.r.t. x, we get,
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& yn = o{ [a2+(b+0)?]"/2 € sin[(b+c)x + n tan L (Z0)]
+ [a2+(b-)?]/2 & sin[(b-c)x+ n tan(=)]}

Ex.13) Find the n™ derivative of e* cos’x cos2x

Proof: Let y = e*cos?X c0s2x
_ X[(1+c052x
a 2

) Cc0S2X]

= % e* [cos2x+c0s?2X]
= % e [cos2x+

= i e [2cos2x+1+c0s4xX]

1+cos4x
]

1
=212 e” cos2x+ €* cosdx+ €]

By taking n" derivative w.r.t. x, we get,
“Yn = %{2 (12422)n/2 ¢* cos[2x+n tan-! (%)
+ [124+42]7/2 &* cos(4x+ n tan'l(%)]+e><}

S Yn= e:x{Z (5)7/2 cos(2x+n tan12)+ (17)"/2 cos(4x+ n tan14)+1}

n+1

Ex.14) If y = e*(sinx + cosx), then prove that y, = 272~ €" sin[x+(n+1) %]
Proof: Let y = *(sinx + cosx)
= V2e'fsin(x + ]
By taking n" derivative w.r.t. x, we get,
yn = V2 (12412)7/2 ¢* sin[x+ %+n tan-1 (%)]

S Yo = 21/2 20/2 % sin[x+ %+n %]
n+1

syn=272 € sin[x+ (n+1) 7]

Hence Proved.

Ex.15) If y = sin®x cos®x, then show that y, = %‘n cos (4x+ =)

Proof: Lety = sin’x cos’x
1 .
=~ (2sinx cosx)’
1 .
= = sin®2x
4
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_1 1—cos4x)
4 2

= % (1- cos4x)
By taking n" derivative w.r.t. x, we get,
Yn =% (0 — 4n cos(4x+ %)

n
Yo == COS (4x+ )

Hence Proved.

Leibnitz’s Theorem: Let u and v be any two functions of x, having derivatives of
order n, then (Uv), = UV + N, UpaVi + N, UnoVot....... +ng, , UVagt UV,
Proof: We prove the theorem by mathematical induction.

By direct differentiation

(Uv); = Uv+ uv,

& (UV), = UV +UpVy +U vy + UV,

e (Uv)2 = UV +2¢ Uvp + UV,

Thus theorem is true for n = 1 and 2.

Suppose it is true for n = k

.. (UV)k = UV + k¢, UkaVi + k¢, UaVat....... +t ke, UVika+ UV ... (1)

Differentiating both sides of equation (1), we get,

(UV)ke1 = UpsaV + UVe + ke, UVa + kg, UiaVat ke, UkaVa + kg, UkaVat........

+ ke, UaVia + k¢, UiVict UpVg + UV
i€ (UV)e1 = UknaV +(L + k¢, ) Uvs + (ke + k¢,) UaVat........
+( k¢,_, + 1) UV + UViny

By using k¢ _ +kc = k+1c, we get,

14+ke =ke,+ke, = k+1¢, ke, +ke,= k+1¢,,.......

ke, * 1=k, * ke, = k+1g,

S UV = UV + b+ 1o, U + b+ 1, UaVa+o.+ ke + 1, UVt UV

I. e. result is true for n = k = result is true for n = k+1.

=~ by mathematical induction, result is true for any natural number n.

€. (UV)y = UV +ng, UpaVi + g, UnpVoto.o, +ng,_ UVpit UV,

Hence proved.

Remark: 1) To find n" derivative of y = uv, denote polynomial function by v and
other by u.
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2) (YaiV)n = YauV + NYpvy +

3) (YaV)n = Y2V + N YV +

Ex. Find the n" derivative of x’¢*
Solution: Let y = x%"
By taking u = e*and v = x°, we get

u, = €% vy = 3x°
U =€,  V,=6X
Uno = ex, V3=06
U3 =€, V4=0
and so on.
As y =uv, By using Leibnitz’s theorem
Yn=UyVv + Ne, Up1Vy + Nc, UnoVo + Ne, Un3Va+....... + Ne,_, Uq1Vp1 + UV,
we get,
Yo = €X° + n e (3x) + M e (6x) + 122 e (6) + 0
Vo = €[+ 3nx* + 3n(n-1)x + n(n — 1)(n — 2)]
Ex. If y = x*sin3x, find y,.
Solution: Let y = x* sin3x
By taking u = sin3x and v = x*, we get
u, = 3" sin(3x+nz—”), Vy = 2X
Una = 3™ sin [3x+2200, Vo =2
Unp = 3™ sin [3x+2220, Vs=0
and so on.
As y =uv, By using Leibnitz’s theorem
yn = Unv + TlCl Un_1V]_ + Tlcz Un_2V2+ ....... + nC u1Vn 1 + an We get

(n— 1)1r

1(2%)

Yn=3"sin(3x+=5) () +1n 3™ sin [3x+

+ 222 37 sin [3x+27] (2) +0

Ly, =3" x2 S|n(3x+—) +2.3"nx sin [3x+222T 1)”]

+n(n — 1)3"%sin [3x+—=]

(n— 2)1r
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#
Ex. If y = x“sin(2x+5), find ys.

Solution: Let y = x? sin(2x+5)

By taking u = sin(2x+5) and v = x%, we get

U = 2° sin(2x+5+=) = 256 sin(2x+5), Vi = 2X
Uy = 27 sin(2x+5+7] = -128 COS(2x+5), V=2
Us = 2° Sin(2x+5+2| = -64 sin(2x+5), V3=0
and so on.

As y =uv, By using Leibnitz’s theorem, we get,

Yg = UgV + 861 UgVvp + 8C2 UgVo+....... + 8C7 UVvs + Uvg

ys = 256 sin(2x+5) (x?) + 8.[-128 cos(2x+5)](2x) + 28[-64 sin(2x+5)] (2) + 0
=Yg = 256 [X*sin(2x+5) - 8x cos(2x+5) - 14 sin(2x+5)]

Ex. If y = x}cosx, find y,.
Solution: Let y = x® cosx
By taking u = cosx and v = x*, we get

U, = cos(x+%), vy = 3X°

U = cosx+22271 v, = 6x

Unp = COSDHZ2T] vy =6

Uns = COSPHZ=2T] v, =0

and so on.

As y =uv, By using Leibnitz’s theorem

Yn = Uy + Ne, Up1Vy + Nc, UnoVo + Ne, Un3Va+....... + Ne,_, UqiVp1 + UV,

we get,

Yn = €OS(x+=2) () +n cos[x+2=2" 1)”] (3x%) + = "(" D cos[x+Z=28 2)”] (6X)
n(n 1(n-2) COS[X+(n 3)11'] (6) +0

D

2)1r
1

= Yo = X7C0S(X+=7) +3n X cos[x+(” "] + 3n(n — 1)xcos[x+"2"

(n— 3)7‘[
1

+n(n—1)(n — 2) cos[x+

Ex. If y = x*logx, find y,.
Solution: Lety = x* logx
By taking u = logx and v = x?, we get
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MTH-102: CALCULUS OF SINGLE VARIABLE

—1)" (-
Uy = w, vV, = 2X
(-1 2 (n-2)!
Un1 = %, V, =2
(=)™ 3(n-3)!
Un-2 = %, v3=0
and so on.
As y =uv, By using Leibnitz’s theorem
yn = UnV + Tlcl Un_]_Vl + Tlcz Un_2V2 + ....... + nCn_l uan_l + an
we get,
_ DM -1 0 (D" 2 (n-2)! nn-1) )" 3n-3)!
yn - X7 (X ) +n =1 (2X) + 2 xN—2 (2) + O

_ (D" 33!

oy = S~ 1) (n - 2) - 20(n-2) + n(n — 1)]

Ex. If f(x) = tanx, prove that f" (0) - n¢, £ (0) +ng, ™ (0) ......... = sin"z—”

sinx

Proof: Let f(x) = tanx =

cosx
~ f(x) cosx = sinx
By taking nth derivative w.r.t. x and using Leibnitz’s theorem
We get,
" (x) cosx + ng, ™ (x) (-sinx) +ng, ™2 (x) (-cosx)+ n¢, £ (x)(sinx)
+ng, T (X) (COSX)+......... =sin(x + ”2—”)
Putting x = 0, we get,
f"(0) - ng, F"2(0) +ng, T (0) ......... = sin—-
Hence proved.

Ex. Ify = (x* -1)", prove that (X* -1) Y2 + 2XYne1 — N(N-1)y, = 0
Proof: Lety = (x*-1)"
s y1 = n(x*-1)"(2x)
(%% -1y, = 2nx(x* -1)" by multiplying (x* -1) on both sides.
= (X* -1)ys = 2nxy
Differentiating again w.r.t. x, we get,
(X* -1)y, + 2xy1 = 2nxy;+2ny
i.e. (X -1)yz - 2(n-1)xy; - 2ny = 0
By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,
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MTH-102: CALCULUS OF SINGLE VARIABLE
Yn+2 (X2 '1)+ n Yn+1(2X) + n(nz_l) yn(z) +0 - 2(”'1)[Yn+1(x) + nyn(l) + 0]' 2nyn =0
2 (¢ -1) Yawz + 20X Youy + (0*N) Yo + 0 = 2(N-1) Xypea(X) -2(n*-n) Yo — 20y, = 0
o (X% -1) Yns2 + 2(N-N+1) XYpe1 + (N*-N-20°+2n-2n) y, = 0
o (X% -1) Ynez + 2XYne1 — N (N+1) v, = 0. Hence proved.

Ex. If y = cos (logx), prove that X* Yn:» + (2n+1) Xypet + (N*+1)y, = 0
Proof: Lety = cos(logx) ........ (1)

=~ y1 = -sin (logx) G)
~ Xy; = - sin(logx) by multiplying x on both sides.
Again differentiating w.r.t. X, we get,

Xy, +y1 = - cos(logx) ()

~ X%y, + Xy, = - cos(logx) by multiplying x on both sides.

ie. Xy, +xy1=-y by (1)

ie. Xy, + xy; +y =0

By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,

Yasz O+ N Yoea(2X) + 22y (2) + 0+ [ Yoea(¥) + N Ya(1) +0]+yn =0
2 X Yneg + 20X Yner + (0°N) Yo + 0 + XYpag + MYy + Y = 0

o XYz + (2N +1) XYne1 + (N%-n+n +1) y, = 0

o XY s + (20+1) XYpet + (N2+1)y, = 0. Hence proved.

Ex. If y = a cos (logx) + b sin (logx), prove that X* Ypso+(2n+1) Xyns1+ (n*+1)y, = 0
Proof: Lety = a cos(logx) + b sin(logx) ........ (1)
~y1 =-asin (logx) G)+ b cos (logx) (i)
~ Xy, = -a sin(logx) + b cos(logx) by multiplying x on both sides.
Again differentiating w.r.t. X, we get,
Xy, + Y1 = -a cos(logx) G) - b sin(logx) (%)
= X%y, + xy1 = -[ a cos(logx) + b sin(logx)] by multiplying x on both sides.
ie. Xy, + Xy =-y by (1)
iLe. Xy, + xy; +y =0
By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,
Ynez O N Ynea(2X) + 2y (2) + 0+ [Ynaa(x) + N ya(1) +0]+y, =0
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2 XYni2 + 20X Yot + (N7N) Yo + 0+ XYpey + NYp + Y, = 0
Xzyn+2 +(2n +1) Xyne + (nz'n"'n +1)yn=0
XYz + (20+1) XYnet + (N*+1)y, = 0. Hence proved.

Ex. If y =sin™x , prove that (1-X?) Yns2 - (20+1) XYni1 - N2y, = 0
Proof: Lety = sin™x
1
N E =
-~ (V1 —2x2)y; =1 by multiplying V1 — x2 on both sides.
=~ (1-x2)(y1)* = 1 by squaring both sides.
Again differentiating w.r.t. X, we get,
(1-x°)(2y1)y2 — 2x(y1)*= 0
~ (1-x2)y2 - xy; = 0 by dividing 2y, on both sides.
By taking nth derivative w.r.t. x of every term and using Leibnitz’s

theorem, we get,
nn-1)

Yn+2 (1'X2)+ n yn+1(‘2X) + 2 Yn ('2) +0- [yn+1(x) +n Yn(l) +0 ] =0
(1'X2)yn+2 - 2nX Yn+1 - (nz'n) Ynt 0- XYn+1 - NYn = 0

o (LX) Y2 - (2N +1)XYner - (N%-n+0) y, =0

o (LX) Y2 - (2N+1)XYne1 - Ny, = 0. Hence proved.

Ex. If y = sin(msin™x) , prove that (1-X%) Yn:2 = (2n+1) XYne1 + (N°— m?) vy,
Proof: Lety = sin(msin™x) ......... (1)

Dy = Loy M
=~ y1 = cos(msin X)W

~ (V1 = x2)y, = mcos(msin™x) by multiplying V1 — x2 on both sides.
=~ (1-x2)(y1)* = m%cos’(msin™x) by squaring both sides.

~ (1-x2)(y1)* = m*[1- sin“(msinx)]

2 (1-x)(y)’ =m*(1-y) by (1)

w (1-x2)(yr)” + m*y? = m”

Again differentiating w.r.t. X, we get,

(1-x*)(2y2)y2 — 2X(y1)* + m*(2y)y; =0

= (1-x2)y2 - xy; + m?y = 0 by dividing 2y, on both sides.

By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,

n(n-1)

Yn+2 (1'X2)+ n Yn+1('2X) + 2 Yn ('2) +0- [yn+1(X) +n yn(l)"'o] + mZYn =0
o (LX) Y2 - 20X Yo - (N%-N) Yo + 0 - XYnst - NYy + M2y, =0
o (1-X)Yne2 - (2N +1)XYni1 - (N*N+0-M?) y, = 0
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o (LX) Y2 - (2N+1)XYne1 - (0% - M)y, = 0
o (1-X)Yne2 = (2n+1)XYner + (07 - My, Hence proved.

Ex. Ify = e "% prove that (1-X%) Ynez - (2N+1) Xyne1— (N2 + 82 Y, = 0
Proof: Lety = e®sin'x . (1)

o (VI =x2)y; = ae®™m™'* py multiplying V1 — x2 on both sides.
~(V1-x?)yi=ay  by(1)

=~ (1-x2)(y,)* = a%y* by squaring both sides.

& (1-x2)(yr)* - &%y° =

Again differentiating w.r.t. X, we get,

(1-X%)(2y1)y2 — 2x(y2)*— @ (2y) y1 =0

= (1-x2)y; - xy; - a’y = 0 by dividing 2y, on both sides.

By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,

Yn+2 (1'X2)+ n yn+1('2X) + Yn ( 2) +0- [yn+l(X) +n yn(1)+ O] a Yn=
o (LX) Yne2 = 20X Yout - (0 n) Yo+ 0 = XYnet - NYp - 3%Yn = 0

o (LX) Y2 - (2N +1)XYnae1 - (N2-n+n+a2) y, = 0

o (1-X%)Yns2 - (2N+1)Xyne1 - (N*+2%)y, = 0. Hence proved.

n(n 1)

Ex. If y = e™™'% prove that (1-X%) Ynsz - (2N+1) Xypss— (N2 + M?) y, = 0
Proof: Lety = emcos™'x (1)
- yl emcos X ( = x )
& (V1 = x2)y; = -me™os™' % py multiplying V1 — x2 on both sides.
s (V1—x?)y = -my by (1)
o (1-x2)(y)* = m by squaring both sides.
~ (1-x2) (yy)’ - =0

Again dlfferentlatlng w.r.t. X, we get,

(1-X%)(2y2)Y2 — 2x(y)*— m* (2y) y1 =0

= (1-x2)y, - Xy1 - m’y = 0 by dividing 2y, on both sides.

By taking nth derivative w.r.t. x of every term and using Leibnitz’s
theorem, we get,

Yn+2 (1'X2)+ N Yne1(-2X) + Yn (-2) + 0 - [ Yne1(X) + N y,(1)+ 0] - m yn 0
o (1-X2)Yne2 = 20X Yt - (0 n) Yo + 0 = XYne1 - NYy - MY, =0

n(n 1)
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o (1-X)Yne2 - (20 +1)XYne1 - (N*-n+n+m?) y, = 0
o (1-X%)Yns2 - (2N+1)XYpe1 - (N*+M?)y, = 0. Hence proved.

UNIT-8: SUCCESSIVE DIFFERENTIATION

1) The process of differentiating the same function again and again is called .........
A) successive integration B) differentiation
C) successive differentiation D) integration

2) Ify=x"thenform>n,y,=..........

A) (m"_“n)! x™ " B)n! C)0 D) mx™*
3 Ify=x"theny,=..........
A0 B) n C) n! D) nx"*
A Ify=x"thenform<n,y,=.........
A)m B)O C)n D) n!
5) Ify = (ax+b)"thenform>n,y,=.........
A) (:r’f’_“;! (ax + b)™™ B)nla® C)0 D) m(ax+b)™
6) Ify = (ax+b)"theny,=..........
A n B)nla® C)O0 D) n(ax+b)™*
7) Ify = (ax+b)"thenform<n,y,=.........
A) (::!_a;! (ax + b)™™ B)n!a® C)0 D) n
8) Ify=e*theny,=.........
A) e B) ae™ C) a"e™ D) a’e®™
9) Ify=e™theny;=.........
A) 5> B) 25¢>  C) 125¢> D) e
10) If y = e** theny, = .........
A) eax+b B) aeax+b C) eax D) aneax+b

11) Ify = ﬁthen Y= eennnn.

) nla™ )(—1)”n!an ) nla™ )(—1)"n!a"
(ax+b)n+1 (ax+b)™ (ax+b)n (ax+b)n+1

12) Ify = ﬁ theny,=........

(—1)™n! (—1)"n! (—1)™n!

A) e B) . ) P D) None of these
13) Ify = ﬁ theny,=........
(-DH"n! n! 1 -1

)(x_a)n+1 ) (x_a)n+1 )(x_a)n+1 ) (x_a)z
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14) If y = log(ax+b) theny,=............

) 1 ) (-)" ) (-D)"nla™ ) D" (n-1)la™
(ax+b)? (ax+b)nt1 (ax+b)nt1 (ax+b)n
15) If y = log(x+5) theny, = ............
1 -1 n-1)! (D" 1(n-1)!
At B) ((x-l-)S)" ) ((x+5))“ ) (x+5()" :
16) If y = sin(ax+b) theny,=........
A)asin(ax+b+=5) B) asin(ax+b)  C) a" cos(ax+b+=-)D) acos(ax+b)

17) If y = sin(3x) then thaty, = ........

A)3"sin(3x+=5)  B) 3sin(3x) C)3"cos(3x+=7) D) 3cos(3x)
18) If y = cos(ax+b), theny, = ......

A)a" cos(ax+b+=7) B) asin(ax+b)  C) a"sin(ax+b+=7) D) acos(ax-+b)
19) If y =cos(3x) theny,=..............

A)-3sin3x  B) -9cos3x C) —sin3x D) —cos3x
20) If y = e® sin(bx+c) theny, = ...........

A) (Va? + b2)"e*cos(bx+c) B) (Va? + bz)"eaxcos(bx+c+ntan'1§)

C) (Va2 + b%)"e®cos(bx+c) D) (Va2 + bz)"eaxsin(bx+c+ntan'1§)
21) If y = e® cos(bx+c) theny, = ...........
A) (Va? + b2)"e¥sin(bx+c) B) (Va2 + bz)"eaxsin(bx+c+ntan'1§)

C) (Va? + b2)"e*sin(bx+c) D) (Va2 + bz)”eaxcos(bx+c+ntan'12)
a

22) By........ Theorem, if u and v are any two functions of x having derivatives of
order n, then (Uv), = UpV + N, UpaVi + N, UnoVo ..., +ng,  UVprt UV,
A) Leibnit’z B) Lagrange’s C) Rolle’s D) None of these

23) If U and V are functions of x and D = % then D(UV)=..........
A) (DU)V  B) (DU)V+U(DV) C) U(DV) D) (DU)(DV)
24) n" derivative of xe*is......
A) e*+xe* B)xe+1 C)xe* +ne* D) e
25) n" derivative of xsin5x is......

A) B"xsin(5x+n2)+n.5" sin[Bx+(n—1) 7]  B) 5"xsin(5x+n>)
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C) xsin(5x+n§)+nsin[5x+(n—1) g] D) 5"xsin5x
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UNIT-4: APPLICATION OF CALCULUS

¢ Taylor’s theorem with Lagrange’s form of remainder after n terms:
If a function f(x) is defined on [a, a+h], such that
1) f(X), f'(x), F"(x), .covennnne "*(x) are continuous in the interval [a, a+h],
i) f " (x) exists in the interval (a, a+h), then there exists at least one real number 8
between 0 to 1 such that

fa+h) = f@) + h f'(a) + —f "(a) + f”’(a) Foreis ( = g Y(a) +—f”(a+ 6h)

Proof: Consider a function

00 =109 + (@0 £ + @ () 4+ CIDf ()
(a+h X)) .
(n-1)!
Where A is a constant to be determlned such that F(a) = F(a+h).
Now F(a+h) = F(a) gives

fa+h) =f(@) + h f'(a) + f”(a)+ f”’() ............. f”l(a) —A .(2)

(n n!
By given hypothesis i) f(x), f'(x),f ”(x), ............. f"1(x) are continuous in the
interval [a, a+h], ii) " (X) exists in the interval (a, a+h)
~ F(X) is i) continuous in [a, a+h],
ii) derivable in (a, a+h) with

F'(x) =f'(x) + (a+h-x) f"(x) — f'(x) +

(a+h X) f///(X) _(a + h _ X) f”(x) T

+ (a+h-x)"1 ( ) - (a+h x)"~ fn 1(X) i (a+h-x)""1
(n—-1)! n-2)! (n—1)!
_ (ath-x)"* )"t g (a+h x)" _1
= T T T
(a+h—-x)"~
= ol - [F(x) 'A]

and iii) F(a) = F(a+h)
Thus F(x) satisfies all conditions of Rolle’s Theorem.
=~ Rolle’s Theorem is applicable. i. e. there exists 8, 0 <8 < 1 such that
F'(at 6h) =0
. (ath-a-6n)" !
' (n—-1)!
) hn—l(l_e)n—l
a (n-1)!

2 [f'(a+ Oh) -A] =0

[f'(a+ Oh) - A]=0

[f'(a+ 6h) - A]=0

. hn—l(l_e)n—l
) (n-1)!
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.~ A=1"(a+ 0h)
Putting value of A in (2), we get,

flath) = f(@) + h f'(@) + "F"(a) + 2f "(a) + M7 i) + (et 0h)
g E @) e d
Hence proved.

% Maclaurin’s theorem with Lagrange’s form of remainder after n terms:
If a function f(x) is defined on [0, x], such that
1) f(X), f'(x), T"(x), ccovvnvnnn. "*(x) are continuous in the interval [0, x],
i) f " (x) exists in the interval (0, x), then there exists at least one real number 8
between 0 to 1 such that

2 3 n-—1 n
f(x) =(0) +x £'(0) + = "(0) + ZF""(0) ...ovove. +ﬁ f(0) + =f"(6x)

+ REMARK:

1) f(x) = f(a) + (x-a) f'(a) + %f "(a) + %f @) . + (";—‘j‘)"f”(a) +...
is called Taylor’s series expansion of f(x) in powers (x-a) or about point x = a.
2) f(x) = £(0) + X (0) + ZF(0) + LH/(0) +...vveee ) o

is called Maclaurin’s series expansion of f(x) in powers x or about point x = 0.
R, = Z—Tf”(a+ Oh) or R, = %Tfn(Hx) is called Lagrange’s form of remainder after

n™ term of Taylor’s or Maclaurin’s Theorem respectively.

Ex. Find the expansion of ¢* in powers of x.

Solution: Maclauri’s series expansion of f(x) in powers of x i. e. about point x = 0 is
) = £(0) + X F/(0) + ZF(0) + (0) oo T O E— (1)
Here f(x) = &
~f"(X)=e*VneN
~f"0)=1vneN
~f0)=1f0)=1,f"0)=11f"0)=1,........ ,fn(0)=1
Putting these values in (1), we get,

2 3
=1l +X+ 4+ T4 +2—+....... be the required expansion.
2! 3! n!

Ex. Find the expansion of sinx in powers of x.
Solution: Maclauri’s theorem expansion of f(x) in powers of x i. e. about point x =0 is
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MTH-102: CALCULUSMTH-102:CALCULUS OF SINGLE VARIABLES
) = £(0) + x £(0) + ZF(0) + /(0) + ZF "(0) + TF7(0) +.... (1)
Here f(x) = sinx
2" () =sin(x+=) vneN
~f"(0) = sin(nz—”) VneN
~f(0)=0,f(0)=1,f"(0)=0,f"(0)=-1,fv0)=0,fv0)=1
Putting these values in (1), we get,

. x3 x5
SINX=0+x+4+0— ?+O+?+.........

3
~LSIiNX =X — x3— +—+ ......... be the required expansion.

Ex. Find the expansion of cosx in powers of X.

Solution: Maclauri’s theorem expansion of f(x) in powers of X i. e. about point x = 0 is
) = £(0) +x £/(0) + ZF"(0) + /(0) + ZF "(0) + TF(0) +.... 1)
Here f(X) = cosx
=" () =cos(x+=—) VnEN
~f"(0)=cos(=) VnEN
~f(0)=1,f(0)=0,f"(0)=-1,f" (0)=0, fv(0) = 1, fv(0) = 0 and s0 on.
Putting these values in (1), we get,

x2 x4
cosx =1+ 0 — ?+0+T+

xZ
~cosx=1—— +
2! 4!

x4-

+ ......... be the required expansion.

Ex. Find the expansion of (1+x)" form € N
Solution: Maclauri’s theorem expansion of f(x) in powers of x i.e. about point x =0 is

) = £(0) + X £/(0) + £(0) + (0) +...oovv... I E(0) o oo (1)
Here f(x) = (1+x)"™
([ m! 7 -
n —— Q1+x)™"™ifm>n
TR0 =9 m ifm=n
0 ifm<n
( (m"i!n), ifm>n
10 =9 ifm=n
0 ifm<n
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MTH-102: CALCULUSMTH-102:CALCULUS OF SINGLE VARIABLES
~f0)=1,f(©0)=m,f"(0) =m(m-1), f" (0) = m(m-1)(m-2), ......... , fm(0) = m!
andfr(0) =0V n>m.

Putting these values in (1), we get,

— 2 - — 3 m
(1+x)" =1+ mx + m(m '1)x n m(m 1)3('m DL n m:;, +0
—1)x2 _ —2)43
(1+x)"=1+mx + m(mz'l)x + Dn 1)3(,m DX, + X"

be the required expansion.

Ex. Find the expansion of log (1+x)

Solution: Maclauri’s theorem expansion of f(x) in powers of x i.e. about point x = 0 is
) = £(0) + X F/(0) + ZF(0) + (0) oo T O E— (1)
Here f(x) = log (1+x)
A f"(x) = D" (n-1)!

(1+x)n
ST 0) =D (n-1)!
~f0)=0,f0)=2,f"(0)=-1,f"0)=2!,......... , £1(0) = (-1)™* (n-1)! and so on.
Putting these values in (1), we get,
log (1+x) =0 + x — ’;—T + 2!3—’f3+ ............. + (_l)n_lgl_”!xn +
. _ x2 x3 (_1)n—1xn
|.e.Iog(1+x)-x—7+ PURIRTRRRE ...

be the required expansion.

Ex. Use Taylor’s theorem to express the polynomial 2x° + 7x*+ x — 6 in powers of (X-2)
Solution: By Taylor’s theorem f(x) is expressed in powers of (x-2) i.e. about point x = 2 is

_ ' (x=2)%¢ 1y (x=2)3c 11y
f(x) = f(2) + (x-2) F'(2) + ——F"(2) + =~ ") +..oor e (1)
Here f(x) = 2x* + 7x*+ X — 6 ~f(2)=16+28+2-6=40
~F(X)=6X° + 14x +1 ~f'(2)=24+28+1=53
~fU(x) = 12x + 14 ~f"(2)=24+14=38
A f(x) =12 ~f"@2)=12

and all higher order derivatives are 0.

Putting these values in (1), we get,
2
26+ 7X*+ X~ 6= 40 + 53(x-2) + L 4 +0

22X+ TP+ X — 6 =40 + 53(x-2) + 19(x-2)* + 2(x-2)° be the required expansion.

12(x-2)3
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P
Ex. Expand 2x” + 7x”+ x — 1 in powers of (x-2)

Solution: By Taylor’s theorem f(x) is expressed in powers of (x-2) i.e. about point X = 2 is

_ : (x=2)%¢ /s x=2)%¢ 11s
f(x) =f(2) + (x-2) £'(2) + ——F"(2) + ") +...oor e (1)
Here f(x) = 2x* + 7x*+ x — 1 ~f2)=16+28+2-1=45
~f(X)=6x2+14x +1 ~f'(2)=24+28+1=53
~fU(x) = 12x + 14 ~f"(2)=24+14=38
~fr(x) =12 ~f"(2) =12

and all higher order derivatives are 0.
Putting these values in (1), we get,
2x% + 7%+ x — 1 = 45 + 53(x-2) + 38(x— 2)2+

22X+ TP+ x—1=45+53(x-2) + 19(x -2)? + 2(x-2)°
be the required expansion.

12(x-2)3 +

Ex. Expand x*- 3x% + 2x?- x + 1 in powers of (x-3)
Solution: By Taylor’s theorem f(x) is expressed in powers of (x-3) i.e. about point X = 3 is

(0 = 13) + (:3) 1/(3) + S5 () + S50 (3) + E254 (@) .. (0)

Here f(x) = x*- 3 + 2x*- x + 1 ~f(3)=81-81+18-3+1=16
A () =43 -9 +4x -1 ~f'(3)=108-81+12-1=38
A f(x)=12x°—18x + 4 ~f"(3)=108 -54 + 4 = 58
~f"(x) = 24x - 18 ~f"(3)=72-18=54

fiv(x) = 24 ~fY@3)=24

and all higher order derivatives are 0.

Putting these values in (1), we get,

X*-3x3+ - x+ 1= 16 + 38(x-3) + 2 4 SO =
axX-3C +2x%-x +1=16 + 38(x-3) + 29(x -3)% + 9(x-3)® + (x-3)*
be the required expansion.

Ex. Expand sinx in ascending powers of (x-g)

Solution: By Taylor’s theorem f(x) is expressed in powers of (X-E) I.e. about point X = % IS

() = F5) + (2 £ (2) + S22 @) 4 Cp oy o C2lpvmy o)

Here f(Xx) = sinx f(;) =1
« F'(x) = cosx ~f()=0
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~ f"(X) = - sinx “f" (g) =-1
~ 7 (x) = - cosx = f "'(g) =0

f iv(x) = sinx - f iv(g) =1
and so on.

Putting these values in (1), we get,
(x ——)2 (x ——)3, (x ——)4,
(-1) + 0) + (1) +..

Lsin=1-_+ _EZ__£4
~sinx =1 '(XZ) 4!(x2)+ .......

sinx =1 + (x—%) (0)+

Ex. Prove thate*cosx =1+ x — — -2 -

3 6 30
Proof: Maclauri’s theorem expansion of f(x) in powers of x i. e. about point x =0 is
) = £(0) +x £/(0) + ZF(0) + /(0) + T "(0) + TF 7(0) +.... 1)

Here f(x) = e* cosx
~ " (x) = (121%™ e* cos(x+ntan™ %) vneN
~f"(0) = (2)" cos(T) VneN
~f0)=21,f0)=211f"(0)=0,f"(0)=-2, fiv(0) =-4, fv(0) = -4 and so on.
Putting these values in (1), we get,

e’ cosx = 1+x+—(0)+—( 2)+—( 4)+Fo( 4) +

3 4 5
nefcosx=1+x— =——-2—-+
3 6 30

Hence proved.

** Reduction Formula for fon/z sin"x dx:
/2 . n _n-1,m/2 . p2

1) Show that " sin"x dx = — [ sin™*x dx

Proof: Let I, = f()”/z sin" x dx
= fon/z sin™* x.sinx dx
= [sin""x(-cosx) ]g - fon/ ?(n — 1)sin"™? x.cosx(-cosx) dx integrating by parts
=-0+0+(n-1) fO”/Z sin"? x.cos’x dx
=(n-1) [ 0”/ ? sin™2x.(1-sin’) dx
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= (n-1) [77% sin™x dx - (n-1) [T7* sin"x dx
A In = (n_l) In_2 = (n_l) In
“ Iy +(n-1) 1h = (n-1) I
a = (0-1) I

n-1
Al =2t

In-2
. /2 . n-1 (mw/2 . n-
i.e. fo/ sm”xdx=7f0/ sin™? x dx

Hence proved.

«%* Reduction Formula for fon/z cos"x dx:
/2 n _n-1 ,m/2 n-2
2) Show that f™" cos"x dx =— [ " cos™* x dx
Proof: Let I, = fon/ ? cos"x dx
= On/ ? cos™ x.cosx dx

Integrating by parts, we get,

= [cos™*x(sinx) ]% - fon/ 2(n — 1)cos™? x.(-sinx)(sinx) dx

= 0-0+(n-1) [T* cos™x.sin’ dx
= (n-1) [7""* cos™®x.(1-cos’) dx
= (n-1) [77* cos™?x dx - (n-1) /% cos"x dx

“l, = (n-l) lho - (n'l) I
sy +(n-1) 1, = (n-1) Iy

anly= (0-1) I
n-1
In - In-2
. /2 n n-1 m/2 n-2
ie. [ cos"xdx=— cos™“ x dx
0 n 0
Hence proved.
nolno3 nes 2z if niseven
/2 . /2 ‘n— — ot
% Remark: fo/ sin"x dx orfo/ cos"xdx=4 ", fl_g ;ll_‘; é 2
: | if nisodd
n ‘n-2"n-4 3
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Ex. Evaluate [ cos”x dx

Sol. Let I = fn/z cos’ x dx

_6 4 2

=253 .1 by reduction formula for n = 7 is odd.

16

Ex. Evaluate [ sin®x dx

Sol. Let | = f”/z sin®x dx

_7 531
=Ty %by reduction formula for n = 8 is even.

351

=8 g g 21 by reduction formula for n =9 is odd.
8

Ex. Evaluate [/ cos™x dx
Sol. Let | = f”/z cos™x dx
_ 97531

—.=.=.= —by reduction formula for n = 10 is even.
10 '8'6°4°2

Ex. Evaluate fO"/ ® sin®3x dx
Sol. Let | = fO”/6 sin® 3x dx
PUt3x =t - 3dx=dtie dx="5
Whenx=0=>t=0&x=% =1=
/2 . ¢,dt
s = sint =

N
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—] by reduction formula for n = 6 is even.

Ex. Evaluate [ cos’= dx
2
_ (T 7x
Sol. Let I = [ cos" dx
Put==t - x=2tie dx=2dt
Whenx=0=t=0&x=m =t=>
L= fon/z cos’t (2dt)

=2 [g g g 1] by reduction formula for n =7 is odd.

Ex. Evaluate fon/z cos4x dx, using reduction formula for f:/z cos"x dx.
Sol. Let | = fn/z cos 4x dx
f [2cos?2x - 1] dx

—f/ 2cos%2x dx - fn/z

T

= fon/ 2(2cos?x -1)* dx — [x]g
= fﬂ/z 2(4cos*x -4cos?x +1) dx — [E ~ 0]

—8f/cosxdx 8f/cos xdx+2_fn/2

31 1 > .
=8[.-. %] 8[;%] +2 [x]f) —% by reduction formula for even number.

Ex. Evaluate [’ m dx
Sol. LetI= [ 2-x dx

Put X = asint .. dx = acost dt
Whenx=0=t=0&X=a :}t:%

; 6
L= fn/ZM (acost dt)

0 a?2-(asint)?
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_ 6 7T/2 . 6
=a® [ sintdt
53 1m

- 56 2 2
=a [6 T ]by reduction formula.

_5T 6
32

1 x°
Ex. Evaluate Jo 7= X

dx

Sol. LetI-fO\/__x
Put X =sint . dx = cost dt
Whenx=0=t=0&Xx=1 :)t:%

. szn/z (sint)®
| 0 . Ji-(sint)?

2 .
:fon/ sin®tdt

(costdt)

= [2.2.2.Z] by reduction formula.
6 4 2 2

Ex. Evaluate "

2+ 2)3
Sol. Let I = d—"

O e f()(2+x2)3
Putx =atant .. dx =asec?tdt
Whenx=0=t=0& X=w =>t:§

= m/2 asec’tdt
- fO (a?2+a?tan?t)3
_ rm/2  asec’tdt
- fO (a2+a?tan?t)3
m/2 asec”t dt 2tdt
- f “absect
/2 dt
; 0 sectt
= % fon/z cos*t dt
-1 [%_%.g] by reduction formula.

as

_ 3
16a5
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Ex. Evaluate [~

0 (1+ 2)5
_ dx
Sol. Letl=[" T
Put x =tant - dx =secZztdt

Whenx=0=t=0& X=w ﬁt:%

fn/Z sec’t dt
0 (1+tan?t)s

fn/z sec’tdt
sec10t
J-TL'/Z dt

sec8t

= [ /2 costdt

Ex. Evaluate f~ m

_ dx
Sol. Let I = fo REws
Put x =tant . dx = secztdt
Whenx=0=t=0& X=o =>t:§

m/2 sec’tdt
fO (1+tan?t)7/2

/2 sec?t dt

0 sec’t

/2 dt

0 secSt

= (™2 ;os5t dt

= [g.g. 1] by reduction formula.

Ex. Evaluate [~

0 (1+x 2)9/2

—] by reduction formula.

11
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Sol. Let | = ["—&

0 (1+4x2)9/2
Put x =tant .. dx = sec?tdt
Whenx=0=t=0& X=w :t:%

- _.fn/z sec?t dt
| 0 (1+tan2t)%/?
.fn/ZSec tdt

sec?t

sec’t

fo /2 cos7t dt

=[2.2 3 .1] by reduction formula.

: 2 .
«» Reduction Formula for fon/ sin™x. cos™x dx:
2 . ~1 (/2 . _
3) Show that fﬂ/ sin™X.cos™x dx = n—fn/ sin™X.cos™ 2x dx
0 m+n -0
2 .
Proof: Let I, = foﬂ/ sin™X. cos™x dx

= fO”/ ? cos™x. (sin™x.cosx) dx
Integrating by parts, we get,

T
sinM*ly, = sin™M*t1yx
= [cos™* (—)]f) f ?(n — 1)cos™* x.(-sinx) (——) dx
s 2
=0-0+ / *2x.c0s"x dx
n1+1 0
-1 ,t/2
=1 /(1—605 X). sin™x.cos"x dx
m+1
:—f / sin™ x.cos" de-—f /2 sin™x.cos"x dx
m+1
| _n-1 n—1|
m,n _m+1 m,n-2 m+1 m,n
n-—1 n-—1
Im,n m+1 m,n m+1 Im,n-2
m+l+n—-1
~( )mn Imn-2
1
m+n
(E) m,n — 1 mn2
n—-1
Imn - man Imn 2
. 2 . -1 2 . _
i.e. fn/ sin™x.cos™x dx=n—fn/ sin™x. cos™ ?x dx
0 m+n 0
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Hence proved.

m-1 /2

4) Show that fon/ sin™X.cos™x dx = — sin™?x. cos™x dx
m+n -0

Proof: Let I, = fon/z sin™X. cos™x dx
= fO”/ ? sin™x. (cos™x.sinx) dx
Integrating by parts, we get,

) cos™tlx. = /2 —cos™t1x
= [sin™X(=—2) 12 - [7*(m — 1)sin™x.(cosx) (=) dx
/2 . m-
=-O+O+m 0/ sin X.COSn+2XdX
m-1 ,m/2 . - .
=— 0/ sin™?x.cos"x.(1-sin’x) dx
m-1 ,m/2 . - m-1 (m/2 .
=221 (72 g™y cos”™ dx - 2= [™2 sin™x.cos" dx
n+1 “0 n+1 Y0
m-1 m—-1
S Amn :m m2n = =7 Imn
m-1 m—-1
Imn + g 'mn = Py Im-2,n
n+l1+m-1 m 1
( n+1 )mn 1 m-2,n
m+n
(m) mn m2,n
] =M 1
** Imn — m+n m-2,n
/2 . R
I.e. f /2 sin™x. cos™x dx = 2= (/% sin™? x. cos™x dx
m+n 0

Hence proved.

Ex. Evaluate fon/z sin*x. cos®x dx

Sol. Let | = fon/z sin*x.cos®x dx

@=D@=3)x(6-1D(6=3)6=5) T v reduction formula for both m & n even.
(4—+6)(4—+6 2)(4+6—4)(4+6—6)(4+6-8) 2
_ 3XIX5X3x1 _ 7

10X8X6X4X2 2
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Ex. Evaluate fon/z sin®x.cos®x dx

Sol. Let | = fon/z sin®x. cos®x dx
(3-1)x(6—1)(6—3)(6-5)
"~ (3+6)(3+6—2)(3+6—4)(3+6—6)(3+6—8)
_ 2x5x3x1
T 9X7X5X3x1

by reduction formula.

Ex. Evaluate fon/z sin*x. cos®x dx

Sol. Let | = fon/z sin*x. cos®x dx
(4—1)(4—3)x(5-1)(5-3)
 (4+5)(4+5-2)(4+5—4)(4+5-6)(4+5-8)
_ 3X1x4X2
T 9X7X5X3X1

by reduction formula.

Ex. Evaluate fon/z sin®x. cos®x dx

Sol. Let | = fon/z sin®x. cos®x dx
(3-1)x(5-1)(5-3)
" (3+5)(3+5-2)(3+5-4)(3+5-6)
_ 2x4x2
T 8X6X4X2

by reduction formula.

Ex. Evaluate [} x"(1-x)* dx
Sol. Let I = [ x™(1-x)*2 dx

0
Put X = sin’t - dx = 2sintcost dt
T

Whenx=0=>t=0&x=1 =>,t:E

s l= fon/z(sinzt)w2 (1-sin’t)**2sintcost dt

=2 fon/ ?(sin” t)(cos®t) sintcost dt

=2 fon/z sin® t.cos’t dt
(8—1)(8—3)(8—5)(8—7)x(6—1)(6—3)(6-5) ™

(8+6)(8+6—2)(8+6—4)(8+6—6)(8+6—8)(8+6—10)(8+6—12);
by reduction formula for both m & n even.
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7X5X3X1X5%x3x1 T

14X12X10X8X6X4X2 2

Ex. Evaluate f; x*v1—xZ dx
Sol. Let | = [ x*VI—xZ dx
Put x =sint .. dx = cost dt
Whenx=0=t=0&x=1 :t=§
= fon/z sin*t V1 — sin2t cost dt
= fon/ ?sin* t.cos’t dt

= fon/ 2 sin* t. cos’t dt
(4-D@-3)x2-1) =
T (4+2)(a+2-2)(4+2-4) 2

by reduction formula for both m & n even.

_ 3X1x1 T
6X4X2 2
_ T
32

Ex. Evaluate [~

0 (1 2)5

x4-
Sol. Let 1= [~ dx

0 (1+x2)5
Put x = tant - dx = sec?tdt
Whenx=0=t=0& X = :)t:%

. I_fn/z tan*t
' 0 (1+tan2t)s

- fn/z tan*t sec? t dt

ecl0¢

sec? tdt

fn/z tan“t
secst

= fn/zw cos®t dt
0 co

st
2 .
= fon/ sin*t.cos"t dt

(-D@E-3)x(A-1D0#-3) & — by reduction formula for both m & n even.
T (4+4)(4+4—2) (4+4—4) (4+4—6) 2

_3X1X3x1 _ T

8X6X4X2 2
_ 3m

256
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Ex. Evaluate f

x4
Sol. Letl=[" Ty OX
Put x =tant . dx =sec2tdt
Whenx=0=1t=0&x =0 =t="

m/2 tan*t
. |:f

- 2
0 reanzny? SEC tdt
- frc/z tan*t sec t dt
fn'/Z tan* t
B sec6t
:fn'/Z sm4t 056t dt
os*t

= fn/z sin* t.cos’t dt
U-DE=HXE-D Ty reduction formula for both m & n even.

T (4+2)(4+2-2)(4+2-4) 2
_3X1X1 @

6X4X2 2

Ex. Evaluate [~

0 (1+x 2)9/2

x2
Sol. Letl_fo m X

Put x = tant . dx = sec?tdt
Whenx=0=t=0& X = :)t:%

m/2  tan’t
. |=J‘

0 m sec2tdt

- fn/z tan®t sec? t dt
fn/z tan? t

B sec7t

_fn/z sin’t 0S tdt

=f0/ sin?t.cos t dt
(2-1)x(5-1)(5-3)

T (2+5)(2+5-2)(2+5-4)(2+5-6)
1X4X%2

- 7X5X3%X1

by reduction formula.
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Ex. Evaluate [~

0 (1+x 2)9/2 dX

x5
Sol. Letl_fo m X

Put x = tant ~ dx = sec2 tdt
Whenx=0=t=0& X=w :t:%

m/2  tan®t
. |=f

0 Trtani secztdt
- fn'/Z tan>t sec? t dt
- fn'/Z tan® t
sec7t
_fn'/Z sin®t 0S tdt

=f0/ sin5 t.cos’t dt

_ (5-1)(5-3)x(2-1) :

= 122D (52— (5+2-6) by reduction formula.
4%x2X1

 7x5%3x1

< Reduction formula for fs”mx dx (n>1)

< Show thatfsmnx - _ 2sin(n— 1)x+ fsm(n—z)x dx

(n-1) sinx

Proof : As sinC —sinD = 2cos(ﬂ) sin(ﬂ)

. sinnx — sin(n-2)x = 2cos("x+"x 2%) sin(nx nrrax

. sinnx  sin(n-2)x

) = = 2cos(n-1)x sinx

sinx sinx = 2cos(n-1)x

Integrating both sides, we get,
fsinnx dx - fsin(n—z)x dx = 2sin(n—-1)x

sinx sinx B (n—-1)
. sinnx 2sin(n—1)x sin(n—-2)x
1. €. X= —
€ f sinx d (n-1) f sinx

Hence proved.
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Ex. ShOW that fsm8x — 2[ sin 7x sm55x + sin 3x + smx]

T Sin8x

dx=0
nx

Hence show that [~

Proof : Let I, = fsmnx dx then by reduction formula
_ 2sin(n-1)x
nrﬁ;3—+m2 ......... (1)
Putting n = 8, 6, 4, 2 successively in (1), we get,
2sin7x
|8 = |6
|6 — 2 Si;l 5x |4
_ 2sin3x

I, = P

3
I, = 2sinx + |, where l,=0.

By back substitution, we have

lg = 2[sm 7x sm55x + sin 3x + smx]
. frc SL.nSx dx = 2[ sin 7x n sin 5x n sin 3x + sinx]g
0 sinx 7 5 3
— 2[sm 71'[ sm551'r + sin3m + sm T— 0]
=2 [0-0]
frc si.nSx dx = 0
0 sinx

Hence proved.

Ex. ShOW that J-smlox — 2[ sin 9x 51n77x + sm55x + sin 3x + smx]

T sinl10x
d

Hence show that [, x=0

Proof : Let I, =

_ 2sin(n- 1)x

"= D [ R (1)
Putting n = 10, 8, 6, 4, 2 successively in (1), we get,
+ lg

= [ dx then by reduction formula

2sin9x

lo =
Zsm 7x

7
2sin 5x

5
2sin 3x

3
I, = 2sinx + |y, where l,=0.

By back substitution, we have

|8 = |6

|6 = |4

|4 = |2
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sin 9x sin 7x sin 5x sin 3x
lo=2[ - - + + sinx]
nsnle sn9x sin 7x sin 5x sin 3x
e dx =2+ +l + ===+ sinx|§
0 sinx 7 5
sin 97'[ sin7m sin5m sin 37'[
= 2[ —+— + sinm — 0]
_2m0]
T Sin10x
) dx = 0. Hence proved.
0 sinx

Ex. Show that fsm7x — 2[ sin66x + sir:}x + sinZZx + Jz_c]

T Sin7x
d

Hence show that f X=T

Proof : Let I, = fsmnx dx then by reduction formula
_ 2sin(n—-1)x
n= W + o (1)
Putting n =7, 5, 3 successively in (1), we get,
|7 — 2sin6x + |5
2 4
|5 — Sl: X |3
Iy =202 4 ), where |, = fsmx =f1dx=x

By back substitution, we have

2sin6x 2sin 4x 2sin 2x
l7=[ + +X]
6 4 2
sin7x sin 6x sin 4x sin 2x x
sf=—dx = 2 [ + _]
sinx 4 2
T sin7x sin 6x sin 4x sin 2x x
o e =21 + =+
0 sinx 6 4 2 2
sin 67'[ sin4m sin 21 T
=2[= + +2-0]
4 2 2
=2 —-o
0]
T sin7x
) dx=m. Hence proved.
0 sinx

Ex. ShOW that J-sm9x - 2[ sin 8x 511166x + sir;4x + sinZZx + E]

T Sin9x
d

Hence show that [~

sinnx

Proof : Letl,= [ — dx then by reduction formula
_ 2sin(n— 1)x

I, = D) + oo, (1)
Puttingn =9, 7, 5, 3 successively in (1), we get,

o = 2sin8x
9 8

I7
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I, = 2sin6x |
7= 6 5
I = 2 sin4x |
5= 4 3
2sin2x sinx
I;= l1, where |, = XxX=[1dx=x
3 > + 1y, ere iy fsinx d f d
By back substitution, we have
2sin 8x 2sin6x 2sin 4x 2sin 2x
|g = [ + + + X]
8 6 4 2
sin9x sin 8x sin 6x sin 4x sin 2x X
~ = = 2[ + + + +2
sinx 8 6 4 2 2
T Sin9x sin 8x sin 6x sin4x sin 2x X
a = =2[ + + +=10
sinx 8 6 4 2 2
sin 8 sin 61 sin4m sin 2w T
=2[ + +2-0]
8 6 4 2 2
-2
=2[%0]
T Sin9
» [FZ2Zdx =m.  Hence proved.
0 sinx
] 0 if niseven
< Remark; [ == dx :{ fnis
0 sinx T lf nis odd

A) sinx
x3 x> x7
2)X-;+E—;....
A) sinx
x?  x*  «x®
3) 1-;4‘3—;
A) sinx
4) 1+ X + X+ X3 +...
A) sinx
5)1-X+X-X+....
1
ANax
)1+ x— ——=
3 6
A) e” cosx

n
..... + % +..... 1s Maclaurin’s series expansion of .....
1
B) e C) cosx D) —
1-x
. 1s Maclaurin’s series expansion of .....
X 1
B)e C) cosx D) —
1-x
1s Maclaurin’s series expansion of .....
1
B) e C) cosx D)=
...+ x"+..... is Maclaurin’s series expansion of .......
1
B) e C) cosx D)=
...+ (-1)"X"+..... is Maclaurin’s series expansion of .....
1
B) — C) tanx D) secx
5
- 2—0 +.........1s Maclaurin’s series expansion of .....
B) e*sinx C) tanx D) secx
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7) By reduction formula f2 sin™x dx=...........
A) [z sin™?x dx B) [2sin™ 'x dx

Y 77.'
C) nTlfOZ sin™ %x dx D) ﬁfoz sin™ %x dx

Y
8) [Zsin®xdx=..........

8 8m
A0 B)= C) 57 D) 2
9) [Zsin®xdx=.........
51 8 5 8
AZ B) & s D
10) By Reduction Formula for fon/z cos" X dx:
A) [2 cos™ ?x dx B) [2 cos™ 'x dx
C) nT_lfOE cos™ 2x dx D) %ff cos™ 2% x dx

51 8m 16 8
AT B) & of b2
12) fon/z sin®xdx=........
357 87 16 35
A) 25 B ©% D
13) fon/z sin’x dx
A) 2Z B) 2222 C) = D) =
256 315 315 256
14) fon/z cos™ x dx
A) ZE B) 2222 C) =2 D) =
512 315 315 512
15) f0n/6 sin®3x dx
51 51 16 8
AT B) & o b2
16) fon cos7§ dx
51 51 32 8
AZ B) & 02 p2
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17) By Reduction Formula fon/z sin™X.cos™x dx=.......

A) fon/z sin™x. cos™2x dx B) 2= "2 5in™2x. cos™x dx
m+n o0
c) L /2 Sin™2x. cos™x dx D) 2L /2 5in™2x. cos™x dx
m+n o0 m+n 0
18) fon/z sin*X.cos®x dx=.......
A)Z B) ST C) = D) —
512 496 512 256
19) fon/z sin®x.cos®x dx=.......
31 5w 2 1
A s B) 256 O% P
20) fon/z sin*x.cosSx dx=........
3w 8 2 1
A s B) 3 ©) %o D) 256
21) fon/z sin®x. cos®x dx
3 8 2 1
A s B) i ©) %o D) %

sinnx

22) By Reduction formula [ —dx=.......
A) Zsin(n—l)x+fsin(n—2)x dx B) sin(n—l)x+fsin(n—2)x dx

(n-1) sinx (n-1) sinx
2cos(n—1)x sin(n—-2)x cos x sin(n—-2)x

C) (n-1) + f sinx dx D) (n-1) + f sinx dx
23) [ dx =

A) B) 0 C) g D) 21
23) [ dx =

A) B) 0 C) g D) 21

T Sin9x
23) Jy o dx=

A) B) 0 C) g D) 21

T sin10x
23) Jo o dx=

A) B) 0 C) g D) 21
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